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PREFACEE 



The portion of the second volume of the History of Elasticity 
now publîshed as an extract is devoted solely to the later re- 
searches of Saint-Venant. It may appear to the reader that an 
undue amount of space has been allotted to this one scientist, but 
it must be remembered that thèse researches extend over a period 
of thirty-five years, and in a certain sensé contain in themselves 
the history of elasticity during those years. Their importance 
arises not only from what they themselves contribute to our 
subject, but from the fact that so much of the important work of 
the last three décades has been suggested by or has followed the 
Unes of Saint- Venantes papers. The contributions of such elas- 
ticians as Kirchhoff and Clebsch, as Boussinesq and Lëvy to both 
elasticity and plasticity frequently take their starting point from 
an idea of Saint- Venantes, while a host of minor memoirs help to 
fin up the gaps in his work. Thus our Chapter X. may be taken 
as the frame, the stoutness and solidity of which will enable us 
the more readily to build up the remainder of our history. By 
explaining the ideas, définitions and methods of the modem 
science of elasticity, it allows of a more succinct and orderly 
account of the contemporary work. 

' This préface as well as the index refer only to the présent eztraot. 
S.-V. 6 
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This use of Saint- Venantes researches as a basis for our treat- 
raent of the innumerable memoirs of the last thirty and more 
years is, however, far from the sole purpose which I hope may be 
served by the fulness of Chapter X. and by its separate publica- 
tion at the présent time. There are two spécial reasons the 
importance of which only gradually dawned upon me as I worked 
through the papers of Saint- Venant and those of some of his more 
immédiate disciples. The first of thèse reasons is the want of an 
English text-book on elasticity, which deals with that portion of 
the subject which is of most interest and value to physical and 
technical students. The light which elasticity can throw on 
atomic and molecular problems, — its value as a key to the 
inmost recesses of Naturels laboratory, — is well brought out in 
much of Saint- Venantes work ; while on the other hand we find 
questions of impact, of plasticity, of combined strain and absolu te 
strength dealt with in a manner which, if sometimes not final, is 
always suggestive. We live in an âge when the physicist awaits 
with not unreasonable excitement for greater révélations than even 
those of the past two years about the ether and its atomic ofF- 
spring ; but we live also in an âge, when the engineer is making 
huge practical experiments in elasticity, and when true theory is 
becoming an absolute necessity for him, if his experiments are to 
be of practical as well as of theoretical value. Small ripples of 
ill feeling such as spread from the récent meeting of the British 
Association through the scientific and technical joumals cannot 
hinder the strong current which is carrying the practical engineer 
rapidly forward into theoretical elasticity, and which must in the 
end compel the most hardened of mathematical elasticians to 
leave that transcendental island where ail elasticity is 'perfect,* 
and every load impossible, for the more imperfect but possible 
région of technical problems. It is this conviction of the pressing 
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want of an introduction to elasticity, which should supply the 
needs of physical and technical students, together with the essen- 
tially modem character of Saint- Venantes researches, which has 
led me to believe that a full account of those researches would 
form, at any rate for the présent, the most lu minons and sugges- 
tive guide possible for such students. This part of the second 
volume may be looked upon as an endeavour to fil! for the time 
being this defect in our scientific literature. 

But the second reason for its publication weighed with me 
almost as much. The more I studied Saint- Venantes work, the 
more new directions it seemed to me to open up for original in- 
vestigation of the most valuable kind. It suggested innumerable 
unsolved problems in atomic physics, in impact, in plasticity and 
in a variety of other branches of elasticity, which do not seem 
beyond solution, and the solution of which if obtained would be 
of extrême importance. I felt convinced that a study of Saint- 
Venant's researches would be a most valuable directive to 
the several young scientists, whose récent memoirs shew their 
interest in elasticity as well as their mathematical capacity. 
Many of the problems raised by Saint- Venantes suggestive 
memoirs were quite beyond my powers of analysis, and I re- 
cognised that the most useful task I could undertake, was by a 
careful account of the memoirs themselves to lead the more 
compétent on to their solution. Judging by the time it has 
taken me to study and analyse thèse memoirs, I am justified, 
perhaps, in thinking that this account of them will at least save 
labour for other workers in the same field; the diflSculty now- 
a-days is not so much to do original work, as to find ont within 
the space of an ordinary life-time what is 'original' work — not 
only what is not done, but what wants doing. This extract, then, 
from Volume IL may be a helpful, if it cannot be a thorough 
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guide in this direction, till the years hâve given time for the 
completion of the whole History. 

The responsibility, however, for the space and the manner in 
which Saint- Venants researches hâve been dealt with rests 
entirely with the editor. Hence any disproportion, any possibly 
crude opinions, any erroneous criticism in this part of the work 
must be attributed to him and not to the author. The articles in 
this part due to the late Dr Todhunter are only three or four in 
number and thèse refer to the less important memoirs. They are 
marked as in Volume I. by the omission of square brackets round 
the article number, e.g. 101, 102, 103. This editorial prépondér- 
ance requires some explanation, which will be found partly in a 
considération of Dr Todhunter*s original plan, partly in the dates 
of Saint- Venantes memoirs. As I hâve pointed out in the préface 
to Volume I. the original plan of this work was a first volume 
devoted to 'Theory' and a second to * History.' Thus it arose 
that the important memoirs on Torsion and on Flexure were 
incorporated in the ^Theory* volume, and the manner in which 
they appear in that text book does not allow of their transfer 
to the * History.' Large parts of thèse memoirs were at the same 
time omitted as having little mathematical interest, for example 
the entire discussions of the " fail-limit " formula and of combined 
strain : see Arts. 6, 52 — 60, etc. of this Part. Further the memoirs 
on Impact (written before 1870) were dismissed as falling outside 
the limits which Dr Todhunter had set to his work. Thus he 
wrote of the memoirs on transverse impact, that they form " an 
interesting investigation of a mechanical problem, but it does not 
belong to our subject." The large section I hâve devoted to the 
Leçons de Navier would also not hâve formed part of the original 
plan. The only référence to this work which occurs in Dr 
Todhunter's MS. is the following : " The third édition of Navier's 
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Leç&ns sur rappUcaiion de la Mécanique. . . was publîshed I thînk 
in 1863 or 1864 with notes by Saint- Venant, but I hâve not 

seen it." 

0£ the majority of the other memoirs falling before 1870, there 
exist in most cases only brief extracts in French from the intro- 
ductory paragraphs. This would be suflScient to shew, without 
the occasional remarks for changes scattered about the pages, that 
the MS. is not in the form in which Dr Todhunter would finally 
hâve published it. To thèse considérations must be added those 
arising from the fact that ail the memoirs and papers after 1871, 
including some of the most important of Saint- Venantes researches 
on intermolecular action, plasticity, impact and above ail the 
Annotated Clebsch (see our Arts, 245 — 408), fall beyond the date 
to which Dr Todhunter had carried his work. 

Such then are the reasons which hâve led to the reconstruc- 
tion of this portion of the History. I hâve felt the heavy respon- 
sibility involved in adopting this course. But it has seemed to 
me that the best mémorial to the first Cambridge historian of 
mathematics would be that the last history bearing his name 
should hâve the widest possible sphère of usefulness. That useful- 
ness will, I am firmly convinced, be best obtained by its compre- 
hensive character, by its attempt to be a Mepertorium of elasticity 
rather than an Historique Abrégé of its purely mathematical side. 
I recognise fuUy with my kindly French critic of the Bulletin the 
importance of the latter, but its possibility will only be actual 
on the completion of the former. To follow, even at a distance, 
Wiedemann rather than Bertrand must be the editor's duty ; not 
an easy one it must be confessed, but one requiring time and 
labour rather than historical talent and insight. In the words 
of the German proverb : wer gieht was er hat, der ist werth, dass 
er lebt 
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For assistance in the revision of the proofs of this part I 
hâve in the first place to thank Mr C. Chree of King's Collège, 
Cambridge. His suggestions and corrections hâve been of extrême 
value to me, and his criticisms enabled me to remove many im- 
perfections. Mr W. H. Macaulay has again lent me his aid in the 
discussion of mathematical and other diflSculties; while I am 
much indebted to M. Flamant, Professeur à FEcole des Ponts et 
Chaussées, for the generosity with which he has devoted a portion 
of his busy time to reading the proofs of this account of his friend 
and master's researches. His corrections hâve been of much service, 
especially in the French portions of the work. For the temporary 
index attached to this part I am, so far as the titles are con- 
cemed, personally responsible. Perhaps, only the writer of a book is 
in a position to prépare an efficient set of titles. I hâve, however, 
to thank Miss L. Eckenstein for the more laborious task of 
alphabetically arranging the titles and for a vérification of the 
entries. 



KARL PEARSON. 



Unitebsity Collège, London, 
December 29, 18S8. 
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CHAPTER X. 

SAINT- VENANT, 1850—1886. 

Section L Torsion. 

[1.] We commence our second volume wîth some account of 
the later work of the great French elastician whom we are 
justified in placing beside Poisson and Cauchy. From the 
last memoir referred to in our first volume till June 13, 1853 we 
hâve nothing to report. A slight note, however, entitled : Divers 
résultats relatifs à la torsion, which was read to the Société 
philomathiqvs (Bulletin, February 26, 1853, or L'Institut, no. 1002, 
March 16, 1853), suflSciently indicates that our author had been 
diligently at. work during thèse years on his new theory of torsion. 
On the 13th of June, 1853, his epoch-making memoir was read to 
the Academy (Comptes rendus, T. xxxvi. p. 1028). The memoir was 
inserted in T. xiv. of the Mémoires des Savants étrangers, 185^, 
pp. 233—560, under the title : 

Mémoire swr la Torsion des Prisme, avec des considérations 
sur leur flexion, ainsi qus sur VéquUibre intérieur des solides 
élastiques en général, et des formules pratiques pmir le calcul de 
leur résistance à divers efforts s' exerçant simultanément 

We hâve referred to it in our first volume as the memoir on 
Torsion, and shall continue to do so. 

The memoir was referred by the Academy to a committee 

consisting of Cauchy, Poncelet, Piobert and Lamé. Their report 

drawn up by Lamé (Comptes rendus, T. xxxvii., December 26, 

1853, pp. 984 — 8) speaks very highly of the memoir. We cite 

the conclu ding words : 

s.- V. 1 
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Le travail dont nous venons de rendre compte, mérite des éloges 
à plus d'un titre : par les nombres et les résultats nouveaux qu'il offire 
aux arts industriels, il constate, une fois de plus, Timportance de la 
théorie de l'équilibre d'élasticité ; par l'emploi de la méthode mixte, il 
indique comment les ingénieurs, qui veulent s'appuyer sur cette théorie, 
peuvent utiliser tous les procédés actuellement connus de l'analyse 
mathématique; par ses tables, ses épures, et ses modèles en relief \ il 
donne la marche qu'il faut nécessairement suivre, dans ce genre de 
recherches, pour arriver à des résultats immédiatement applicables à la 
pratique ; enfin, par la variété de ses points de vue, il offire un nouvel 
exemple de ce que peut faire la science du géomètre, unie à celle de 
l'ingénieur, (p. 988.) 

The report gives a succinct account of the memoir. A second 
account by Saint- Venant himself will be found in : Notice sur les 
travaux et titres scientifiques de M, de Saint-Vena/nt, Paris, 1858, 
pp. 19 — 31, and 71 — 80. This work together with one of the 
same title published in 1864, when Saint- Venant was again a 
candidate for the Institut^ gives an excellent résumé of our 
author's researches préviens to 1864. We shall refer to them 
briefly as Notice I. and Notice II. 

[2.] The memoir itself is principally occupied with the torsion 
ofprisms, a great variety of cross-sections being dealt with. This 
particular problem in torsion has been termed by Clebsch : Dos 
de Saint'Venantsche Problem (Théorie der Elasticitàt, S. 74), 
and foUowing him we shall term it Saint- Venant* s Problem. The 
memoir consists of thirteen chapters. 

3. The first chapter occupies pp. 233 — 236; and gives an 
introductory sketch of the contents of the memoir. If the values 
of the shifts of the several points of an elastic body are given^the 
stresses can be easily found by simple differentiation. But the 
inverse problem — to find the shifts when the stresses are given — 
has not been generally solved, because we do not yet know how 
to integrate the differential équations which présent themselves. 
Saint- Venant accordingly proposes the adoption of a mixed method 
(méthode mixte ou semi-inverse), which consists in assuming a part 
of the shifts and a part of the stresses, and then determining 
by an exact analysis what the remaining shifts and the remaining 

^ Copies of thèse numerous xnodéls are at présent deposited in the mathematioal 
model cases at University Collège. They represent mneh better than the poor 
wcodcuts of the original memoir aie distoition of the various cross-sections. 
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stresses must be. Before proceeding to the torsion of prisms 
Saint- Venant illustrâtes thîs mixed method in the third and 
fourth chapters of his memoir by applying it to simple problems. 

[4.] The second chapter occupies pp. 236 — 288; it analyses 
strain and stress and investigates the gênerai formulae for the 
equilibrium of elastic bodies. In 1868 Saint- Venant contributed 
to Moigno's Statique another elementary discussion of the funda- 
mental formulae of elasticity; the later work is somewhat fuUer 
and contains the more matured views of the author ; the earlier is, 
however, very good. I will note the leading features of the treat- 
ment adopted : 

(a) On p. 236 Saint- Venant defines the shifts as the dèplacemenU 
moyens or as the déplacements des centres de gravité de groupes d'un certain 
nombre de molécules, He thus starts from the molecular standpoint, 
but this définition does not appear to be absolutely neoessary to the 
course of his reasoning. 

(13) On pp. 237 — 248 we hâve the analysis of strain. Hère the 
slides first defined by Navier and Vicat (see our Vol. i. p. 877), and 
then theoretically considered by Saint- Venant in the Cours lithographie 
(see our Art. 1664*), are for the firsfc time introduced by name and 
directly from their physical meaning into a gênerai theory of elasticity. 
The slide of two Unes primitively rectangular is defined as the cosine 
of the a/ngle between them af ter strain (p. 238). 

(y) On p. 239 Saint- Venant carefully limits his researches to very ^ r^> 
small strains within the elastic limit, so that what he says later (pp. /'^ J* 
281 — 288) on the conditions of rupture, must when applied to his 
torsion problems be interpreted only of the elastic limit. Indeed, as for 
certain materials, set is produced by any initial loading below the yield- 
point and is not practically dangerous (i.e. the material is not 'ener- 
vated,' to use Saint-Venant's language), we can only look upon the 
conditions of torsional rupture given in the memoir as of value when 
either (1) the material is elastic and /ollows Hooke^s Law nearly up 
to rupture (cf. the steel bar H of the plate p. 893 of our VoL i.), or, 
(2) the material has a state of ease extending almost up to the yield- 
point. 

(8) On pp. 242 — 5 we hâve the gênerai expressions for s^ and a^. 
The first is due to Navier in his memoir of 1821, the second is attributed 
by Saint- Venant to Lamé {Leçons.., V élasticité, 1852, p. 46) but as wo 
. havo Doon it had boon pr e viouely givon by Il e pkinB in 1Q47 (see our 
Art. 1368*). From the second flows naturally a discussion of principal 
and maximum slide, together with a proof of Saint- Venantes theorem 
that a slide is equal to a stretch and a squeeze of half the magnitude 
of the slide in the bisectors of the slide angles (see our Art. 1670*). 

1—2 
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Finally the strain is expressed for small shifts in tenus of the shift- 
fluxions (pp. 246 — 8). There is référence in a footnote to the strain- 
values for IcM^ge shifts (see our Art. 1618*). 

(e) We next pass to an analysis of stress on pp. 248 — 254. Stress 
is defined from the molecular standpoint as foUows : 

Nous appellerons donc en général Pression, swr un des deux côtes éPune 
petite face plane imaginée à Vintériewr d^v/n corps, ou à la limite de séparation 
de detuc corps, la résultante de toutes les actions des molécules situées de ce côte 
sur les moÙciUes du côté opposé, et dont les directions tra/versent cette face ; 
toutes ces forces étant supposées transportées parallèlement à elles-mêmes sur 
un même point pour les composer ensemble, (p. 248.) 

The reader will find it interesting to follow the évolution of the 
stress-definition by comparing this with Arts. 426*, 440*, 546*, 616*, 
678—9* and 1563*. 

From this définition Saint- Venant deduces Cauchy's theorems (see 
our Arts. 606* and 610*) and an expression for r?. On p. 253 p^ is 
erroneously printed for p^,. 

In a footnote to p. 254 a généralisation of the expression for P is 
obtained. Suppose x, y, z to be any three concurrent but non- 
rectangular Unes, and let x\ y\ »' be lines normal respectively to the 
planes yz, zx, xy, Then in our notation : 



cos rx' (^ cos rV ^ cos r'y' ^ cos rV\ 

7 ( XX 7 + xp / + xz z 1 

cos xaf \ COS XX cos yy cos zz J 

cos ry* /^ cos rV ^ cos t'y' ^^ cos rV\ 

, ( VX ; + pp J -h pz 7 ) 

' \ cos XX cos w cos zz / 



coHyy \ cosfica5 oosyy 

cos rz' /^ cos /»' ^ cos r'y' ^ cos r'z\ 

A 7 ( zx -, + zp 7 + zz • 7 I . 

COS zz \ COS XX cos yy cos zz J 

The proof is easily obtained by the orthogonal projection of areas. 



(f) Saint- Venant next proceeds to express the relations between 
stress and strain (pp. 255 — 262). It cannot be said that this portion of 
his work is so satisfactory as the later treatment in Moigno's Statique 
(see p. 268 et seq.) or the fuU discussion of the generalised Hooke's Law 
in his édition of Clehsch (pp. 39 — 41). In fact the linearity of the 
stress-strain relations is obtained in the text by assumption : Admettons 
donc avec tout le monde qv^ Us pressions sont /onctions linéaires des 
dilatations et des glissements tant qu*ils sont très-petits (p. 257). A 
long footnote (pp. 257 — 261) treats the matter from the standpoint 
of central intermolecular action. Appeal is made to Cauchy {Exercices 
de mathématiques t. iv. p. 2 : see our Art. 656 *) for the réduction of the 
36 coefficients to 15. Saint- Venant, however, — consistent rari-constant 
elastician as he has always been — retains the multi-constant formulae, 
remarking : 
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Mais des doutes ont été élevés sur le principe de cette réductibilité des 36 
coefficients à 15 inégaux. Bien que ce doute ait pour motif principal une 
autre manière de rétablir, et qu'il ne paraisse atteindre, tout au plus, que 
les corps régulièrement cristallisés dont nous n'aurons pas à nous occuper 
dans la. suite de ce mémoire, et, même, ceux seulement de ces corps où des 
groupes atomiques éprouveraient des rotations ou des déformations par- 
ticidières lorsque l'on déforme l'ensemble, nous conserverons en général, à 
l'exemple de M. Lamé, l'indépendance des coefficients, ce qui, comme il 
l'a remarqué, ne rend pas plus compliquées les solutions analytiques des 
problèmes. 

The référence to atomic rotations was suggested by Cauchy's paper 
of 1851: seeour Art. 681*. 

{rj) We hâve next to deal with the réduction in the number of 
coefficients which arises in certain symmetrical distributions of homo- 
geneity or in cases of isotropy. Saint- Venant adopts Qftufihy's d^fini- 
tions of homogeneity and isotrop y, which should hâve found a place 
în^r fîrst volume under Art. 606* (see the Exercices t. iv, p. 2) : 

On dit alors que le corps est homogène, ou que V élasticité y est la même {^yg^'^ j 
dans les mêmss directions en tous ses points (p. 263). 

On the other hand a body is isotrope when it has une élasticité 
constŒnte ou égale en tous sens autov/r du point (p. 272). 

Saint- Venant refers to a semi-polavre distribution of elastic homo- 
geneity as an example of elastic distribution. He has, as we shall 
«ee later, thoroughly treated the entire subject in a memoir of May 21, 
1860. 

The valions c^,ses in which one or more planes of symmetry exist are 
worked out, but I think brevity as well as uniformity of method are 
gained by adopting Green's expression for the internai work due to the 
strains. 

(0) As an example of Saint- Venant's method in this section we 
may take the folio wing problem. He has shewn that in the case of one 
plaiie of symmetry, that of yz, the shears perpendicular to this plane 
reduce to : 

where J'= I xpxy \ h = \ xyzx l = l zxxy I 

e — \zxzx\ , 

in the umbraJ coefficient notation : see Vol. i. p. 885. 

Now by a suitable change of axes thèse shears can be expressed 
each in terms of a single slide. This problem is not reproduced in 
Moigno's Statiqîie. 

Tum the axes of yz round x through an angle 13, then we easily find : 

7x = — xisinlS + ^co&P^ ,..v 

xp= xicosP + Çzsmfi j 
o-;^ = cr^coa/3-cr^'Sm^ 

0'aa! = <^a5î/'8in)8 + ora»'COS)3j ^ 
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Substitute from (iii) in (i) and then the values so deduced in (ii). 
We obtain 



5? = (^ + -^^os 2)8 + A sin 2)8) 

+ ^--^^sin 2)8 + Àcos 2p\ a, 

7? = U±^-'(^ cos 2)3 - A sin 2)8) a, 
+ (-^^ sin 2)8 + A cos 2)8^ œ 



(iv). 



Obviously, if we take tan 2)8= -^ — we reduce this last pair of 
équations to 

x? = ^iO-xz) 

wLere^j and e^ are roots of fche quadratic /a' — (/+ e) /a +/e - A' = 0. 

Sucn is substantially Saint- Venantes réduction. It is obvious, 
however, that this resuit follows at once when a known problem as to 
the invariants of & conio is applied to the work-function. 

(t) A remark as to isotropy on p. 272 may be reproduced as 
bearing on the uni-constant controversy : 

Mais Pisotropie paraît rare. Non-seulement les corps fibreux, tels que 
bois, les fers étirés ou forgés, mais même les corps grenus ou vitreux, refroidis 
de la surface au centre après leur fusion, peuvent présenter des élasticités 
différentes en divers sens. 

Saint- Venant refers to the experiments and remarks of Regnault, 
Savart and Poncelet already noted in our first volume : see Arts. 332*, 
978* and 1227*. 

(k) On pp. 272 — 8 we hâve déductions of the body-stress équations, 
the body-shifb équations and the surface -stress équations. 

On p. 276 Saint- Venant deduces the body-shift équation for a 
planar distribution of elasticity such as he requires for his torsion 
problem. 

He takes for the shears the expressions found in Equation (v) 
above, and for the traction xx perpendicular to the planar System the 
expression 

XX = aSgg + hSy -f- C8g + da-yg + ea-ggs +/0'ggy, 

with six independerU constants. Substituting in the body-stress equa- 

CÙ XêXi Cv XV Cv XX 

tion — r- + -^r— + -^— = -^1 and expressinjr the strain in terms of the 
dx dy dz r- o 

shifl-fluxions, he finds : 



5] SAINT-VENANT. 7 

aor ^ djf ^ dz *^ dxdy dxdz 

//• h\ ^'^ ( \ ^^ ///^^ d^w\ ^d?v d^w _ y. 
^* 'dxdy ^ ^ dxdz \dxdz dxdy) *^ da? dx* "~ 

C'est la «eule équation dont nous aurons besoin pour les problèmes sur la 
torsion, conune on verra. 

It will be noted that it contains eight independent constants, and 
that X is a body/orce, net a hody-dcceleraHoriy and acts toioa/rds the 
origin. It is needless to say tliat Saint- Venant much reduces the 
number of hîs constants before he applies this équation to his problem. 
In Moigno's Statique (p. 637) he adopts in place of X the more usual 
notation of — pX where p is the density. 

[5.] The concluding pages of this chapter (pp. 278 — 288) 
contain matter which appears hère for the first time, and which, as 
it is of considérable interest, deserves an article to itself. The 
section is entitled : Conditions de résistance à la rupture éloignée ou 
à une altération progressive et dangereuse de la contexture des corps. 

(a) We hâve already noted the misleading character of this title : 
see Art. 4. (y). In the first place initial loads frequently produce set 
which although neither progressive nor dangerous may alter the shape 
or elastic homogeneity of the body ; and in the second place, if the body 
be in a state of ease, still in many cases the generalised Hooke's law 
will be far from holding even approxîmately up to the elastic limit. 
Saint- Venant recognises the first point by distinguishing between 
small sets, "qui ne font qu' écromr le corps ou rendre plus stable 
l'arrangement de ses parties" (p. 278) and large sets, which he holds 
either augment progressively so that "la matière s^ énervera bientôt'* 
(p. 239), or else by change of form destroy the value of a structure. 
But he hardly seems to hâve taken note of the second point, for he 
does not hesitate on pp. 280 and 286 to use stretch- and slide- moduli 
which connote a proportionality of stress and strain. The same point 
recurs in almost each torsion problem, where a condition de mm- 
rupture ou de stabilité de la cohésion is given (e.g. pp. 351, 396 etc.). 
It is essentially a limit to the proportionality of stress and strain which 
is in each case given, but this limit in many materîals has no sensible 
existence or may in the case of a material which does not possess an 
extended state of ease be safely passed. 

(6) One further remark before we proceed to Saint- Venantes 
process. He starts from the formula (p. 280) 

Sf = «jB cos® a + Sy cos* )8 + «a cos' y + (Tyz cos )3 cos y + o-ja, cos y cos a 

-f o-jBy cos a cos )3 (i), 

but on p. 242 he has obtained this by supposing the stretches and 
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slides to be so small that their squares may be neglected. It is 
conceivable that in some materîals before mpture and/possibly, before a 
dangerous set is reached, this might not be allowable. 

(c) Our author begins by noticing that the proper limit to be 
taken for the stability of a material is a atretch and not a traction limit. 
He attributes to Mariotte* the first récognition of this fact "que c'est 
le degré d'extension qui fait rompre les corps" and remarks that 
although it is legitimate, and occasionally convenient, to take a traction 
limit given by T=Es where s is the stretch-limit and J^ the stretch- 
modulus, T need not be the stress across any plane, whatever, at the 
point in question. 

Et cette sorte de notation est sans inconvénient si l'on n'oublie pas que T 
reprës&nie simplemeTU le produit Es, ou la force ca^ble de donner (aussi par 
unité superficielle) à ce même petit prisme sum)osé isolé, la dilatation limite s 
relative à. sa situation dans le corps, mais qu'il ne représente que qivelquefois 
et n(m toujours l'effort intérieur ou la pression supportée normalement par sa 
section transversale pendant qu'il fait partie du corps, (p. 280.) 

This remark is ail the more important as the distinction has been 
neglected by Lamé, Clebsch and more récent elasticians : see our 
Arts. 1013*, 1016* footnotes and 1567*. 

{d) The stretch in any direction being given by the équation (i) 
above, we hâve next to ask what in an aeolotropic body is the distri- 
bution of limiting streteh ? Saint- Venant having regard to équation (i) 
assii/mes it to be ellipaoidal in character; in other words he takes 

s =: Sjc cos'a + Sy cos*)3 + «2 cos*y, 

where Sa-, ëy, s g are three constants to be determined by experiment, 
and the axes of ellipsoidal distribution are chosen as those of co- 
ordinates. The condition of safety now reduces to the maximum value 
of s/ s being = or < 1. By the ordinary max«-min. processes of the Differ- 
enlial Oalculus we obtain for s/ s the équation : 

«*(M)e-?XM)-'--;-G-Ô 

- a^^Sy ^Jj - G^^Sg ^1 -y) - <^y« ^«c <^av = (ii). 

The roots of this équation are known to be real and we must hâve 
the greatest of them = or < 1. 

Suppose the material is subject only to a slidiug strain, then 
Sx = Sy = 8g = (rga,= a-ggy = 0. Honce it foUows that 



In other words if s is the limit of s, then 2jsySg is the limit of a-yg or 
gives the slide-limit. Let us represent it by â-yg. 

^ Traité du mouvement des- eaux, sixième et troisième alinéa du second discours. 
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Similarly we hâve â-^g^ = 2jsgSx and â-^^ = 2>Jsg,Sy. 
Saint- Venant then rewiites his équation (ii) as : 

\s sjxs Sy/\8 sj Xô-yJ \8 sj Vô-gc/ \8 ëyj 

_ (^\ (i - lA _ 2 ^^ ^^ ^""^ = .(iii). 

He remarks that this équation may be adopted as if the six 
limiting strains «a?, «y, s^, ô-y^, â^^, d-rg^, were ail independent, and the 
values of the slide-limits & had.to be found by experiment. At any 

rate équations of the f orm d-yg=2 Jsy s g need only be used when there is 
an absence of expérimental data. (p. 284.) 

(e) In the foUowing paragraph (25) Saint- Venant explaius how 
we are to find s/s for every point in the body and then take its 
maximum value for ail thèse points, 

Ton obtiendra, en l'égalant à l'unité, la condition nécessaire et justement 
suffisante de la r^istance du corps à la rupture (p. 284). 

We hâve noted that this language is hardly exact. The point where this 
maximum takes place is called after Poncelet point dangereux, a name 
which it is convenient to render by fail-poi/nt. This term will not 
necessarily connote rupture, but merely a point at which *linear 
elasticity^' first faits. The considération of this point leads Saint- 
Venant to a concise définition of the solid of equal résistance : 

Souvent il y a plusieurs points dangereiuv, ou plusieurs points pour lesquels 
la plus grande valeur de s /s est la même, d'après la manière dont les forces sont 
appliquées. Lorsque, dans un corps de forme allongée, il y a un pareil point à 
chacune de ses sections transversales, ce corps est dit dégale résigtance : tels 
sont les prismes lorsqu'ils sont simplement étendus ou tordus par des forces 
appliquées aux extrémités. 

(/) ^^ hsi^Q next the application of (iii) to the case of torsion 
about X as axis. Hère 

whence it follows 

We hâve thus the limiting condition 






1 = or > 

It is obvious that the principal slide in any direction Ja^^' + CgJ 
is given by the ray of an ellipse of which &^ and ôr^ are the 

^ I use the words 'linear elastioity ' in the sensé in which 'perfect elastloity* has 
been nsed by the writers of mathematical tezt-books, i. e. to connote the elasticity 
which obeys the generaUsed Hooke's Law or the linearity of the stress-strain 
relation. 
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semi-axes. Saint- Yenant uses throughout his memoir a slightly différ- 
ent form. Let fi^, fi be slide-coefQcients and S^, S^ the shears capable 
of producing the slides âg^ and d-ggg ; then the condition of nanrruptîire 
pa/r glissement (Le. of no/ailure of linear elasticity) is expressed by 



1 = or 






The chapter concludes with a few gênerai remarks on the physical 
characteristics of rupture by torsion. 

[6.] The third chapter occupies pp. 288 — 99 : it relates to the 
simple case of a prism on any base, whose terminal faces and sides 
are subjected to any uniform tractive loads. Lamé and Clapeyron 
in their memoir of 1828 (see our Art. 1011*) had treated the 
simple case of isotropy. Saint-Venant as an example of the 
mixed or semi-inverae method gives the solution for the case when 
there are three planes of elastic symmetry, the intersection x of 
one pair being parallel to the axis of the prism. He assumes that 
the tractions are constant and the shears zéro throughout. This 
satisfies the body stress-equations ; the constant values of the trac- 
tions are in this case given by the surface stress-equations. The 
stress-strain relations then give in terms of the elastic constants 
and the loads the values of the shift-fluxions. We thus arrive at 
a System of simple linear partial diiFerential équations, whose solu- 
tion is extremely easy. The complète solution gives for each shift 
a part proportional to the corresponding coordinate and a gênerai 
intégral which is only the resolved part of the most gênerai dis- 
placement of the prism treated as a rigid body. On p. 292 Saint- 
Venant détermines the value of the stretch-modulus when the 
tractive load on the sides of the prism is zéro, and on p. 293 he 
considers the simple cases of (1) the axis of the prism being an 
axis of elastic symmetry, and (2) the material being isotropic : see 
our Art. 1066*. On p. 293 we hâve a remark that some writers 
hâve doubted the exactness of the above results, considering 
them only as plausible but not necessarily unique. Saint- Venant 
asserts that they are unique, which is undoubtedly true in this 
case, but I am not quite satisfied with the nature of his proof, for 
it would at first sight apply to any elastic body. It dépends 
essentially on the following line of reasoning : Take any particular 
intégrais of the équations of elasticity %, v^, w^, put the shifts equal 
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to Uq -f u\ Vq + v\ Wq + w ] we now obtain équations of elasticity 
without body-force or surface-load. '* On verra que u\ v\ vi seront 
les déplacements des points d'un prisme qui ne serait sollicité que 
par des forces nulles. Ces déplacements seraient nuis eux-mêmes. 
Nos expressions offrent donc la solution complète et unique/' 
(p. 294.) This is true for the prism, but it does not always foUow 
that where there are no surface- or body-forces, the body is without 
strain, or bas only rigid displacement. For example, take a 
cylindrical shell, a spherical membrane of small thickness, or an 
anchor ring of small cross section, and tum them inside out, we 
hâve a state of strain with no applied force. 

On p. 295 Saint-Venant shows that his results for the prism 
still hold if the shifts are large, but their fluxions remain small. 

[7.] A method of solving a still more gênerai problem is 
indicated on p. 296. Suppose a homogeneous aeolotropic body of 
any shape to be subjected to a surface-load L which is the 
résultant of S, yy, «z , yz,^, xy; thèse stresses being given constant 
values throughout the body and at the surface. Then we hâve 
six équations from which to find in terms of the 21 elastic constants 
the six strains. Thèse are six simple partial differential équations 
which give at once the shifts. Saint- Venant suggests how the 
stretch-modulus for any direction may thus be obtained aa a 
function of the 36 (21 or 15) elastic coefficients : see our Arts. 
136_7, 198 (c), 306—8 and 796» 

[8.] The final section of this chapter (§ 33, pp. 297—9) 
relates to a point which Saint- Venant bas frequently taken 
occasion to refer to. The principle involvéd is the foUowing : 

C'est que le mode d^application et de répa/rtition des forces vers les 
extrémités des prismes est indifférent aux effets sensibles produits sur le 
reste de leur longueur, en sorte qu'on peut toujours, d'une manière 
suffisamment approchée, remplacer les forces qui sont appliquées, par des 
forces statiques équivalentes^ ou ayant mêmes moments totaux et mêmes 
résultantes avec une répartition justement telle que l'exigent les 
formules d'extension, de flexion, de torsion, pour être parfaitement 
exactes. (Notice I. p. 22.) 

Saint- Venant does not clearly state the portion of the prism 
over which he holds the influence of distribution to extend, the 
term sv/r le reste de leur longueur is somewhat vague. In the 
memoir itself he uses the words en excluant seulement Us points 
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très-proches de ceux où agissent les forces (p. 299). We can 
perhaps, however, reach some conceptioa of the field to which 
he supposes the influence to extend by pajdng attention to a 
footnote on p. 22 of Notice I. 

Suppose the terminal of a prism subjected to any system of 
load statically équivalent to that distribution which produces the 
System of strains theoretically calculated. Impose upon the 
terminal two equal and opposite loads having the theoretical 
distribution. One of thèse will produce the theoretical strains, 
the other will be in statical equilibrium with the actual load 
distribution. The terminal is thus acted upon by two équivalent 
and opposite Systems of force. Thèse Systems will produce certain 
small shifts in the end of the prism, and thèse shifts measure the 
extent to which the prism is influenced by the différence between 
the theoretical and practical distributions. Saint- Venant tells us 
in hîs footnote that the influence of forces in equilibrium acting 
on a small portion of a body extend very little beyond the parts 
upon which they act. 

L'auteur a fait deux expériences de ce genre sous les yeux de 
TAcadémie en lisant un de ses mémoires. Elles ont consisté simplement 
à pincer avec des tenailles un prisme de caoutchouc, et à dilater trans- 
versalement une lanière mince de même matière, en tirant ses bords en 
deux sens opposés. Tout le monde peut les répéter et voir que 
rimpression ou l'élargissement ne se fait 'point senti/r à des distanœs 
excédant la projonden/r dans le premier cas et Vamplitvde dans le 
second, 

The reader will find this matter still further treated of in the 
Navier, pp. 40 — 41 and the Glebsch, pp. 174 — 7. The principle is 
of first-class importance, as it is scarcely possible in a practical 
structure to ensure any given theoretical distribution of load. The 
terminais will generally take a form which lies beyond theoretical 
investigation and only the statical équivalent of the load System 
will be really ascertainable, e.g. the tractive load on a bar may be 
applied by means of a nut carrying a weight, the nut itself being 
supported by the thread of a screw eut on the bar. 

[9.] Saint- Venantes fourth chapter deals with the problem of 
flexure by the semi-inverse process. The important results hère 
first published were afterwards considered at greater length in the 
well-known memoir on flexure : see our Art. 69 et seq. 
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Throughout the chapter the writer supposes three principal 
planes of elasticity, one of which coincides with the cross-section, 
and the two others intersect in the Une of sectional centroids, i.e. 
in the axis of the prism. He thus makes use of formulae which 
in his notation apparently involve twelve independent cooflBcients, 
but thèse he at once reduces to three independent moduli (E, e, e') 
and two coefficients (/, é) : see pp. 303, 311 — 313. 

As Saint- Venant justly remarks : 

La détermination exacte et générale des déplacements des points 
d'un prisme sous Faction de forces qui tendent à le fléchir, a échappé 
jusqu'à présent aux recherches les plus laborieuses des géomètres, 
(p. 299.) 

But although his solution does not solve the problem for cUl 
terminal distributions of load, it is yet as close an approximation in 
practice as, say, Coulomb's solution of the torsion of a circular 
cylinder. It cannot be too often repeated that the distributions 
of tractive and shearing loads, such as occur in theory, are not 
attainable in practice, and that we must be content with their 
statical équivalent over small areas (see our Art. 8). But let us 
hear Saint- Venant himself : 

Aussi les résultats ci-dessus ne sont pas applicables d'une manière 
tout à fait rigoureuse. 

Mais l'analyse précédente nous prouve toujours que si sur deux 
sections quelconques, extrêmes ou non, les forces sont appliquées et 
distribuées de cette manière, il en sera absolument de même sur toutes 
les sections intermédiaires, et que les déplacements, dans toute l'étendue 
du prisme, seront représentés par les autres expressions trouvées ci- 
dessus. Les formules donnent donc l'état de choses vers lequel 
converge l'état intérieur réel du prisme à mesure que l'on considère des 
parties plus éloignées de ses extrémités ou des points d'application des 
forces qui font fléchir. 

Il s'établit ici, dans l'espace, une sorte d'état permanent semblable à 
celui qui est produit, dans le temps, par l'action continue de causes 
constantes qui finissent par effacer l'effet des causes initiales d'un grand 
nombre de phénomènes, (p. 314.) 

Saint- Venant's solution of the problem of flexure is thus the 
real solution of the problem, for were any other solution obtained 
it could differ from his only by terms which would be really 
insîgnificant as compared with the différences in terminal loading 
which must occur, not only between theory and practice, but 
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between any two practical cases of flexure. It îs just as reasonable 
or unreasonable to quarrel with Coulomb's torsion solution as with 
Saint- Venantes flexure results. 

[10.] With regard to the uniqueness of the solution obtained 
by the semi-inverse method — supposing the theoretical shearing 
and tractive loads were applied to the terminais — Saint- Venant 
has some remarks on p. 307 which it is well to consider. After 
remarking that the shifts satisfy ail the conditions and équations 
of the problem, he continues : 

Et ils sont les seuls qui y satisfassent, car le problème des 
déplacements est complètement déterminé si, en donnant les pressions et 
tractions sur tous les points de la surface, on suppose fixes l'un des 
points du prisme (le point 0), et les directions d'un élément linéaire et 
d'un élément plan qui y passent (un élément sur Taxe des z et un 
élément sur le plan yz) en sorte qu'il ne puisse y avoir ni translation 
ni rotation générale à ajouter aux déplacements provenant de la flexion, 
(p 307.) 

He then proceeds as on p. 294 to put the shifts equal to the 
particular solutions found plus additional unknown parts {u\ v\ w'), 
thèse latter he argues must be zéro as they are shifts due to a 
zéro System of loading.as appears by the vanishing of the load 
terms from the équations on substitution. This sketch of a proof 
of the uniqueness of solution of the équations of elasticity has 
been adopted and expanded by Clebsch : see Kap. I. § 21 of his 
Théorie der Elasticitàt I bave suggested above that there is 
need of applying the proof with some caution : see Art. 6. 

[11.] In treating the problem of flexure Saint- Venant assumes 
the longitudinal shifts and the latéral loading, hence he deduces 
the transverse shifts and the terminal loading. The values of the 
longitudinal shifts were doubtless suggested by the BemouUi- 
Eulerian solution of the problem, but in this chapter they appear 
to arise very naturally from the considération of the simpler case 
of uniform flexure, or the bendings of each longitudinal * fibre' 
into a circular arc ; see pp. 292 — 304. 

Saint- Venant makes two généralisations of his problem. The 
first (p. 306) to the case when besides terminal shearing load, 
there is also terminal tractive load. It is necessary, however, to 
remark that when such load is négative, and the prism of con- 
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sîderable length as compared with the dimensions of cross-section, 
the question of the hùchling action of such load anses. This is a 
point to which we hâve referred in our first volume: see Art. 911*. 
Saint- Venant does not allude to it. The second généralisation is 
to the case of large shifts, or as it is hère termed : Extension de 
cette solution à une flexion aussi grande qu'on veut I cite the 
foUowing remarks as suggestions which hâve been adopted by 
later writers (e.g. KirchhoiSf ) : 

Les formules donnant u, v, w ne s'appliquent, comme les équations 
différentielles dont on les a tirées, qu'à des déplacements très-petits 
ne produisant qu'une petite flexion. On peut cependant en tirer des 
déplacements d'une grandeur aussi considérable qu'on veut, tels que 
ceux d'une verge élastique longue et mince qu'on ploie au point de faire 
presque toucher les deux bouts, ce qui est très-possible sans altérer 
aucunement la contexture de sa matière, car les déplacements relatifs 
et les déformations peuvent rester petits dans chacune des portions 
d'une longueur bien moindre que le rayon p de la courbure, dans 
lesquelles on peut diviser par la pensée un pareil corps; et c'est leur 
accumulation qui produit, à l'extrémité, des déplacements considérables 
(p. 308). 

12. The section of the chapter pp. 308 — 313 which deals with the 
gênerai problem of flexure is reproduced in the memoir in Liouville's 
Journal and will be considered later : see our Arts. 69 et seq, 

Two results are given on p. 312 without démonstration. The first of 
thèse relates to the case of an elliptic section ; it coincides with équation 
(56) of the memoir in Liouville's Jou>mal (see our Art. 86, Eqn. 26) 
when we put G the constant of that équation zéro. The second of thèse 
relates to the case of a rectangular section ; it is an approximation : 
the memoir in Liouville's Journal gives the exact solution, but not this 
approximation. It is however easy to supply the steps which lead to 
the approximation. In équation (91) of the memoir in Liouville's 
Jou/meà the exact value of F (^, z) ia given depending on F (y, z) 
which is determined by (102). If we were to expand- F^ (y, z) in 
powers of y and 2, the term which involves z only would disappear by 
(103); then the next two terms would involve yh and 7? respectively. 
This suggests our taking a form like that of (85) in the memoir on 
Torsion as an approximation; take this and calculate xz, that is 

G'i'^+^X We find this to be 
\dx az J 

then in order that this may vanish when y = and « = c we must hâve 

P<?{E-fK) 
^0 " Mel ■ 
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Then Saint- Venant assumes that Jxz cUa =- P ; and this leads 
to the value of K which he uses in this case: see p. 312 line 3 from the 
foot. 

13. On p. 311 Saint- Venant says that ^=0, and dF/dz = 0, 
when y = and « = 0. Suppose that h and k dénote very small 
quantities ; then the value of u at the origin being denoted by u^ the 
value at a point very near the origin would be 

Now ( ;?- ) is zéro since u is an even f unction of y, so that if we 

hâve (-T-) zéro as well as u^ then the value of u vanishes ail over 
cm élément near the origin. 

[14.] Pp. 316 — 318 are deserving of close attention; they 
give results which were partially published in the memoir of 
1843 (see our Art. 1581*) and which folio wed up the suggestion 
of Persy: see our Art. 811*. Saint- Venant namely finds the 
plane of flexure when the load-plane does not coincide with the 
plane of one set of principal axes of the cross-sections. 

Let Oz, Oy be the principal axes at the centroid of any cross- 
section of area w ; let k^ Ky be the swing-radii about thèse axes, and 
</>, if/ the angles which the load and flexure planes make respectively 
with the plane through Oz and the axis of the prism. Then Saint- 
Venant easily shews that : 

Kg' ^ , 1 M /cos*<f) sin'ci 
tan 11/= —â tan d>: - = pj-j^/ i - + — 3-^ , 

where 1/p is the curvature, M the bending moment and E the longitudinal 
stretch-modulu s *. 

Assuming that only longitudinal stretch produces danger, Saint- 
Venant deduces that iî a^^T^jE be the limit of safe stretch then 

fp 

if = or < the minimum of ? . . 

cos sin <f> 



^y ^z 



For the rectangle (26 x 2c) we hâve 



Tir ^^o^V 
if = or <: ® 



3 (6 cos + c sin 0) ' 



^ The first équation expresses geometrically that the plane of flexure is perpen- 
dicular to the diameter of the momental ellipse (neutral axis) conjugate to the plane 
of loading : see our Art. 171, 
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foF the ellipse {2b x 2c) 

M= or < ° 



éjb' cos'c^ + c' sin'^ ' 

Such results as thèse he has reproduced and consîderably added 
to in his édition of Navier, pp. 52—60, pp. 122—126 and 128—136. 
Indeed, we may affîrm that Saint- Venant was the ârst to insist on the 
practical importance o£ investigating the relation between the planes of 
flexure and of loading, when the latter plane is not one of inertial 
symmetry. 

[15.] The chapter concludes with the déduction of Saint- 
Venant's ail-important discovery that the cross-sections of a beam 
under flexure do not remain plane even within the limit of 
elasticity. There is also an investigation of the change in 
the cross-sectional contour (pp. 318 — 323). We shall return to 
thèse points later, but meanwhile may quota the concluding 
words of the chapter as some évidence of the satisfaction 
which Saint- Venant legitimately felt at the results of his new 
process : 

On voit, par ce chapitre iv, que la méthode mixte de solution des 
problèmes de l'équilibre des corps élastiques peut, non-seulement confir- 
mer des résultats connus, en apprenant à quelles conditions ils sont 
exacts, mais encore les compléter, et donner sur les circonstances de la 
flexion des résultats nouveaux. 

[16.] Saint- Venantes fifth chapter defines torsion and deduces 
the gênerai équations by the semi-inverse method ; it occupies 
pp. 323—333. 

The définition of torsion which does not involve the main- 
tenance of the primitive planeness of the cross-sections is contained 
in the foUowing paragraph : 

Et nous nous donnerons une partie des déptacements ou de leurs 
rapports, en ce que nous supposerons que ces déplacements ont produit 
une torsion autour d'un axe parallèle à ses arêtes, torsion qui consiste en 
ce qvs les déphicements transversavac des divers poi/nts appartencmt 
primitivement à u/ne même section quelconque perpendiculaire à Vaxe ne 
diffèrent de ceux des points homologues d^une autre section^ que pa/r une 
rotation divm. mhne a/ngle pour tous, autmjt/r du mhne axe ; en sorte que 
les points qui se correspondaient primitivement sur les droites parallèles 
à l'axe puissent être ramenés à se correspondre encpre, en les faisant 
tourner d'un angle qui est le même pour les points des deux mêmes 
sections (p. 324). 

S.-V. 2 



18 SAINT- VENANT. [17 

We will now sketch the method by which our author reaches 
the gênerai équations of torsion. 

[17.] The axis of torsion will be taken as axis of x; the direction 
of torsion will be from the axis of y towards that of z. The area of a 
cross-section will be denoted by w, and we shall write o}Kg' = Jy^dw, 
(ûkJ = fz'do), thèse being the sectional moments of inertia. The torsion 
referred to unit of length will be t ; that is, if we draw the radius-vector 
of a displaced point in one section, and also that of the homologous point 
in a section at distance^ from the first, then the second radius-vector makes 
with a parallel to the first an angle of which the circular measure is t^ ; 
this angle is measured from the axis of ^ to that of z. This language 
implies that the torsion is constant, but the meaning of r, when it is not 
constant, will be assigned in the same manner as before at any point, 
provided we consider ^ as infinitesimaUy small. 

The above définition of torsion leads us at once to the results : 

dv/dx = — TZ, dwjdx — ry , (i). 

The considération that there is no latéral load gives for every point 
of a sectional contour the équation 

^zdy--dz^(^ (ii). 

• 

On p. 329 Saint- Venant fixes a point, line and elementary plane 
as in our Aii;. 10, and remarks that the total torsion bétween the 
terminal sections may be considérable provided each short élément into 
which we may divide the prism by two cross-sections reçoives only a 
small distortion relative to itself, the length of the prism being great 
as compared with the linear dimensions of the section. The total 
shifts can then be obtained by summation from the solutions of the 
above équations for each short élément. 

Referring to the équations in our Art. 4 (&) we easily obtain 

xi=f^{duldy-Tz\ xz = e^ (du/dz + ry) (iii). 

Whence if Jf be the moment of ail the stresses on a cross-section 
about the axis of x, 

M=\ d(û[e^{du/dz-hTy)y-f^(du/dy-'Tz)z] (iv). 

J 

It will be seen that this agrées with the old theory — which gave 

M = ejT I diû (y' + «*), — only when e^ = /^ and du/dz = du/dy. This, since 

du/dx is assumed constant, amounts to w = 0, or the old theory that 
the cross-sections remain plane and perpendicular to the axis. Substi- 
tuting in the équation of our Art. 4 (k), and in (ii) above, we find for 
body and surface shifb-equations : 

ad'^ujda? -\-f^dhild^ + e^dSbjd^ +fd\Lldxdy + edhujdxdz 

+ {ey -fi) ^Idx = L . .(v). 
ôj (du/dz + Ty)dy -f^ (du/dy - rz) cfe = ' 
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Samt-Venant (p. 331) at once simplifies thèse équations by taking 
dhù/da:^=/dhL/dûcdy==edhi>/€lxdz = 0; thèse follow at once from the 
supposition that dujdxy or the longitudinal stretch, is constant or zéro, 
or again from the second supposition that it is constant only along 
lines parallel to the axis o£ torsion and that a principal plane of 
elasticity is perpendicular to this axis (Le. e =/= 0). 

In gênerai we shall adopt the notation ei = /i^ /i = /ij, so that our 
équations become 

p.^d'u/dy' + fi^d'u/dsi'=:0) . 

ftj, {dujdz + ry) dy^fi^ (du/dy — Tz)dz = Oi ^ ^* 

Saint-Venant for the purpose of simplifjing the f orm of his results 
takes fi^=fi^ = fi in the f ollowing four chapters. Further to avoid the 
complexity which would be initially introduced by treating at the same 
time the problem of flexure Saint-Venant takes 

We shall see in the sequel that Olebsch has combined the two 
problems of torsion and of flexure by preserving the gênerai form of the 
équations. 

The next four chapters of the memoir vi. — ix. are occupied 
with the torsion of prisms of various cross-sections. I shall 
briefly give the results hère for the purpose of référence; the 
reader will find little difl&culty in deducing the proofs for himself, 
if the original memoir be not accessible. At the same time I 
shall draw attention to one or two important points involved in 
Saint- Venants discussion, 

[18.] The sîxth chapter occupies pp. 333 — 352, and is entitled: 
Torsion d'un prisme ou cylindre à base elliptique. 

The following results are obtained, the axes of the cross-section 
being 26 and 2c, and the notation being otherwise as before : 

6«_c' v = -Taî2;) ... 

6* + c' ^ M? = rxy ) ^ ^ 



scx '=■ yy =■ xz = yz = 0. 
xy = ~flT-^ 



XX = yy =■ xz = yz = 0, . 

îô'a ^ 2c^y i (iii). 



We see at once fix)m (i) that the primitively plane sections suffer 
distortion {gauchissement), and become hyperbolic paraboloids. In the 

2—2 
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accompanying figure the contour llues of thèse surfaces of distortîon are 
marked ; broken Unes denoting depre8sion& 




The principal slide o* is given by 

o' = < + <r„'=(j^)*(ôV + cy) (iy). 

The point dangereux or /ail-point is obtained by making 6 V + c*y' a 
maximum, thus it is at the extremity of the minor axis, i.e. is the point 
nea/rest to the aocia qf torsion, 

From (iv) we obtain by means of our Art. 5 (/), if Si = /S^ = /S^ : 

S,:=or>p,T2b'cl{h' + e') (v), 

whenceit followsthat if=or< — ^— ^ (=or< — ^ — ^j (vi). 

The gênerai appearance of the prism under torsion is given in the 
figures on the next page, the torsion being diagrammatically exaggerated. 

[19.] There are one or two important points to be noticed in 
this chapter. In the first place Saint- Venant solves équation (vi) 
of Art. 17 by a séries ascending in powers of y and z ; one term 
(a'j/z) suflBces for the elliptie cross-section, he makes use of others 
later. Secondly he points out pp. 339 — 34Ï that his results agrée 
with the theory of Coulomb only în the case of a circular section, 
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for every other elliptic crosa-sectioa the value of the torsional 
moment is amaller than that given by the old theoiy and there is 



difltortion. He flhews by numerical examples on p. 352 how much 
sootiet the safe limit is reached in the tme than in the old theory. 
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[20.] On pp. 341 — 343 we hâve, thirdly, a footnote on 
Cauchy's suggestions that the torsion t should be made to vary 
transversally : see our Art. 684*. Saint- Venant shews that this 
would require, — at least in the case of a circulai cross-section and 
an axis of elasticity coinciding with the axis of figure — ^a shearing 
load at each élément of latéral surface. This is a supposition 
which could hardly be attained in any practical case. 

[21.] Fourthly we hâve on pp. 342 — 345 a very concise and 
admirable considération of the point referred to in our Art. 9 ; 
namely, the practical équivalence of statically equipoUent Systems 
of terminal loading at very short distances from the terminais. 

Nos résultats relatifs à la torsion d'un prisme elliptique par des 
couples quelconques peuvent être adoptés au même titre et avec la même 
confiance qu'on adopte les formules, soit de l'extension simple^ soit de la 
fiexion par des forces latérales, et la formule plus analogue du cas de 
torsion des cylindres circulaires (p. 345). 

In ail thèse cases there is the same assumption as to the 
équivalence of the shifts produced by the theoretical and by the 
actual equipollent load Systems. 

[22.] Fifthly §§ 59 and 60 (pp. 346—7) may be noted. The first 

deduces from the équations | xy d<û= j xz d<a = that the axis of 

torsion for the shifts assumed must coincide with the liue of sectional 
centroids* : see our Art. 181 (d), The second treats of the case of large 
torsional shifts, see our Art. 17, p. 18. Saint- Venant remarks that the 
values v = — Txz and w = rxy of our Art. 18, équation (i), no longer hold, 
but by an easy process of summation (p. 347) we find ihe new values ; 

V = - » sin T» - y (1 - cos rx) 
w= ^sinTaî-«(l — cosTi») * 

[23.] Lastly we may note on p. 349 the gênerai argument by 
which Saint- Venant would explain why the fail-points are those 
nearest and not farthest from the axis of torsion as in the old 
theory (la théorie ordinaire, S*-V.). He points out that at the 
extremity of the major axis the slide produced by the distortion 
of the plane section is zéro and so we hâve only the slide produced 
by the 'fibres becoming helical,' while at the extremity of the 
minor axis the two components of the slide both exist and com- 
pound, operating together. Hence generally we see how it is 
possible for the slide to be greater at the latter than the former point. 

^ This paragraph was oanoelled in the copies of the memoir remaining in Saint- 
Venant's possession. 
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[24.] Chapter vu» of the memoir (pp. 352 — 360) is occupied with 
the analytical solution of the équation Ugg + Uyy = 0. The first form 
obtained is that in a séries of exponentials and sines or cosines of 
multiples of y and z. 

TheT second is in terms of cylindrical coordinates. Let ^ = rcos0, 
« = r sin <f}; then : 

u = S-4„r" cos mf^ + ^B^^r^ sin wi0, 

M=fir Jr^dfû — fi^nÂ^ jr^ sin n<l>diù 

+ liîimB^ jr^ cos rmf>d<û. 

Thèse results are obvions. Spécial cases of uni-axial and bi-axial 
sjmmetry lead to the vanishing of certain coefficients. 

[25.] Chapter vin. (pp. 360 — 413) deals with the important 
case of the torsion of prisms of rectangular cross-section (26 x 2c). 

The chapter opens with some account of Cauchy's memoir of 1829 — 30 
(see our Art. 661*) which had led Saint- Venant to recognise the gênerai 
distortion of the cross-sections in the torsion problem. Cauchy had 

f ound as an approximation u = - j^ j ryzy Saint- Venantes expression 

for the shifb parallel to the axis in the case of an ellipse. This really is 
only an approximation when b and c are very unequal. It makes the 
greatest slides take place at the corners, but when we note that ^ = JJ 
and^ = ^, then since px and 'zà are zéro on the latéral surfaces, it 
follows that at the angles the nullity of ^ and 'xz connotes that the 
stress can only be tractive to the cross-section, or that : 

il n'y a, en ces points, aucun glissement, et la section a dû se ployer de 
manière à rester normale aux quatre arêtes saillantes devenues courbes 
(p. 362). 

This perpendicularity of the cross-section to the sides, at projecting 
points or angles, holds for ail prisms. The récognition of it led Saint- 
yenant to the investigation of a more exact expression for the torsion 
of rectangular prisms than that discovered by Cauchy. 

[26.] The équations to be solved are 

Id^u/dy" + d'u/ds^ = 0, 

idujdy = TZ for ail values of z between c and - c when y = * 6, 

{du/dz = — ry for ail values of y between h and — b when » = «t c. 

At the suggestion of Wantzel, Saint- Venant reduced thèse équations 
to a known form by the substitution of w = — ryz + u', when they become 

Mfd'i/' + (fV/e^a;* = 0, 

\du'/dy = 2tz for ail values of z between c and — c when y = ^by 

[du'jdz = for ail values of y between b and - b when 25 = ± c. 
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Thèse équations can be solved bj the assumption 

u' = S-4« {e"^- e-'^y) sin mz 
and the usual détermination of the constants by Fourier^s Theorem. 

[27.] Saint- Venant obtains the folio wing gênerai results : 



(i) 



U=Thc 



~ôc"^2W; ft*»=i (2«--- =* '^^"^ 



2c 



2c 



= t6c 



(2n-l)^ 
yz 1 /4Vô ^„=« (- 1)"-' 26 ^ (2«-l)„y 



2«_l/4\ 6 «=« 
6c 2W c'^»=i 



(2«- ir^(a>^-l)»rc 

^0 
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XX = yy =■ zz =^ yz = Oj 






^^j^ (2»-l)jry 



2c 



(2n-iy^ 

^^^ 2c 



. (2n-l)7r»l 



\\\ < 



(2w-l)»rg 



(ii) 



TTC 
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â;;? 



26 



sinh 



2c 



I. " /*^ ^»=« (- 1) 



(2w- l)ira 
2^ ■ 



2c 



(2«-l)^ 



(iu) 



,^ .,/16 /4Yc .„=, 1 . ,(2w-l),r6) 

.^,5'c{y-(iy-^S"T,-Axitanh(^"J-n. 
'^ 13 \7r/ c^»=i (2/i-l)* 26 J 



sin^-^""-^^"^ 
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[28.] It will be noted that Saint-Venant obtains in each case 
double values for his quantities which are unsymmetrical in 6 

^ Saint-Venant puts sinh for cosh in the denomînator hère by a mîsprînt (p. 368, 
équation 159). 
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and c. SymmetricaJ values may be at once obtained by adding 
and halving his solutions. Or, symmetrical values may be obtained 
directly by the assumption of the particular intégral 

w =: -4- sinh -^ cos -^ +B„ sinh -22^cos -^, 
' c ' c c 

where pis a positive integer. 

It will be found that the surface conditions are then very 
easily satisfied, and the symmetrical forms of the results thus 
deduced possess for some cases practical advantages. 

Saint- Venant next proceeds to consider spécial cases of rect- 
angular cross-section which will occupy us in the following seven 
articles. 

[29.] Cas où Vim des côtés du rectangle est très-grand par 
rapport à Vautre, (pp. 372 — 375.) 

From the first of the expressions for M, we obtain 

M=^ liiM (1 - 0-630249 c/6), 

and for a first approximation to u 

M = - Tzy, 

Thèse results agrée with Cauchy's J/ = — fir , g -^ and w = - j^ — ^ ryz 

when c/6 is very small. 

Saint-Venant in a footnote deduces Cauchy's results, but at the same 

time brings out the insufficiency of his method, for Cauohy neglects the 

fourth powers of the dimensions of the prism, but it is not at ail clear 

what the qtuintity is in comparison with which he neglects them, for 

2t (i^z — vs^^ 
the term omitted ^ f,^ — ^^ seems really of the same order bjs that 

3 (¥ + c*) "^ 

retained - -^ — ^ryz (p. 375). 

[30.] On pp. 376 — 98 we hâve the full discussion of the prism 
of square cross-section. The numerical results are calculated from 
the tables for the hyperbolic functions given by Gudermann*. 
They are calculated from both expressions obtained in Art. 27. 
Saint- Venant seems to bave taken from three to eight terms of 
his séries, but he bas not entered upon any investigation as to 
whether those séries satisfy Seydel's condition of eqiud con» 
vergence. 

' Théorie der PotenziaU oder cyklUch-hyperholischen Functionen, S. 26S* 
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The values of u are calcalated and gîven in a table on p. 377. 
The accompanying figures give the contour lines of the distorted 
cross-section and the boundaries of the cross-section as cutting the 
latéral faces of the distorted prism in élévation (diagrammatically 
exaggerated). 




For numerical values we hâve, 

Jf=: -843462/1X0)2 673 



= or < 1-66532 ^,6». 



o- = 1 '350630 6t is the maximum slide and occurs at the middle 
points of the sides of the cross-section, which are thus the fail-poinU, 
Thèse values are ail less than those obtained from the old theory. 

[31.] On pp. 382 — 387 Saint-Venant refers to the experi- 
ments of Duleau* and Savart* as confirming his results. From 
Duleau's experiments on circular bars the mean value of /a 
obtained was 6,659,230,000 kilogs. but from his experiments on 



1 SeeourArt. 229*. 



» SeeourArt. 334*. 
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square sectioned bars ît was only 5,636,625,000 on the old theory. 
Saint- Venantes however brings it up to 6,682,750,000, which may 
be considered in fair agreement with the resuit obtained from bars 
of circular section; especially when we remember the non-isotropic 
character which was inévitable in the iron bars of Duleau's experi- 
ments (see table p. 383). At any rate Saint- Venants theory 
accounts for the greater part of the inferior résistance to torsion of 
square as compared with circular bars of equal sectional moment 
of inertia. 

Some experiments on copper wires of square and circular 
cross-sections are tabulated on p. 386. Hère the mean for the 
circular cross-section is /Lt = 4,174,826,000 ; the old and the new 
theory give for /a the values 3,384,121,000 and 4,012,180,000; 
again to the advantage of the latter. The isotropy of thèse wires 
is however very questionable. 

[32.] Saint- Venant deduces on pp. 887 — 391 the value of the 
numerical factor which occurs in M (see our Art. 30) by an 
algebraic expansion for u and a calculation after the manner of 
Fourier {Théorie de la chaleur, chap. m. art. 208, Eng. Trans. 
p. 137) of the indeterminate coefficients. It does not seem a very 
advantageous process. A remark on p. 397 as to the difiFerence 
between résistance à la rupture éloignée and rupture immédiate is 
to the point. Saint- Venant remaj*ks namely that experiments on 
the latter can throw little light on the mathematical theory of 
elasticity. At the same time it is regrettable that he should hâve 
retained the word rupture in référence even to the first limit. Some 
support, however, for his theory may even be derived, he thinks, 
from Vicat's experiments on rupture; see our Art. 731* and p. 398 
of the memoir. For Vicat found that for pierre calcaire, brique crue 
and plâtre the moment of the forces required to break a pnsm of 
square cross-section and length at least twice the diameter was 
less than in the case of an infinitely short prism, i.e. a case where 
the plane section cannot be distorted. This resuit of Vicat is of 
great interest and would be well worth further expérimental in- 
vestigation. 

[33.] We now come to the gênerai case: Cas dSun rapport 
quelconque des deux dimensions de la base (pp. 398 — 413). Saint- 
Venant has calculated numerically ail the particulars of the 
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spécial case when hjc = 2. We reproduce the contour Unes for the 
distorted cross-section as given by Saint- Venant on p. 400 accord- 
ing to the table on p. 399. 







The reader will at once note the change that thèse Unes 
présent, and Saint- Venant on pp. 400 — 1 détermines the value of 
hjc for which the change from tetra-axial to bi-axial congruency 
takes plaça 

In order to ascertain this we must find when dujdz = at the point 
y = 6, « = 0. For, with the tetra-axial congruency of the contour Unes 
u is positive as we pass from z = Of y = h along the line y=b into the 
first quadrant, but in the case of biaxial symmetry du/dz is négative, for 
u decreases or becomes négative as we pass along the same line. Our 
author thus obtains the équation 
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the numerical solution of which gives &/c= 1*4513. 

[34.] The f oUowing gênerai résulta sire obtained (& > c) : 
(M = furbe^. 



(i) 



1 tanh ^^"""^^^ 
lwhere/. = ff-3-361327|.;-(yi ^ ^^ } 






'maximum slide o- = cry, 
(ii) -jwherey = 2-(iyi 



(p. 401), 



1 



(271 - 1)» cosh 



(2w 



Tîpj (p-'^i2), 
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and this maxîmam slide takes place at the centre of the Icnger side of 
the rectangular cross-section, (p. 410.) 

(iii) SQ = or> fiyrCy hence 

M =:: or < ^ bc' S, = M,. 

y 

Thèse complex analytîcal results are rendered practically of service 
by a table on pp. 559 — 60 of the memoir, the most serviceable portion of 
which we shall reproduce later. This table gives the values of /? and 
of p/y for magnitudes of the parameter b/c varying from 1 to 100, after 
which they become sensibly constant. We are thus able to détermine 
JSf and its limit M^, 

Saint- Venant, however, gives in footnct^es empirical formulae which 
agrée with less than 4 per cent, error with the above theoretical values. 
He appears to hâve reached them by purely tentative methods, but he 
holds that they satisfy ail practical needs. They are 



(iv) ^ = ^-3-36Î(l4^). 



/ V iS 8 / /, ^ c\ ,^ 406V „ 

{It should be noted that our <T = g^y our j8 = /a, our T = tf, our fJL = G, 
our Sq = Tq of the memoir.} 

[35,] On pp. 403 — 6 we hâve a further discussion of experi- 
ments of Duleau and Savart on the torsion of rectangular bars of 
iron, oak, plâtre, and verre à vitre, the paucity of the experiments, 
and the large variation in the values df the slide-moduli as 
obtained from Saint- Venantes formula do not seem to me vèry 
satisfactory. A séries of experiments directly intended to test the 
torsion of rectangular bars for variations of the parameter c/b 
would undoubtedly be of considérable value. 

[36.] We now reach Saint- Venantes ninth chapter which is 
entitled : Torsion de prismes ayant d^ autres bases que V ellipse ou le 
rectangle. It occupies pp. 414 — 454. 

The chapter opens with an enumeration of the varions forms 
of contour for which it is easy to integrate the équations of 
Art. 17. We will tabulate them on the next page. 
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Solutions (3) and (5) are reallj identicaL No. 4 bas given rise to 
the solutions in terms of conjugale fumctiona : see Thomson and Tait's 
Natural FhUoaophy, 2nd Ed. Part n. pp. 250 — 3. 

[37.] In the présent chapter Saint- Venant dismisses Nos. 1 
and 2 on the ground that the resulting curves are very difficult to 
trace. He contents himself with two closed curves of the fourth 
degree and one of the eighth as given by No. 5. On pp. 421 — 434 
he calculâtes and traces thèse curves at considérable length. The 
most practically valuable results are those obtained on p. 439. 

We hâve there the folio wing characteristic sections treated : 






(o) The équation of the first curve is : 

~ — â '4 ^ = -6 (Square with rounded angles). 



T ~ T 

'O ' 



0) = 2-0636r/ ; a)K'= •7174r,* = l-0586û)V2ir ; 
M= •5873/LiTr^*= •8186/ATa)K»= •8666/LiT<i)72ir. 

(b) The équation to the second curve is : 

- — g -6 ^ ^4 — = '5 (Square with acute angles). 

io= l-7628r/ ; wk» = •5259r,* = l-0634û)72ir ; 
Jf = •4088/LiTr,*= •7783/ATa)K»= •8276/LiTO)727r. 

(c) The équation to the third curve is, if y = r cos <!>, z = r sin <^, 

7^_48 16 r*cos4<^ 12 16 r^cos8^ 36 16 

r,« 49 'ÎT r,* "^ 49 ' 17 < ~ 49 ' 17 
(Star with four rounded points). 

0) = l-2202r," ; a)K"= •2974r,* = l-2551û)V2ir ; 
M= •16983/iTr,*= •5374/atû)k» = •6746/;iTû)V2ir. 

We add to thèse the results for the circle and square. 

(d) Circle : M = firinK^ = fiTiû'/2rr, 

(e) Square : M = •84346/xto)#c' = •88327/xTa)727r. 
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From the above numbers we can deduce some important 
practical inferences, which we will do in Saint- Venantes own words. 

On voit qu'il faut, de Fexpression /xtwk* de l'ancienne théorie, 
retrancher, pour avoir M quand la section est le carré à angles arrondis 
et côtés légèrement concaves, une proportion des 'ISlé. Nous avons vu 
que, pour le carré rectiligne, il faut prendre M = •84346/atcdk* ou re- 
trancher une proportion de *15654 seulement. La légère concavité des 
côtés a plus influé pour diminuer le moment de torsion (pour même 
moment d'inertie) que l'arrondissement des quatre angles n'a influé 
pour l'augmenter. 

Pour le carré curviligne à côtés un peu plus concaves et angles 
aigus, il faut retrancher les *2217. H suffit, comme Von voit, dlwM 
concavité aasez légère des côtés de la base (1/22 environ) pon/r dimi/nuer 
assez 7u>tahlement le moment de torsion dv/a prisme carré, 

Enfln, pour le prisme à côtes saillantes, il faut, de firtoK^, retrancher 
l'énorme proportion de '4626, ou prendre seulement •5374ftTCD#c* au lieu 
de /xTO)#c" que l'on prend pour une section circulaire, ou de •84346/atcdk' 
pour une section carrée rectUigne. 

Et comme on a, pour une section circulaire, k* = o)/2ir, M = /LiT<i)V2Tr, 
l'on trouve que les prismes ayant pour bases le carré arrondi, le carré 
aigu et l'étoile, n'offirent respectivement que les '867, les *828, et 
les *674 de la résistance élastique à la torsion qu'ils oflriraient à égale 
superficie cd de la section, ou à égale qiumtité de matière, s'ils étaient à 
base circulaire, bien que les moments d'inertie de leurs sections soient 
l'°*« -059, !'«*■ -063, 1*»^ -255 ceux de sections circulaires d'égale superficie. 

Ainsi, les quatre saillies qui, malgré leur peu d'épaisseur, ont une 
influence considérable sur la grandeur du moment d'inertie n'en ont 
qu'une très-£Edble sur le moment de torsion. Les pièces à côtes, employées 
si utilement contre les fteodons, doivent être eocclties des parties des 
constructions oii les forces tendent à tordre, ou, du moins, il faut 
ne compter nullement sv/r une quote-poH des quat/re côtes ou saillies 
dans la résistance (pp. 439 — 40). 

[38.] Saint- Venant illustrâtes the inefficiency of projecting parts 
still more effectually in a footnote to Art. 105, p^ 454. He takes 
a curve of the fourth degree whose équation is given in a footnote, 
p. 448, and by ascribing a particular value to oue of the constants 
obtains two separate loops. The équation to the contour is : 



y" ^ /l 1\, , ,, y^-^^z^ + z' 



ë^?^^?"^)^^'"''^"'^ 



6V 



= 1 - a; 



and the longitudinal shift 

« = - (1 - 2«) j7^. Ty« - gf^ (y*a - y»*). 

The spécial value of the constant assumed is c* = - 6716- We hâve 
then a figure of the form below and the value of M is only equal to 

S.-V. 3 
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•01857/LiTO)ic', or the torsion of such a pair of cylinders round an 
intermediate axis is onhf one fifty-fowrih of that given by the old 

z 







theory : — " Cela ne doit pas étonner, si Ton considère que le glissement 
est nul aux points « = 0, y = * ^JM ^^ ^ très-peu près au centre de 
gravité de chaque orba" 

[39.] Saint- Venant on his pp. 441—9 discusses the contour- 
lines of the distorted cross-sections of our Art. 37. This he 
accomplishes by numerical tables in a footnote (pp. 441 — 3). 
Then he considers the maximum slides sjid f ail-points of the same 
sections and finally the limiting values of the torsional couples. 
Thèse values are as follows : 

For section (a) of Art. 37 M, = -8269 — aS; = '7094 ^ S^ 

„ (c) „ M,= -7285 ^' 5; - -5695 -î!îp 5,. 

The reasoning by which Saint- Venant deduces the f ail-points 
cannot be considered satisfactory. Indeed the statement as to the 
* side of the triangle ' and the déduction of the maximum slide on 
p. 444 are unsound. The same judgment must be passed on the 
process of p. 447, where the maximum slide for the section (c) is 
shewn to be on the contour. Thus Saint- Venant has not de- 
monstrated his very gênerai statement (237) on p. 448. The 
reader will however find little difficulty in proving the accuracy 
of Saint- Venantes results by casting the expressions on pp. 444 and 
447 into other forms or by the ordinary processes of the DifFerential 
Calculus. In his édition of the Leçons de Ifavter, our author has 
recognised the defective reasoning of thèse pages and replaced 
them by more accurate arguments. (Cf. his § 31, pp. 308 — 310 
and § 37, pp. 340—1 : see our Art. 181 (e).) 

[40.] In the concluding pages of this chapter Saint- Venant 
points out how the solutions of a number of other sections can be 
obtained. Thus we can take solutions like (3) of Art. 36 involving 
terms of the 12th and 16th degrees and so obtain curves equally 
symmetrical with regard to the axes of y and z. 



41] 



SAINT-VENANT. 



35 



Et en y conservant des termes du deuxième, du sixième, du dixième degré 
à puissances paires de y et z, tels que h^ cos 2^=63 (y^-^^), ^e^cos 60= etc., 
Ton aurait une multitude de courbes symétriques par rapport à chacun des 
deux axes de y et 2, mais non égales dans leurs deux sens, et ayant Pellipse 
pour cas particulier (p. 449). 

We hâve referred to an example of this in Art. 38, and another is 
given by Saint- Venant in a footnote; namely the curve whose équation is 

T -^ + 63/^ cos 3<^ = constant, 
where u = h^ sin 3^. 

By taking \ = — -^ ^nd the constant = §t6', the équation to the 
contour of the section becomes 

8 



or 






(,.*)(.-?'/ 



(i), 



Le. an equilateral triangle of height 35 and side = 25^/3, the axis of y 
coinciding with a médian line. We reproduce Saint- Venantes entire 
treatment of this case as a good example of his method, and in order in 
one point to indicate a weakness in his reasoning. 

41. We find at once that 

«=-fj(3y'«-«») (ii). 

Let c be the greatest value of u which, on the side denoted by 

y + 6 = 0, will be where z= -h; then c = -— , and consequently 

o 

— = — TTîa sm 00. 




3—2 
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Thus the form of the surface into which the originally plane 
croBS-sectîoii becomes chaDged by torsion is eaaily understood. In 
the part between Oy and the perpendîcular OZ, we hâve u négative ; in 
the part between OL and OB we hâve u positive ; in the part between 
OB and yO produced through we hâve u négative ; in the next pièce, 
which is vertically opposite to the pièce between Oy and OZ, we hâve u 
positive ; and so on. 

We hâve as usual the équations 

^ du ^ du 

thèse by (ii) of Art 41 give 

The moment of torsion by équation (iv) of Art. 17 is 

M=fiTUy'd(û+ I «*cfc> + 01/2/^^ - 25/3^^ [• 

AU thèse intégrations are easily effected ; for hère if i dénote any 
function of y and z, even in «, we hâve 

where we integrate for z from » = to z= — is--» and for y from 
y = — btoy = 2b. Thus we flnd that 

/y«'d«o = -|iV3, 

/y'd«, = f*V3. 
Then for the moment of inertia round the axis we hâve 



io' 



a)K« = Jf/'diù + Js^dw = 36 V3 = 3-^3 , for û)= 3b' J3. 



Hence jf= ».„-._ /^^-* 



The new theory thus gives a value for M only '6 of that given by 
the old. 

42. To find the greatest slide, Saint- Venant consîders the side 
which is parallel to the axis of z; then he says that along this 

side y + ô — 0, so that S = 0, and x^ = jrr — t. Thus the greatest 

value of iB« is when z=0, Hence he tells us that the /adl-point is on 
the boundary at the point which is nearest to the axis. The greatest 

or 

value of the glissement principal is then -^ ; and to ensure saf ety 

we must hâve as before 

S'o = or > f /ièr. 
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M, = i^S, = ^J>'J3 = ^S,J. 



Oombining this with M= ffuoie'r we Hâve at the lîmit 

24/3 
b "^^ ^'^''^ '^^ 15 

Thas next to the circular section, the section in the form of an 
eqnilateral triangle gives the simplest resolts. 

[The above reasoning involves the assumption that the point 
of maximum slide lies on the contour and is thus unsatisfactory. 
Saint- Venant has given a thorough investigation of the point in 
his édition of the Leçons de Navier, pp. 287 — 9.] 

[43.] In conclusion we may note that Saint- Venant holds that, 
among the numerous curves he has considered, one can be found 
sufficiently close to give practically the laws of torsion for a prism 
of any given cross-section (pp. 451 — 2). 

« 

[44.] The tenth chapter of the memoir deals with those cases 
in which the slide-moduli are not the same in the direction of the 
two transverse axes taken as those of y and z, It occupies pp. 
454—70. 

Nous y avons aussi été déterminé par le désir de donner sous leur 
forme la plus simple les seules formules que l'on puisse, jusqu'à présent^ 
appliquer à la pratique ; car on n'a pas encore trouvé, par des ex- 
périences, le rapport que peuvent avoir entre eux les deux coefficients 
de glissement transverâal /x^, /a, pour diverses matières, et il faut bien les 
supposer ordinairement égaux (p. 454). 

Although well-planned expérimenta on the possible inequality of 
fi^, fi^ arising either from natural structure or from some process of 
working are still wanting, yet the inequality in the slide-moduli is 
not without value as a possible explanation of several minor phe- 
nomena of physical elasticity. 

[45.] The équations which we hâve now to solve are those num- 
bered (vi) in our Art. 17. Let us put in those équations y = »/IJi^^y\ 
z = J]Jl^z' ; they at once reduce to 

(duldz' + T'^)dy'^{duldy''-T'z')dsif = o] ^^'' 

where r = Ji'^^ t. 

In other words our équations remain of exactly the same form 

provided we write r = JiJ^^ii^ r for t. Hence if we remember that every 
contour must first be projected by means of the above relation between 
yy z and y' y 2^, we may make use of ail the préviens results and 
équations. 
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[46.1 Thus ïn the cajse of the ellipse (pp. 455 — 8 of memoir), we 
must Write for Ti+ ~«= 1> r^ + -«7—= 1- Thus we obtain at once 
the results : 

Similarly ^ = ..^^-—^^, ,,=^j—^^, 

2.8 8 

and if = vâT âi — (see Art. 18). 

Saint- Venant remarks that with this inequality, the cross-section 
of a circular cylinder will be distorted by torsion. The e lliptic prism 

however, for which the ratio of the semi-axes b/c = JfijH'af "^^ retain 
undistorted cross-sections although under torsion (p. 456). Saint- 
Venant in the course of the chapter again refers to relations of this 
kind (p. 462), but it is obvious that such are extremely unlikely to occur 
in practice. 

It must be noted that the *fail-limit' {condition de myn-ruptv/re^ 
pp. 456—7) now takes another form, namely that of our Art. 5 (/), 



1 =or > 



\ S, ) ^\ S, ) 



From this we find at once 

(6V,.. + c*//!^' = ov>W {b*>^IS^' + oY/S,'). 

We hâve then to find the maximum value of the right-hand side. 
It is easily seen to be on the contour of the cross-section, and at the 
extremities of the minor or major axis according as b/c is > or < SJS^. 
In the first case we find that the limiting value of M is given by 

[47.] Saint- Venant dévotes pp. 458 — 460 to describing the 

changes which must be made in the gênerai solutions of our Art. 

36 in order to adapt them to this case of unequal slide-moduli. 

They follow easily from our Art. 45. On pp. 460 — 8 he treats at 

some length the case of the prism with rectangular cross-section. 

The results are the same as those of our Art. 27, provided we re- 

c 6 

place the ratios t and - where they occur in our formulae by 

Tiu^ aïid - a/ — respectively, and the exponentials 

e. 2 c and e ® ^bye ^ fV^i and e 2 V m* 
respectively. 



47] 
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The maximum slides still occur at the middle points of the 
sides, but at the middle of the greater side 26 or the lesser side 2c 

according as b/c > or < '^fijfi^- Saint- Venant gives at the con- 
clusion of the memoir a very useful table, which we reproduce for 
référence. It serves for equal slide-moduli when we simply put 

6 



/Ltj = /Lt,. The parameter in the first column is - a/— and for it 
values are taken from 1 to 100 as well as oo . The second column 







TABLE L 








Torsion 


\ of Frisms of rectcmgular 


Cross-Section. 


V W 




(middleof side2ô/ (middîeof 8ide2c) y^i^:^^^^^) 




" f & 




n 


Y« 


WYi 


y«**f*« 


1 


2-24923 


1-36063 


1-36063 


1-66634 


1-66534 


1-06 


2-36908 


1-39661 




1*68964 




1-1 


2-46374 


1-43966 




1-71146 




116 


2-66330 


1-47990 








1-2 


2-65788 


1-51763 




1-76363 




1-26 


2-74772 


1-66268 


1*13782 


1-76970 


1*64666 


1-3 


2-83306 


1-68644 




1-7862 




1-35 


2-91379 


1-61694 




1-80316 




1-4 


2-99046 


1-64430 




1-81868 




1-46 


3-06319 


1-67266 








1-6 


3-13217 


1-69512 


-97076 


1-84776 


1*43402 


1-6 


3-26977 


1-73889 


-91489 


1-87463 


1*39180 


1-7 


3-37486 


1-77649 








1-76 


3-42843 


1-79326 


-84098 


1-91170 


1*33107 


1-8 


3-47890 


1-80877 




1-92334 




1-9 


3-57320 


1-83643 








2 


3-66891 


1-86012 


•73946 


1-96703 


1-16286 


2-26 


3-84194 


1-90546 








2-6 


3-98984 


1-93614 


-69347 


2-06072 


1^07666 


2-76 


411143 


1-96687 








3 


4-21307 


1*97087 




2-13767 




3-333 






•44646 






3-6 


4-37299 


1-98672 




2^20111 




4 


4-49300 


1*99396 


•37121 


2-26332 


•767 


4-5 


4*68639 


1-99724 




2-29636 




5 


4-66162 


1*99874 


•29700 


2-33200 


•628 


6 


4-77311 


1*99974 




2-38687 




6-667 






•22276 






7 


4-86314 


1-99996 




2-42663 




8 


4-91317 


1-99999 


•18664 


2*46660 




9 


4-96986 


2 




2*47993 




10 


4-99720 


2 


•14868 


2*49860 




20 


616627 


2 


•07341 


2*68264 




60 


6-26611 


2 




2*63306 




100 


6-29972 


2 




2*64986 




00 


6*33333 


2 





2*66667 
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gives the value of /8, where M— ^fijlxf is the value of the torsional 
couple. The third and fourth columns give the maximum slides 
by means of the coefficients 7^ and 7, where cr^ = — y^cr and cr, = 7,6t. 
The fifth and sixth columns give the maximum value M^ of Jf 

by means of the tabulated values of 8 /y. and — tj^, where 

M^ = (^) hâ 8, and ^« = (" ^ -) h'cS,. M, is to be taken equal 

to the lesser of M^ and Jf,. 

[48.] Pages 468 — 9 of this chapter suggest the modifications 
which must be made in the results obtained for prisms of other 
cross-sections, when pL^ differs from fi^ ; while on p. 470 we hâve a 
simple prôof that in this case at corners and angles which project 
there is no slide, or the intersection of the latéral faces at such 
corners remains normal to the cross-section. 

[49.] Saint- Venant's eleventh chapter deals with the torsion 

of hollow prisms (pp. 471 — 6). 

In this case we hâve to satisfy the surface shift-equation 

/Xg (du/dz + ry) dy — ft,^ (dujdy ~TZ)dz = (i) 

over two surfaces. If then we form a family of surfaces satisfying this 
équation and give to the arbitrary constant which appears on the rigbt- 
hand side two différent values we shall obtain the two boundaries of 
a hoUow prism satisfying ail the required conditions. 

For example : 

satisfies the body shifb-equation. Substituting in (i) we hâve on 
intégration 

c'y" + 6 V = constant. 

Giving the constant différent values we obtain a System of similar 
and similarly placed ellipses. Thus we fiud for a hollow elliptic cylinder 
formed by the ellipses (26 x 2c) and (26' x 2c') 



^ - ^ 167,., + c»/;.. " 6>, + C>J - 67^, + c7;.. t ' U; J • 
(6) In the rectangular section 

u = -ryz + 2il« sinh {my/Jfi^) sin (mz/Jfi^), 

where A^ = r^^(^^)^l^^^j^ 

(2n- \)ir Jik^ 



and 



m = 
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Substîtutîiig. in (i) and integratîng we find : 

ir» (271-1)» coBh(w6/^/LiJ ^ '^'^"^ C 

By variation of (7 we get possible boundary lines for hoUow sections, 
but sinoe only (7 = gives a rectangle, the boundaries will not be 
similar rectangles. Most of thèse curves would be exfcremely difficult 
to trace; for small values of G, however, we may practically assume 
we hâve a hollow cylinder whose cross-section is bounded by two 
nearly equal rectangles. Saint- Venant finds in curves thus obtained an 
analogy to the surfaces isothermes of Lamé. 

(c) Lastly we find briefly described the method of dealing with 
solutions of the form (5) of our Art. 36. The curves are sketched on 
p. 476 for the double family given by the équation of our Art. 38. Any 
two of either set might serve as the basis of a hollow prism. Saint- 
Venant returns in the Leçons de Navier (pp. 306, 325-332) to this family 
and treats a spécial case of it — Section en double spatule, analogue à 
celle dJvm, rail de chemi/n de/er, — at considérable length. 

[50.] I now reach Saint- Venantes twelfth chapter which is 
thus entitled : Cas où il y a en même temps une torsion, unefleadon, 
des dilalalions et des glissements latérauœ. Conditions de non-rup- 
ture sous leurs influences simultanées (pp. 476 — 522). It deaJs with 
the ail important practical question of combined strain, and may 
be described as the first scientific treatment of the subject : see our 
Arts. 1377* and 1571*. The chapter may be looked upon as 
an extension of the sajfe-stretch conditions formulated for the first 
time in the Cours lithographie, see our Art 1567*. In the treatment 
of the problem to be found there it will be remembered that the 
slide was dealt with as constant over the cross-section; hère the 
new results with regard to the fiexural and torsional distortion of 
the cross-sections are applied to that extended form of the earlier 
formula which was cited in our Art. 5 (c2). 

[51.] Before I enter upon an analysis of Saint- Venantes results 
I may refer to the substance of a footnote given on pp. 477 — 8 of 
the memoir. Saint- Venant notes that under torsion the sides and 
fibres of a prism originally parallel become inclined and helical and 
80 must suffer a stretch. This stretch is, however — if the product 
of the torsion t and the distance of the farthest fibre firom the 
axis be small — a small quantity of the second order, Wertheim 
in a memoir to be considered later (see our Ohap. xi.) bas referred 
to certain phenomena which he attributes to this stretch. 



42 SAINT-VENANT. [51 

By a simple analysis Samt-Yenant finds its absolutô mc^itnde for a 
righi^irculan' cylinder of radias a. Take / 

a fibre at distanoe r from the axis and ^ —' 

let us consider the élément FP of it be- 



A 



tween two planes at unit distance. Sup- 
pose owing to torsion that the two planes «..^ 
approaoh each other by a quantity 17 and P P N 

let FN be the perpendicular from the new position of F on the cross- 
section through P, 

PF = JFN' + PN'=:J{\-ny^'^r^ 
= 1 - 17 + -^ nearly. 

Saint-Venant takes for PF the quantity 

(1 - WÏT^?? 

but I do not think he obtains the first expression very rigorously. He 
has practically the same value in the Leçons de N<w%er (pp. 240^1). 
The traction in the fibre will now be given by 



Ed(ù 



(t*-")' 



where E is the longitudinal stretch-modulus. The quantity - 17 must 
be determined by the condition that the total traction is zéro, or 



l''2irrdrE (^ - 17) sin PTN = 0. 



1-îï tV 

Since sinP'PiV^= — ^^^ = 1-^ 

1-17+ "2- 

it may be put = 1 in the intégral. 

T«a* . . tV 

We find -T- = a\ giving 17 = —^ , a resuit which agrées with 

Saini-Venant's ; our analysis thus proves that 17 is of the second order 
in T. 

Further we hâve for the total-moment of thèse tractions about the 



axis 



M= {'"^irrdrE (^- "^ cos FPNx r 





.s 



= Eirr^ j r^dr ( ^ - "ô ) > since cos FFN = rr ; 




Eve? / V. 
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If one takes account 6f the tractions produced by the latéral 
squeezes of tbe fibres, we sball bave a similar expression witb a change 
only in tbe elastic constant Tbus it appears tbat thé effect produced 
by tbe stretcb of tbe fibres is of tbe tbird order in tbe torsion and may 
be legitimately neglected if the torsion be small. 

This point — tbat tbe stretcb only varies as tbe cube of tbe 
torsion — was first stated by Young witbout proof in bis Lectures on 
Natural Philosophy, Vol. i. p. 139. He tbence argued tbat torsional 
résistance must be due to detrusion (slide) and not to stretcb. 
Wben tbe torsion t is considérable, tben tbe quantity M above, 
due to stretcb of tbe fibres, becomes of importance, as appears from 
Wertbeim's experiments in tbe memoir referred to : see our 
Cbap. XI. 

[52.] Retuming to tbe cbief topic of tbe cbapter under con- 
sidération we first note witb Saint- Venant tbe linearity of tbe équa- 
tions of elasticity, so tbat it is possible to combine varions strains 
due to différent forms of loading by vector-addition and so obtain 
tbe total sbifts due to a combined load System : see our Art. 1568*. 
On pp. 479 — 80 Saint- Venant deduces tbe sbifts for an elliptic 
prism subject at tbe same time to traction, fiexure and torsion. 
Use is made of tbe résulta obtained on pp. 304 and 455 of tbe 
memoir : see our Arts. 12 and 46. 

[53.] Saint- Venant now turns to équation (iii) of our Art. 5 (d) 
and after pointing out tbe difficulties of tbe gênerai solution by 
analysis for tbe case of any prism (p. 482) proceeds to some more 
spécial and simple cases wben tbe cubic can be reduced to an 
équation of tbe second degree. 

Case (1). Let tbe elasticity be symmetrical about tbe axis of x, and 
let tbe solid be a prism subjected only to a nniform latéral traction, we 
bave 

Hence, if <rx = J<rx^ + o-g^", we find 

\8 bJ\8 ëy) &^ ' 

In tbis équation we may put 8„=TJJE^, Sy^TJE^, ô'„ = S/fi, 
^xl^v^'p^^Vi/v ^^^ ^y = -V^m where 17= ratio of latéral squeeze to 



or 
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longitudinal stretch. Thus we find as saf e-stretch limit 

(i) ... 1 = maximum of -y^^*«+ ^{--J^ ^^^ + (^) • 
We take the positive sign of the radical, because if cr^ = we should 
hâve the alternative between -~ Sg^ and — "ï?! ^ ««= m* *y» ai^d the former 

will be considered the greater (Saint- Venant, p. 484). 

Case (2). A like équation is obtained, if, without supposing an 
axis of elasticity, two out of the three slide components vanish at a 
/ail^oint. 

Case (3). This is a case of approximation, Saint- Venant supposes 

cTy^ to be zéro ; but - Syjëy and — sljs^ without being equal to differ but 

g 
slightly, and he then takes them equal to ly^ ^ * une certaine moyenne 

entre ces deux rapports,^ Thus he replaces {s/s — Sy/sy) (s/s-sjsg) by 
(s/s + -njBjëgeY and divides out ail the terms by the same factor. We 
thus reach the équation 

\* ^x/ \* ««/ <^soy ^œz 

and obtain for the safe-stretch condition 
(ii) ... 1 = maximum of 

Hère rf^ is given, I think, most satisfactorily by the arithmetic mean 
Now if «y = ~ rjSg-i and «« = — rfsg^, 

« / Si / Sj 

= 2(1; ^-5 + yjf -z—a) Sx' : see. our Art 5 (d), 

This resuit gives a constant value for rj^ and appears to agrée with 
Saint" Venantes note on Cleèsch, p. 275. I do not think the value given 
for €\{ = our i/j) on p. 486 of the memoir is quite satisfactory. 

It will be noted that in ail three cases the resulting quadratio is 
practically of the same form and the condition may for ^1 three be 
thrown into a somewhat différent shape, namely, transposing and 
squaring we find 

«•••0 -%:)(> *'.^ ^) - c^")' - (T)' "" "■ 
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On p. 486 Saint- Yenant gives ihe value of the moduli in terms of 
the 21 coefficients, and points out the changes whîch arisé when 
we assume bi- or uni-oonstant isotropy. On pp. 487 — 8 we hâve a direct 
déduction of the formula of Case (2) on the Unes of the Cowrs litho- 
graphie: see our Art. 1571*. 

[64.] On pp. 488 — 491 Saint- Venant points out the method by 
which a gênerai solution for a prism can be worked out. Let the axes 
of z and y be the principal axes of inertia of the cross-section and 
Paj, Pyy Fg the load-components parallel to the axes at one terminal and 
Mgg, Myj M g the moments round the corresponding axes. Let cr'av» «"'a» 
be the slides at any point on the section cd due to the flexure or to 
ify, Mg\ let o-"a^, cr"jBg be the slide-components due to the torsional 
couple Mg^^ then 



E.iù E.iùKj E 



1 



Ky J^^^Kfi 



Furthef the o-' and a" components of slide will be known as soon as 
the section is known and their swms must pair and pair be substituted 
in équation (ii) or (iii) of Art. 53 for <t^ and cr^». 

The équations of equilibrium, 



(iv) 



Py = /Aj I <T\diù 



P 






Jo Ja 



will détermine the constants in terms of the applied forces. 

[66.] In section 125 (pp. 492 — 4) Saint- Venant treats the 

exceptional case of a cross-section constrained to remain plane. 

Telles sont celles qui sont soumises à ce que M. Vicat appelle un 
encastrement complet^ c'est-à-dire qui ne sont pas seulement contenues, 
mais scellées ou soudées avec une matière plus rigide ; ou bien celles qui 
se trouvent serrées et sollicitées latéralement dcms lewr plcm même 
par des forces tendant à trancher, comme il arrive aux sections des 
rivets dans le plan de contact des tôles qu'ils assemblent, ou aux bases 
des prismes tordus de hnguewr nvUe comme dit le même illustre in- 
génieur (p. 492). 

Other such sections occur from the symmetry of load distribu- 
tion etc. 

For such non-distorted sections, we can suppose the 'fibres' formerly 
perpendicular to become equally inclined, or the slide due to flexure 
constant, and that due to torsion to follow the old law of Coulomb, ie. 






when ce by means of équation (iv) of our Art. 54, we can easily express 



the sUdes in terms of Mxy Py and P^. 



46 SAINT-VENANT. [56 

The expressions (v) of course are only true for thèse excep- 
tional sections, which can never occur in pure torsion as sections of 
danger, while in practical cases of flexure combined with torsion 
or slide they are frequently found to be specialiy strengthened 
(e.g. built-in ends). 

[56.] We wili now enumerate the examples Saint- Venant gives 
of the above condition of safety. 

Case (1). Consider a rectangular prism (cross-section 25 x 2c) sub- 
jected only to a force F parallel to the axis of % (or sida 2c). Let the 
built-in terminal of the prism be so fixed that it can be distorted by 
flexure. Tben if the length of the prism be a, and 2c be much greater 
than 2hy we hâve 



= 0, E8^ = Paz 



(OC' 



4 1 

so that, granùing uniconstant isotropy, S = -=Ty V — 7> ^^^ thxis the 

équation (i) of our Art. 53 becomes 

3Pa 



1 = maximum of 



Ttac 



[iMy?* ©■('-?)']• 



Saint- Venant gives a table of the values of the quantity between 
square brackets for values of z/c = to 1, and for values of 2c/a 
(depth to length) from 3 to 6. From this table the foUowing results 
may be drawn. So long as 2c/a < 3*05 the failrpoint lies on the 
suif ace of the prism where z/c = l, or at that point where there is no slide. 
If then the ratio of depth to length be < 3*05, the prism's résistance is 
just that of flexure without considération of slide. If on the other 
hand 2c j a > 3*05 the maximum passes abruptly to the points for which 
zjc' = '2 about, and approaches more and more to those for which « = 0. 
But this latter point lies on the neutrcU-acds^ or it must be slide 
and not Jlexv/re which produces the failure. When 2c/a = 3*2 we may 
calculate the résistance either from flexure or tranaverse slide, but 
after 2c/a = 4, it is the slide alone which is of importance. Similar con- 
clusions Saint- Venant tells us may be obtained for a circular section 
(radius r); in this case the f ail-point passes abruptly when 2r/a = 4'3 
from z = r to z— '2r about. 

The reader who bears in mind Vicat's attack upon the mathematical 
theory of elasticity (see our Arts. 732* — 733*) will find that the above 
remarks satisfactorily explain Vicat's expérimental results. 

Case (2). This is that of a prism (length 2a, section 26 x 2c) termi- 
nally supported and centrally loaded. Hère the section of greatest 
strain suflers no distortion. If the load P be in the direction of 
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the axis of «, we hâve by équation (v) of our Art 55, a^^^O and 
cTasj = Pl(<àfjL). Whence supposing uni-constant isotropy we find : 

3 3Pa 



1 = 



8 ^Tbc 



; //5 3Fa V / /" V 



Suppose b' and c' to be the values to be given to b and c that the 
prism might safely withstand a couple Pa producing flexure only, and 
b", c" to be the values to be given to b and c that it might safely 
withstand a shearing force F applied to the undistorted section. Then 
we easily find 

3Pa - P 



Hence: 



"8 b\c) ■*■ V \8 ôc'J "^V bc) 



gives the limiting safe values of b and c for the strain in question. 
Saint- Venant puts first c' = c" = e and so gets 

6=1*' +7(1*')* +6'". 

whence be deduces and tabulâtes the values of b/b' and b/b" for various 
values of ô"/*' and b'/b" respectively, and also the value of 

• 2c / 35- b" 12 6", . ^ \ 

2^(^=-^j7,or=g-3rfori8otropyj. 

From his table it appears that when 
9~ ~ 1 ^u =^^^ h *^® ®1^^® begins to influence sensibly the resuit, 

-- = or < 10 the flexure begins to influence sensibly the resuit. 

Between 2c/ 2a = \ and IQ we are compelled to take both into account. 

Gcbse (3). This is the treatment of a cylinder on a circular base 
subjected at the same time to flexure, torsion and extension. Saint- 
Yenant neglects the flexural slides and ultimately the extension. He 
obtains an équation similar in character to that of the preceding case 
and tabulâtes the values of the radius of safety in terms of the radius 
of safety in the case of flexure alone for diflerent values of the elastic 
constant i)^, He remarks (p. 503) that it is not necessary to consider 
values oî 7)^->\ for then a stretch would not produce a positive dilata- 
tion, * ce qxd rCest point supposable,' This remark is omitted in the 
Leçons de Navier where a number of values of yi^>\ are dealt with. 
I may add that the problem is far more completely treated in that 
work (pp. 414 — 21). Saint- Venantes tables shew thaï the results 
obtained are for values of -q^ between 1/5 and 1/3 very much the same, 
or we may adopt generaUy without fear of error the uni-constant 
hypothesis ly^ = 1/4, This hypothesis Saint- Venant tells us is amply 
verified by the experiments of M. Gouin (see page 486 of the memoir). 
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I shall hâve something to say of thèse experiments when dealihg with 
Morin's Eésista/nce des maiériouas^ 1853 : see our Ghap. xi. 

Cage (4). This case gives the calculation of the 'solîd of equal 
résistance ' for a bar built-in at one end and acted upon at the other hy 
a non-central load perpendicular to its axis, i.e. combined flexure and 
torsion. Saint- Venant supposes uni-constant isotropy and neglects the 
flexural slides. His final équation is 

/mf^ 

2^ = 3x-h57(b» + A;». 

Hère F is the load acting on an arm k, and r is the sectional radius 
at distance x from the loaded terminal, (p. 504.) 

Ccue (5). An axle terminallj supported has weight II and carries 
two heavy wheels (zar and ix/) upon which act forces, whose moments 
about the axle are equal and whose directions are perpendicular to the 
axle. We hâve thus another case of combined flexure and torsion, 
which is dealt with as before. 

[57.] The next case treated by Saint- Yenant is of greater com- 
plexity; it occupies pp. 507 — 18 of the memoir. It is the investi- 
gation of combined flexural and torsional strain in rectangular prisms 
(26 X 2c), and possesses considérable theoretical interest. In practice 
also the non-central loading of beams of rectangular section must be.a 
not infrequent occurrence. 

Case (6). Saint-Venant in his treatment does not suppose the elas- 
ticity round the prismatic axis to be isotropic, but takes the gênerai case 

of two slide-moduli, supposing, however, that b,JJïg > cjfi^ . 

He neglects also the flexural slide-componente. Let the torsional 
slide-components be given by (r^ = -y/:T and a-^ = yJ>T îov z/c = l and 
y/b = 1 respectively. t must be eliminated by means of the relation 
if" = Pfijbc^. K <^ be the angle the plane of the flexural load makes 
with the plane through the prismatic axis and the axis of y, and M' the 
flexural moment at section x, we easily obtain for the stretch 9^, the value 

3if' /«cos<^ ysin<^\ 
lMc\V~ "^ ~V~) 
,. . SJir / , cy , ,\ 

= (f»' * = *') 46?^ V<«^ ^ + ï I ^ * j 

Let us substitute thèse values in équation (ii) of our Art. 53. Taking 
thèse expressions altemately for the sides 26 and 2c we obtain : 

l=maximum-^^^^(^cos<^ + ^|sin<^j 



«05 



58] 



1 = maximum 
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l-ij,3i/"/« j. « • A 



vK 



%3if'/« . c . AT /y, à,!.. M" y 



By means of the Table II. below and Table L on our p. 39 ail the 
terms of thèse expressions can be calculated ; for yy/yi and 7^/72 are given 

for values of ^!-l and also for values of y/b and z/c respectively. 

Hence so soon as ^ and the section of danger, i.e. where M' is greatest, 
are known we can solve the problem by equating to unity the greater 
of the two maxima written down above and so détermine 6c* for the 
section. 

Saint- Venant by using 6', c', ô", c" with similar meanings to those of 
our Art. 66, Case (2), throws the équation into a somewhat différent 
form. 

If the section for which M' is greatest be so built-in or symmetrically 
situated that no distortion is possible the values of the slides must 
be those of équations (v) of our Art. 55 and not o-^ , o-g as taken above. 



TABLE II. 

Slides at pointa of the contowr of the Crosa-Section of a Priam on 

reetcmgidcMr baae avbjeeted to Toraion, 



(for z^c,OT along the aides 25) 


(for 2^ = 5, or along the sides 2c) 




Value of ratio yyly^ 




Value of ratio 7^73 


Por 


5>/S_j^ 


«1-6 


=2 


=é 


Por 

g/e 




=2 


=é 


Vlh 


eslii-i 



•1 
•2 
•8 
•4 
•5 
-6 
•7 
•8 
•9 
1 


1-0000 
•9932 
•9750 
•9429 
•8963 
•8333 
•7510 
•6447 
•5063 
•3186 
•0000 


1^0000 
•9949 
•9795 
•9526 
•9127 
•8572 
•7820 
•6811 
•5441 
•3497 
•0000 


1-0000 
•9962 
•9846 
•9689 
•9321 
•8857 
•8196 
•7260 
•5916 
•8896 
•0000 


1-0000 
•9991 
-9973 
•9928 
•9842 
•9678 
•9371 
•8793 
•7695 
•5540 
•0000 



•1 
•2 
•S 
•4 
•6 
•6 
•7 
•8 
•9 
10 


10000 
•9932 
•9750 
•9429 
•8963 
•8333 
•7510 
•6447 
•6063 , 
•3185 
•0000 


1^0000 
•9932 
•9729 
•9884 
•8887 
•8224 
•7369 
•6282 
•4892 
•3044 
•0000 


1-0000 
•9933 
•9729 
•9383 
•8885 
•8220 
•7363 
•6278 
•4885 
•3040 
•0000 



This Table gives 7,, y g in terma of the principal slides 71, 7^1 at the centre of 
the corresponding sides 26 and 2c ; the values of 7i, 7t are given m Table I. p. 39. 

[58.] Saint- Venant treats with numerical tables the folio wing 
spécial cases : 

(1) ^ = Oand(j<ô(pp. 511— 2). 

a-v. 4 
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(2) c BO much less than b that c/5.taii0 may be neglected as 
compared with 1, î.e. the case of a ^ plate' (pp. 511 — 2). 

(3) Prism on square base, when tan^ = 0, = J, =1, and = anything 
whatever wben there is a non-distorted section for section of least safety 
(pp. 512 — 4). The fail-points are also determined. 

(4) Prism on rectangular base for which b = 2c, when tan<^ = 0, 
srj, =1, =2, =Go, and = anything whatever when there is a non- 
distorted section for that of least safety (pp. 514 — 518). The fail-points 
are also determined. 

[69.] On pp. 518 — 22 we hâve the treatment of a prism on elliptic 
base subjected at the same time to flexure and torsion. Saint- Yenant 
only Works this out numerically for the case of uni-constant isotropy and 
when tan^ = QO . 

It is found that after a certain value of the ratio of torsional to 
flexural couple, the fail-point leaves the end of the major axis (through 
which the flexural load-plane passes*) and traverses the quadrant of Ûie 
ellipse till it reaches the end of the minor axis (p. 522). 

[60.] We now tum to Saint- Venantes final chapter (pp. 522 — 
558). This consista of three parts : § 135 Résumé général) § 136 
Récapitulation des formvies et règles pratiques and § 137 Exemples 
cP applications numériques. 

In the first article there is little to be noted. A référence is 
made on p. 528 to the models of M. Bardin shewing the gauchis- 
sement of the cross-section to which we hâve previously referred. 
Saint- Venant also mentions the visible distortion of the cross-sec- 
tions obtained by marking them on a prism of caoutchouc and 
then subjecting it to torsion. 

In the gênerai recapitulation of formulae we hâve some results 
not in the body of the memoir, as on p. 536 (d^) where the flexural 

slides for the prism whose base is the curve f|j +(-) =1 are 

cited froin the memoir on flexure ; see our Art. 90. So again on 
p. 546 for the flexural slides of other cross-sections. The best 
résu/mé, however, of formulae as well as numbers for both flexure 
and torsion is undoubtedly to be found in Saint- Venantes Leçons 
de Navier to which we shall refer later. The last section § 137 
contains some instructive numerical examples of Saint- Venantes 
treatment of combined strain. 

^ Saint-Venant terms this sollicité de champ, When the load-plane is perpen- 
diotUar to this the prism is soUicité à plat. 
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The memoir concludes with the tables for rectangular prisms 
which we hâve in part reproduced on pp. 39 and 49. 

[61.] We hère bring to a close our review of this great memoir. 
Sin ce Poisson's fundamental essay of 1828 (see our Art. 434*) 
n o other single memoir has reaily be en so epoch-making in 
t he science of elas tigifa^ I* is indeednot a memoir, but a 
classical treatise on those branches of elasticity which are of 
first-class technical importance. Written by an engineer who has 
kept ever before him practical needs, it is none the less replète 
with investigations and methods of the greatest theoretical interest. 
Many of its suggestions we shall find hâve been worked out in ful- 
1er détail by Saint-Yenant himselt^ not a few remain to this day 
unexhausted mines demanding further research. 



Section II. 

Mem&irs of 1854 to 1864. 

Fleœure, Distribution of Elasticity, etc, 

[62.] Comptes rendus, T. xxxix. pp. 1027—1031, 1854. Mé- 
moire sur la flexion des prismes élastiques, sur les glissements qui 
T accompagnent lorsqu'elle ne s*opire pas uniformément ou en arc 
de cercle, et sur la forme courbe affectée alors par leurs sections 
transversales primitivement planes. This is a résumé of the results 
of the later memoir on âexure (see our Arts. 69 and 93). It 
cites the gênerai équations for flexure, and the particular results 
for the case of a rectangular cross-section. 

[63.] L'Institut, Vol. 22, 1854, pp. 61—63. Solution du 
problème du choc transversal et de la résistance vive des barres 
élastiques appuyées aux extrémités, This is an account of Saint- 
Venant's memoir presented to the Société PhUomathique. It con- 
tains only matter given in the Comptes rendus, and afterwards 
more completely in the annotated Clebsch : see our Art. 104. 

4—2 
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[64.] In the same volume of the aame Journal, pp. 220 — 1, 
are particulars of the memoir on the Flexure of Prisms communi- 
cated to the Société Philomathique, 

[66.] In the same volume of this Journal, pp. 396 — 398, is 
another communication of Saint- Venantes to the Société Philo- 
mathique (July 8, 1854). This deals with the formulae for the 
ûexure of prisms and for their strength, when the cross-section 
does not possess inertial isotropy. It gives the gênerai équations 
and treats specially the case of a rectangular cross-section : see 
the Leçons de Navier, pp. 52 — 58 and our Arts. 1581*, 14 and 171. 

A final paragraph to the paper points out that the résistance 
to torsion varies more nearly inversely than directly as the axial 
moment of inertia : see our Art. 290. 

[66.] On pp. 428 — 31 of the same volume of the same Journal 
Saint- Venant communicates to the Société Philomathique (July 8 
and October 21, 1854) the results obtained from the stretch- 
condition of strength. Thèse results were afterwards published in 
the memoir on Torsion : see our Arts. 53 et seq, 

[67.] Volume 23 of the same Journal, pp. 248 — 50. Further 
results of the memoir on Torsion communicated to the Société 
Philomathique (April 12 and May 12, 1855), notably the case of 
a prism on an equal-sided triangular base : see our Arts 40 — 2. 

[68.] The same volume of the same Journal, pp. 440 — 442. 
Diverses considérations sur Vélastidté des corps, sur les actions 
entre leurs molécules, sur lev/rs mouvements vibratoires atomiques, 
et sur leur dilatation par la chaleur. An account of a memoir 
presented October 20, 1855, to the Société Philomathique contain- 
ing gênerai remarks on the rari-constant theory of intermolecular 
action. The expression for the velocity of sound on p. 441 h 

should be a/ and not a/ : see L' Institut, Vol. 24, 

p. 215. Saint- Venant refers to the labours of Newton, Ampère 
and others on this subject : see our Art. 102. He points out that 
in order to explain beat by translational vibrations, the second 
dififerential of the function which expresses the law of intermo- 
lecular force must be positive : see our Arts. 268 and 273. 
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The naethod, however, of dealing with the velocity of sound by 
means of an initial stress in an isotropic médium is unsatisfactory. 
This was recognised by Saint- Venant himself, and he cancelled 
the entire paragraphs on p. 441, beginning Newton va même and 
Quelque différents, of 42 and 10 Unes respectively : see Comptes 
rendus, 1876, Vol. 82, p. 34. 

[69.] Mémxyire sur la flexion des prismss, sur les glissements 
transversaux et longitvdivmix qui l'accompagnent lorsqu'elle ne 
sophre pa^ uniformément ou en arc de cercle, et sur la forme courbe 
affectée alors par leurs sections transversales primitivement planes. 
Journal de Mathématiques de lAouville, Deuxième Série, T. i. 
1856, pp. 89—189. 

This is Saint- Venantes classical memoir on flexure; extraets 
from it will be found in the Comptes rendue, T. xxxix. 1854, 
p. 1027 and T. XLi. 1855, p. 143. 

Certain portions are reproduced in the Leçons de Navier^ 
pp. 389 — 414, but the analytical work does not seem yet to hâve 
passed into the text-books. 

[70.] Sections 1, 2 (pp. 89 — 98) are occupied with a history of 
the old théories and an account of the BernouUi-Eulerian hypothe- 
sis as generally accepted at the date of the memoir. Saint- Venant 
refers to the labours of Galilei (see our Art. 3*), Mariette (Art. 
10*), Hooke (Art. 7*), James BernouUi (Art. 18*), Coulomb (Art. 
117*), Leibniz (Art. 11*), Duleau (Art. 227*), Barlow (Art. 189*), 
Hodgkinson (Art. 232*), Tredgold (Art. 197*), Girard (Art. 127*), 
Navier (Art. 254*), Young (Art. 134*), Robison (Art. 146*), 
Dupin (Art. 162*) for the theory of beams, and to those of 
Cauchy, Poisson, Lamé and Clapeyron for the gênerai theory of 
elasticity. His remarks are reproduced at greater length in the 
Historique Abrégé, and as the reader of our first volume is already 
acquainted with the researches of thèse scientists we' pass over 
thèse pages of the memoir. 

In the second section Saint-Venant points out the falseness of 
the BemouUi-Eulerian theory, and refers to the corrections and 
criticisms of Vicat, Persy and himself: see our Arts. 721*, 726*, 
811* and 1571*. 

As we hâve already pointed out Saint- Venant in the memoir 
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on Torsion had given the outlines of the true theory of ûexure : 
see our Arts. 9 — 13. 

[71.] The third section (pp. 98—101) is entitled: Objet et 
sommaire de ce mémoire. Saint- Venant hère indicates that he 
intends to use the semi-inverse method (see our Art. 3) to test 
how far the BernouUi-Eulerian formulae : 

Traction = Ez/p, 
Bending moment = EtoK^/py 
Jzdœ = 0, 

(see our Arts. 20*, 65*, 76*, etc.) 

are correct, when considération is paid to the influence of slide. 
There is aiso a succinct account of the contents of Sections 4 — 32 
of the memoir. 

[72.] Sections 4 — 12 (pp. 101 — 120) contain an elementary 
sketch of the gênerai theory of eiasticity. Saint- Venant wrote 
three other such sketches, namely (i) in the memoir on Torsion 
(see our Art. 4) ; (ii) in the Leçons de Navier (see our Art. 190) ; 
and (iii) for Moigno's Statique (see our Arts. 224^9). This sketch 
falis between (i) and (ii). It adopts rari-constancy and bases it 
upon intermolecular action being central and a function of central 
distance only. This rari-constancy Saint- Venant holds to be 
without doubt true for bodies of * confused crystallisation ' such as 
are used for the matériels of construction (p. 108). At the same 
time for the sake of the *weaker brethren,' and as it does not 
increase the difficulty of solving the elastic équations, he adopts 
multi-constant formulae. 

[73.] As a spécimen of the mode of treatment, we reproduce 
his proof of the equality of the cross-stretch and direct-slide 
coefficients, i.e. in our notation \xxyy\ = \xvoey\^. 

We hâve to shew that the coefficient oi St,iD.xx = the coefficient of 
(Tggy m «y. 

Suppose ail the strain-components zéro except Sy and a-goy and thèse 
to be constant for ail points of the body. Suppose the central distance 
of two molécules m\ m" to hâve length r, and projections x, y, z on the 
coordinate axes before strain. After strain x and z remain unchanged, 
but y will be increased by ySy owing to the stretch and xa-goy owing to 

^ See the footnote to our Art. 116. 



74] SAINT-VENANT. 55 

the slide. Thus the distance r between the molécules will be increased 
by the quantity 

A mutual action 

T 

will thus be developed between the molécules by the displacement, 
where/ (r) is some functîon of r. 

If thèse molécules m\ m" f orm part of two groups situated at eîther 
side of an elementaiy area o) taken perpendicular to the axis of Xy 
we shall hâve o) . xx and o) . S for the stresses obtained by resolving such 
mutual actions as the above along the axes of x and y respectively 
and summing them for ail actions which cross the area ta, (See our 
Art 1563*.) 



Thus we hâve 






T T 



The form of thèse expressions thus proves the identity of the cross- 
stretch and direct-slide coefficients on the rari-constant hypothesis. 

[74.] In Section 12 (pp. 117—120) Saint- Venant applies the 

gênerai formulae of elasticity to the simple case of a prism under 

pure traction. He then deduces the stretch-modulus in terms of 

the elastic constants for varions kinds of elastic bodies. 

In a footnote to p. 120 he supposes the body to hâve weight and to 
be vertically stretched. He obtains with the notation of our Art. 1070* 
the following results : 

Thèse results agrée with those of our Art. 1070*, if we take 17 = 17', or 
suppose isotropy in the cross-section. Hère 17, yf are the stretch-squeeze 
ratios in the directions «, x and Zy y respectively. 

I had not noticed this footnote when commenting in the first volume 
on Lamé's treatment of the problem. 
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[76.] Section 13 (pp. 121 — 123) deals with Poisson and 
Cauchy's method of treating the probiem of flexure by expanding 
the stresses as positive intégral algebraic functions of the co- 
ordinates of the point on the cross-section referred to axes in 
the cross-section : see our Arts. 466* and 618* (footnote). This 
method Saint- Venant admits had served for the departure of his oWn 
researches (p. 99), and he deals more gently with it hère (p. 124) 
than he does in his later work. The assumption of the possibility 
of the expansion in a convergent séries is a very dangerous one, 
and leads in the case of torsion to very erroneous results : see our 
Arts. 1626* and 191 (or Leçons de Navier, footnote pp. 621 — 7). 

[76.] In §§ 14—17 (pp. 125—36) Saint- Venant gives the gênerai 
solution of the probiem of flexure, carefully stating his assumptions 
and once integrating his équations. He reduces the solution to 
the détermination of a single function F, which can be chosen to 
suit a great variety of cross-sections. I will reproduce as briefly 
as possible the matter of thèse sections. 

[77.] Taking a portion of a weightless prism between two 
cross-sections Saint- Venant proposes to détermine its state of 
equilibiium after it has been subjected to flexure on the foUowing 
suppositions : 

(i) The character of a certain portion of the shifbs and strains is 
assumed ; namely, the axis of the prism, or the right line joining the 
centroids of the cross-sections, is supposed to become a plane curve 
(elastic line hère one with the neiUral line), and f urther the stretches of 
the longitudinal 'fibres' vary in a uniform manner with their distances 
from each other measured parallel to the plane of the elastic line. 

Let X be the direction of the line of centroids before flexure and let 
the origin be its fixed extremity (see (iii)), and let xz be the plane of 
flexure (or of the elastic line), then the above condition is analytically 
represented by 

8„=Cz + G' (1), 

where C and G' are constants for the cross-section. 

(il) The character of a certain portion of thé stresses is assumed ; 
namely, it is supposed that the flbres exercise no mutual traction upon 
each other, or that their mutual action is solely of the nature of shear. 
Further, on the terminal croas-sections there is supposed to be no 
tractive loadiug. 
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Thèse assumptions may be expressed analytically by 

w=««='î« = (2), 

fxx d(û = for a terminal cross-section (3). 

Further, it is supposed that although the mode of application and 
distribution of the load is UDknown, yet the résultant load and its 
moment (M) for each cross-section cd at distance x from the origin are 
known. 

It foUows that 

M=fxxzcUù for each section (4). 

Further, to simplify the équations of unnecessary éléments ail 
motion of rotation, or translation of the prism as a whole, ail stretching 
of the central axis or torsion of the prism are excluded. The latter 
éléments by the principle of superposition of strains can afterwards be 
added. 

(iii) One extremity of the central axis, the central elementary area 
of the cross-section at that extremity and an elementary strip along the 
trace of the plane of flexure on the cross-section remain fixed. 

Analytically this gives us the conditions : 

u = v = w = 0, du/dz = 0, when x = y = z==0 (5), 

t; = 0, dv/dz^O, when y = z= for ail values of x (6). 

[78.] Let us adopt the following additional notation : l, wk* and p 
are the length, cross-sectional moment of inertia (= Jz^doi) and radius of 
curvature at any point of elastic line of the prism. Let us further 
suppose that the material i» such that the cross-sections of the prism are 
planes of elastic symmetry, it folio ws easily that the stress-strain rela- 
tions will be of the form 

XX = eWaj + fsy -f e"8g + ha-yg 

"zz = e'«a5 + d"8y + C8g + no-yg 
î« = lh8„ + k'8y + n'8g + da-yg 

lëx = ÔCgg^ + h 'iTggy 

See the annotated Cleb8ch, pp. 75, 6. 

Since Jy = «='5z = 0we can détermine from the first four équations 
XX, 8yf 8g and a-yg in terms of «a» we may thus write : 

[79.] Oonsidering the portion of the prism between the cross-section 

Cl) at distance x and the cross-section at the origin we hâve by (3) and 

(4) :- 

= f:^d<»} = JE {Cz + CT) diù, 

M=j7izdiû^jE (Cz -I- G') zdiù, 

whence (7' = and C=r.M\EiùK^ (9). 

It follows that 7^ = zM\iût^ (10). 



(7). 
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If we now tum to the body streaa-equationB we find they reduoe to 

dxS dxx _ z dM'\ 
dy dz iùK* dx \ 

— = — = I 

dx ^ dx" j 
while the surface stress-equations reduce to the single one 

xzdy-xidz = (12). 

The last two équations of (11) lead us hy means of the last two of 
(7) to the conditions^ 

dx ""' dx ""' 
or, to 

cPu ^ _ A <^u d^w _ 

dxdy da? " ' dxdz ^ "" 

Hence, putting for dujdx = ««, its value zM/EtoK*, we hâve, nnce M is 
supposed afunction o/x aniy, 

g = 0. -^=MIE.^ (13). 

The first équation tells us that there is no curvature in the 
direction of y after flexure, the second that the curvature (}/p = - -^ 

for 8mall shifts j in direction of « is equal to M/EtaK*. 

We thus obtain 

M=E<ûk*Ip, 8g. = z/p, xx = Ez/p (14), 

the formulae of the Bemoulli-Eulerian theorj, hère deduced without its 
invalid assumptions (i.e. that the croas-sections remain plane and normal 
to the strained fibres). 

[80.] The first équation of (11) shews that if M is variable or 
in other words the curvature changes, the stresses x», xx and therefore 
the slides 0-^^ a-g„ oannot be zéro, or it involves the contradiction of the 
. Bemoulli-Eulerian assumptions. 

Further differentiating the same équation with regard to x, we deduce 
bj the second and third équations of (11) the residt 

^=<^ <1^)' 

or M must be of the linear f orm in x, 

= F{a''x) (16), 

^ Provided the relation elh"^H"lfàf>GB not hold between the elastic constants. 
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if we suppose Fa to be the value of M when a; = 0. In many cases a = l, 
the' length of the prism. 

This resuit (obtained on p. 130 of the mernoir) is extremely im- 
portant, and does not seem to me to hâve been sufficieatly regarded. 
I remark that it is obtained without any considération of the surface 
condition (12). It thibs foUows that the assumptions 8g. = Cz + (7y 
1u='vi = '!z=0 are not légitimâtes if M is other titan a linear /ttnction 
of the length of the prism. In other ivords cUl the important practical 
cases of continuons loading a/re eocduded from Saint- Venantes theory of 
yiexu/rCy cmd it remmns yet to be shetvn tliat for such cases the BemouUi- 
Evlerian hj/pothesis o/'(14) gives even an approximai,ion to the truth, 

[81.1 With regard to the quantitj P of the préviens Article, we 
obviously hâve - F equal to the résultant, in the direction of z of the 
load, or to the total shear across each section, that is 



ï. 



XX 



dfû= — F. 



(17) 



for ail sections. 

Thus we see that Saint-Yenant's theory, even without the limitation 
of équation (12), excludes the possibility of any discontinuons change 
in the shear, or the transverse load. He supposes the résultant of the 
whole extemal load to act either at the extrême section {x=^l) or 
beyond it in the central axis produced. This again narrows down very 
much the number of practical cases for which the Bemoulli-Eulerian 
équations hâve been shewn to be applicable. 

[82.] Saint- Venant now proceeds to a first intégration of his 
équations and deduces the fôllowing results (p. 131) : 

where <r^ is a constant, representing the value of o-^^ at the origin, and 
^ (y, 2;) is a function to be determined by the conditions 

F=0, dF/dz = 0, when y = z = ; 



...(18), 






for ail points of the cross-section ; and, 

for ail points of the contour of the cross-section. 



. -(19). 
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Thèse results follow by simple analytical work if we start with the 
value of u obtained from the équation 8g, = z/p = F(a'-x) z/Eiûk' and then 
proceed to those of v and w given by the second and third équations of 
(8), the values so found being made to satisfy (11), etc. 

[83.] Saint-Yenant, however, does not deal in his spécial examples 
with this gênerai case of elastic distribution ; he assumes the material to 
hâve planes of elastic symmetry perpendicular to y and z, as well as 
perpendicular to x, We then hâve h" = A'" = /* = A; = ?i = A' = A;' = w' = 0, 
and clearly c = 0. 

Further, 

^=f<rBoin **=^a»» <^if8 = (20). 

The équations (18) and (19) nov become, if we take^ 



JS 



= ri» 



E 



'a' 






p (a - as) 



w = a'^x + 



P(a-x) /yy yj^ ^ 






(18'), 



6^. 



iÙK 



d^F â^F ^l-v,- 



Q, jj eu jj 1 —y —y 

ftj -j-â + /A, -^^^ = P — '\^ '' z throughout the section ; 



dz 



1ÛK 



F = 0, dFldz = Oy when y = « = 0; 



(dF Fyz \ . C 

-^Ady'-y^i^^r''^^ 

over the contour of the croes-seotion. 



(dF 



1 ...(19'). 



ut-'B""" 



[84.] The last section of gênerai treatment (pp. 133 — 6) gives 
formulae for varions quantities used for the spécial cases afterwards 
deaJt with. Thus we note : 

First, the values of the stresses : 



^ p( a~a; ) 

iùK 



^ (dF 



xy 



xz 



(dF 
^^A'd^ 



dF P 



Pyz\ \ 



(20'). 



It follows that 

<^a» = S^//A^ or = (T^ for y = z = 0, 

that is the inclinations of ail the cross-sections at their centres to the 
axis is the same and equals <r^. 

1 I hâve altered Saint- Venant*s notation to correspond with that of our History, 
heputflforour b. '^^ '^^ '^^ w'^' ^^i V2 ^ <^o) 
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Secondly, the équation to the curved surface taken by the cross- 
section, on neglecting small quantities of the second order, is shewn to be 

a!' = <r/ + /'(y',a') (21), 

where the origin is the centroid of the cross-section, the axis of a;' is the 
tangent there to the elastic Une, that of y* is parai le] to y and the plane 
y'^ is the tangent plane to the cross-section at the origin. 

It is obvions that a;' is not a function of a;, or the cross-sections ail 
assume the same distorted form. Hence we see why it is that the 
différent fibres are stretched precisely as they would be, were the cross- 
sections to remain plane. 

Thirdly, the total détection 8 {la flèche de fleosion) is obtained by 
putting y = z = and a; = ^ in the value of w in (18'), or, 

«=-'.-^ig^^ <«• 

Saint-Yenant assumes the résultant load to be applied at the 
terminal, or that a = l, thus still further limiting his solution. In this 
case h = -(rJ. + Pri^EiùK^ (22'). 

[85.] The next twelve sections (18—29), pp. 136—68, deal with 
the détermination of o*^ and F for varions forma of cross-section. 

In the first place Saint-Veuant assumes ^ is to be a positive intégral 
algebraic function of y, z. In this case it must be of the form 

/•(y, a) = ^^ + ^ (y* - Jv) + 4> + 5' (y** - 3^^ «•) + J" (s^ - ^ y* ) 

6/A. 

in order to satisfy the first of équations (19'). 

If this value be substituted in the third équation of (19') we obtain 
the differential équation to the corresponding contour-curve. 



^^» «3 + C" f y'~ 6 ^ y'z^ + ^,z'\ + 6"" f y«"- ^f^ + , . . (23), 

,(l)K* Y /a/ /a, / Y H'i / 



[86.] Saint- Venant deals however only witli the spécial case, in 
which the terms iJi i^z and z^ are alone retained. He puts 



- 2/1 (l)K 

and thus throws F into the form 

Fi^,z)^P^.z'^pl^l^^'fz (24). 

After some réductions and an integi^tion he finds for the contour 
from the third équation of (19') : 

Cyi-m +?-* — —-n y' + si^ = — ^-^-— a-^ (25), 

where (7 is a constant. 
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li C = this représenta a fomlly of ellipses. If C be finite and we 
give varions values to m we hâve curves symmetrical with regard to 
the axis of y, and symmetrical or not with regard to the axis of z 
according as m/(i -m) is even or odd. Equation (25) can be thrown 
into a somewhat différent form by assuniing c to be the semi-axis of 
the curve in the direction of ^ z, and h the semi-axis in the direction 
y. Thus y = 0, « = -fcc, but for « = 0, y = + 6 always, =-ô also if 
m/(l - m) be treated as even. 

In putting y = 0, »■ = c* we find, 

0-0 = - 9 — « (26). 

Equation (25) now becomes : 

V 3m -2 fi,cy\bj 3m -2 fi,<f b' d" 

Saint-Yenant now proceeds (pp. 138 — 143) to discuss the varions 
forms that can be taken by this System of curves. This discussion 
seems to me perhaps a little too brief. Thus, he says: Supposing 
m/(l~m)tobe treated as even, then it is suffîcient and necessary in 
order that the curve may be closed, — and so capable of serving as a 
contour for a cross-section, — ^that z/c hâve a real value when y/ô = 1 — x> 
X being an extremely small positive quantity. This leads him to the 
condition that m must lie between 

— — ^'^' and 1. 



[87.] We may note the foUowing cases : 

The ellipse (26 x 2c) is obtained (not by putting m/(l — m) = 2 which 
leads to a logarithmic curve owing to the appearance of indéterminate 
forms, but) by making the coefficient of y'»/<^-"»> vanish. Thus we hâve 

^^ 2/x,cV(l-2y,)/.,y 

The circle (radius b) is obtained by putting 6 = c or 

^ 2/i,^-(l-2Y,)/., 

y* «* 

The /aise ellipse^ ^^ -»- -, = 1, is obtained by putting m/(l - m) =4 

c 

in the case of isotropic material for which uni-constancy holds, or 

/.. = /.,, ^//i, = 5/2 and y, = 1/10. 

More generally we must take m = 2yi— 1, for a similar curve in 
bodies with tri-plaiiar elastic symmetry. 

[88.] On pp. 139 — 40 Saint-Venant deals with and figures the 
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varîouB curves which arise in the case of isotropy, when m is given 
différent values, especially for the cases e = h and c = 26. 

On pp. 141 — 3 he refers to the case of mjiX -m) being odd, and 
shews that not only are the limits for m narrower than in the previous 
case, but that the ratio hjc must remain within certain limits determined 
by those for m. 

The case of m = 5/7 and /m^ = /a, is fully treated and it is shewn 
that the équations represent for four values of 6/c : 

des ovales ou courbes ovoïdes dont un des hoiUs est plus gros <me Vautre, Le 
petit bout dégénère en pointe pour la première et pour la dernière. 

L'axe des z ne passe qu'exceptionnellement par le centre de gravité des 
sections terminées par ces contours non symétriques ; mais peu importe, car 
comme les fibres restent toutes dans les plans, tout ce qui pinède est 
également vrai si l'on prend pour axe des x l'une quelconque aes ôores qui ne 
varieront pas de longueur, (p. 143.) 

[89.] We will next write down in a form corresponding to équa- 
tion (25), the values of the three stresses ; thèse we easily obtain from 
équations (20). They are : 



^_^F{a — x)z ,^_P{l — m)yz^ 

XX — ji « xy — s 

iùK lÛK 

mFjc'-^) a, P{l-2y,-m) 

2u)k' */*, 20>K* ^ 



(27). 



As one terminal cross-section usually corresponds to x= l = ay we 
see that xx = across it, or the total extemal force exhibits itself as 
a shearing load, the résultant of which — i' is distributed aocording to 
a paitiboloidal' law. 

Saint-Venant adds to thèse results that for the total deâection 8 
from équations (22) and (26); thus we hâve (see his p. 148) : 

. FP /- 3m £ c\ 

'=oû;?0^-2-;i;?) (^8). 

The form of the distorted cross-section deduced from équation (21) 
is: 

, F /m . '"^-'Ya 8 l-Yi-w» «N ,«^, 



2m + V. Pc 



8 



If o/ = — 5—=^ rr « be the value of x' when y = 0, z = -c, this 

à Zfl^lÛK ^ ' ' 

may be written : 

i>f Sm z m-y, /,\' ,i, l-y^-m /y\'z 

x'„ 2m + y,e 2m + y,\cJ*^^, 2«» + y, W c"^ '• 



[90.] SainirVenant spécialises the lesnlts of the preyious Article on 
pp. 144 — 148 for definite values of m, Thus he takes tbe case of the 
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faHM ellipse for a uni-constant isotropic material (m^ilS, >,= >,= V^^)i 
of the curve m = 9/10 (or 18/20, considered as even), also for a uni- 
constant isotropic material — this curve approaches a rectangle of which 
the angles hâve been roonded off and the top and bottom hoUowed 
ont; and of 7»= 1 (= 2/2), the contour is hère a quadrik.teral formed 
by four curved Unes. Then he proceeds to cases which hâve for 
practical purpoees more definite contours, namelj : 

(i) The elHpse. Hère, iiq = ix^o*/ii.J>*, we hâve : 

l + 2g-2yi . 
"»= 1+3? ' 

l+2g-2y, 2P r 5c» + 26' 4P , . , ,. , 1 

_ iPq + 2y.yz r \PM + b'yz . . . .. ^ "I 

"^V ITë c* ' L ^ 5;;^ 3?Tôï 7 ' ^°' «^■*<««*»^* '«'*••«?>• 'J 

^_ 2f l + 2g- 2y,/ z'\ 2/» 1 - 6y, y» 
"~ o> l + 3q \ c7 <» l + 3gô" 
r 4P6c' + 26V, ««N 4/» y* , . . .. ^ 1 

4P^ f 3 (1 + 2g - 2y.) ^ c't 
Mio(^\ 2(1 + 3?) ^.i'i' 

r iPl^ f, 15c' + 66''c') , . . *. X 1 

(ii) The circle. We hâve only to put 6 = c in the above résulta. 

[91.] We may note that the tenu to be added to the deflection 
owing to shear is generally about 3 ( y ) of that due to bending, if we deal 

with a uni-constant isotropic material (i.e. for circle "ô" ( y ) > for false 

ellipse 3 (y) , for rectangle with flattened angles -^ Uj , etc.). This 

represents the amount neglected in the ordinary theory. If in practice 
we may safely neglect an error of l/lOO in the deflection, it folio ws 
that the ordinary theory will give sufBciently close practical results so 
long as the length of the beam is 8 or 9 times its diameter. 

[92.] On pp. 148 — 156 Saint- Venant goes through some most 
interesting work to trace the form of the distorted cross-sections. 
He traces thèse surfaces by means of level or contour lines for 
différent ratios of œ/x\ [see équation (29')], that is by the trace of 
the surfaces on planes parallel to the tangent plane at the origin. 
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The fonn of thèse familles of curves may be roughly described as 
folio ws : 

The critical member {x = 0) of the family is an ellipse (or in 
spécial cases a circle) and its diameter (the neutral axis). The critical 
member divides the family into two — for xjx^ a positive fraction, 
we hâve a loop below the neutral axis and a * snake ' passing outside 
and above the critical ellipse with the neutral axis for its asymptote ; 
— for œ lx\ a négative fraction we hâve curves congruent to thèse 
only the loop is above and the ' snake ' below the neutral axis. 

The contour of the section itself falls almost entirely within 
the critical ellipse and so gives a surface cutting the loops, the 
*snakes* only apply for the distorted cross-section ideally produced. 

The traces of the section made by planes parallel to the 
plane of flexure are cubical parabolas and are hatched in Saint- 
Venant*s figures. It appears from them that the slide (r„ has its 
maximum value at the centre. Saint-Venant draws attention to a 
noteworthy point on p. 152 : Since h does not occur in the équation 
(29') the contour-lines are the same for ail sections having the 
same m, c and x'^ The constancy of x\ involves P/ù}k^ remaining 
the same, except in the case of the false-ellipse where the term 

involving ^ disappears from the équation to the contour; thus 

such ellipses are ail orthogonal projections of each other. 

We hâve reproduced three figures giving the form of the 
distorted sections on the frontispiece to this volume. 

Only in Fig. (i) the ' snakes,' which are contour-lines falling 
outside the real section, are given. The contour-lines for élévations 
above the tangent plane are given by whole lines, those depressed 
below it by dotted lines. The traces by planes parallel to the 
plane of flexure are shaded. The figure corresponds to a circular 
cross-section when the material has uni-constant isotropy. 

It gives very approximately the surface for elliptic cross- 
sections when 6 is < l*5c. 

In Fig. (ii) we hâve the contour-lines for Sk/alse ellipse. 

In Fig. (iii) for the rectangle with rounded angles and hoUowed 
top and bottom referred to in our Art. 90 (m =9/10). We see 
that the contour-lines become straight 

In calculating and plotting out both Figs. (ii) and (iii) Saint- 
Venant has supposed uni-constant isotropy. 

S.-V. 5 
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It may be remarked that the conception of thèse surfaces 
is much assisted by plaster-models, which exist for the case of the 
circular and square cross-sections (see below Art. 111). 

[93.] Saint- Venant now passes to the discussion of the flexure 
of a beam of rectangular cross-section. This occupies pp. 156 — 168. 

£y the assumption 

Saint- Venant reduces the équations of condition (19') for F (y, z) to 
ftj "T-^ + fig -^ = for ail values of y and z, 



X (- 3^» ^) = X (y> «) everywhere, 
X = and dx/dz = for y = « = 0, 

-~ = - o-„ - 7z i + -^-î-^ y* for z = ^c and y between «t 6, 

aZ ^fJi^tÛK ftjWK 



...(31). 



-r^ = for V = * ft and z between * c. 
dy 

Hère 2b and 2c are the horizontal and vertical (flexure plane) sides 
of the rectangle. 

The first équation of (31) is satisfied by taking 

X = :ie''{A,coB^f^y + A\sin^f^qy^ (32). 

The sines must however disappear in virtue of the second équation, 
and since x = ^ when y = z = 0, we must hâve Â^ = ^A _^, or, 

X = ^^ç{^-e-^)cos^f^'qy. 

The condition dx/dz = for y = 0, » = 0, shews us that a certain 
relation must hold among the coefficients A^; it will serve later to 
détermine o-^. 

The condition dxjdy = îor y = ^b will be satisfied if 



Ç 



-— Ri 



n being any whole number, and obviously it will be sufficient to deal 
only with positive whole numbers. For w = 0, we must introduce a 
term A^ (e®*- 6"®-*) which gives us a quantity Kz, 
Hence finally we may write : 



** mrz 



v = Ze + 2 2il„8inh — =— v/ — • cos wW6. 
1 ^ ^ ^% 



v/î- 
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The fifth condition of (31) then gives us the following équation to 
détermine A^ by Fourier's method 






Pc' yP 



Saint- Venant indicates in a foot-note (p. 159) that the form (32) is 
the most gênerai form which will satisfy ail the conditions of the 
problem. 

[94.] Equation (33) easily gives us the following results : 

Pc' y,Pb' 



K^^^^^J^^^ll 



We are thus able to write down the complète value of x> namely : 
^/ Pc' y,Pb' \ 

_ r^;,/^ 4 1 (^Ip t^lzv^ ces!? ...(34). 



In order finally to f ulfil the condition -^ = f or y = « = we must 



take 



We hâve thus the complète détermination of ail the constants of the 
problem. 

[95.] In the following pp. 162 — 3, Saint- Venant deduces from (18'), 
(20), (30), (34) and (35) the values of the three shifts and the three 
stresses ; we tabulate them for référence. 
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Saint- Venant vérifies thèse résulta by shewing that they satisfy the 
boundary équation 'xzdy—xydz = and the load-conditions fxzd<û = - P, 
jxyditi= 0. 

[96.] The next two sections 28 and 29 (pp. 164 — 8) are occupied 
with numerical, graphical and simpler algebraic expressions for the 
quantities which occur in the previous sections. 

For (Tq Saint- Venant obtains the following résulta when y^ = x^ : 
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It is shewn that for ail values of c Vf-i > h Vft, the sum-term in 
équation (35) may be omitted, or we can write 
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Further the defiection 8 is then given by : 
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For the case of isotropy : i/i = J, JE/fi^ = 5/2, or 
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The BemouUi-Eulerian theory takes no account of the second term 
within the brackets. 

[97.] Saint- Venant dévotes his next few pages to a calculation of 
the value of oi which gives (see our équation (21)) the form of the 
distorted surface. He treats especially the case of ô = c, and uni- 
constant isotropy (i.e. y^ = yg= 1/10, /* = /x^). 

I hâve reproduced his diagram of the contour-lines, as Fig. iv. of the 
frontispiece ; the hatched Unes as before denoting sections of the surface 
by planes parallel to that of flexure. The contour-lines are drawn 
for ûj'q = to ± 1 by steps of '2. * 

The trigonometrical terms in a;' hâve little importance when ô < c, so 
that in that case we can practically take 




Thîs is équivalent to neglecting terms in the expression for çx! in- 
volving the factor 6/c. It is obvions that the contour-lines now become 
straight lines. 

The above value of a/ is obtained by Saint- Venant from very simple 
considérations in a foot-note on pp. 184 — 5. It had already been given 
in the memoir on Torsion (see our Art. 12) without the term y^ 
(circa 1/10); a similar proof of the formula is given in the Leçons de 
Navier : see our Art. 183 (a). 

[98.] Saint- Venant*s thirtieth section (pp. 168 — 171) is en- 
titled : Sections de forme quelconque. This amounts to little more 
than the statement that, a solution having been found for the 
équations (19) with regard to certain cross-sections we may 
infer that a solution exists for ail cross-sections. The inference is 
strengthened by référence to a corresponding problem in the 
conduction of beat. 

[99.] Section 31 (pp. 171 — 187) is termed : Démonstration 
directe et sans analyse des formules connues de la flexion des 
prismes due à leurs seules dilatations longitudinales, This investi- 
gation can be easily followed by those who hâve grasped the 
analytical calculations, but it seems to me very doubtful if it 
would be of value for elementary teaching (e.g. of engineering 
students). Saint- Venant did not reproduce it in his Leçons de 
Navier, 
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[100.] The final section of the memoir (§ 32, pp. 187 — 9) is 
entitled : Conclitsion. Observation générale pour le cas où le mode 
d'application et de distribution des forces extérieures vers les 
extrémités est différent de celui qui rend tout à fait exactes les 
formules auxquelles conduit la méthode mixte. 

This réitérâtes the principle of the practical équivalence în 
elastic eflfect of two surface distributions of load which are 
statically équivalent : see our Arts. 8 and 9. 

101. Sur les conséquences de la théorie de Vélasticité en ce 
qui regarde la théorie de la lumière. L'Institut, Vol. 24, 1856, 
32 — 34. The article adopts the view that much remains to be 
done to render the theory of Physical Optics satisfactory ; it 
supports the views of Cauchy, especially with regard to the 
existence of a third ray as obtained by him in his discussion of 
what is termed double refraction. The article concludes thus : 

Quoi qu'il puisse être de ces explications, que nous devons nous 
borner à soumettre aux physiciens et aux physiologistes, et bien que 
Ton puisse continuer sans doute de regarder le mouvement de la lumière 
dans les cristaux comme représenté approximativement par la surface 
d'onde du quatrième degré de Fresnel, nous pensons qu'il convient de ne 
plus passer sous silence les composantes longitudinales des vibrations 
pour éluder quelques difficultés dont elles sont le sujet, et que, pour 
rendre la théorie de la lumière exempte d'inexactitude logique, et 
provoquer pour l'avenir des recherches qui seront peut-être suivies 
d'importantes découvertes, il y a lieu de ne plus présenter les vibrations 
de Téther, dans les milieux biréfringents, comme étant tout à fait 
parallèles aux divers plans tangents à la surface des ondes lumineuses 
qui s'y propagent. 

102. Sur la vitesse du son. L'Institut, Vol. 24, 1856, 212 — 
216. Newton obtained a certain expression for the velocity of 
Sound which gives a resuit much smaller than that found by 
experiment. Laplace modified the formula, and thus obtained a 
resuit agreeiug with experiment : see our Arts. 310* and 68. 
Saint- Venant is not satisfied with any investigation which bas 
been given, even with the aid of the formulae of the theory 
of elasticity. He says 

On voit toujours, par ce qui précède, qu'il reste encore bien des choses 
à savoir sur la théorie du son, objet des recherches d'hommes tels que 
Newton, Lagrange, Euler, Laplace, Poisson et Dulong; qu'on ne doit 
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pas s'étonner de trouver des diâ^rences entre les résultats de Tobservation 
et ceux de la formule de vitesse la plus généralement adoptée jusqu^ci 

^ -, ^ , ni se hâter de déduire de cette formule, probablement fausse, 

des valeurs du rapport c/c', comme l'ont fait plusieurs physiciens éminents ; 
enfin que ce qu'il paraîtrait y avoir de mieux à faire dans l'enseignement, 
jusqu'à éclaircissement, serait, de démontrer la formule newtonienne et 
d'énoncer simplement les raisons qui rendent son résultat trop faible 
(pp. 115—6). 

Saint- Venant's article contains valuable références to pre- 
ceding writers on the subject. See too Die FortschriUe der 
Physik im Jahre 1856, pp. 159 — 164. 

103. Sur la résistance des solides. L'Institut, Vol. 24, 1856, 
pp. 457 — 459. This article relates to the moments of inertia 
and the situation of the principal axes of plane figures; the 
results given are useful in connexion with the résistance of beama 
to flexure, and are accompanied by varions numerical calculations. 
Two formulae are given with respect to the moment of inertia of 
a triangle which may hâve been new at the time, but which now 
are particular cases of a known gênerai proposition, namely that 
the moment of inertia of a triangle of mass M about any axis is 
the same as that of three particles of mass -j^ Jlf at the angular 
points, and a particle of mass | Jf at the centre of gravity. From 
this may be easily deduced another formula which Saint- Venant 
gives : the moment of inertia of a trapezium of mass M about one 
of the non-parallel sides is ^M (y* + /*), where y and y are 
the perpendiculars from the two opposite angles on this side. 
Again we hâve a formula respecting the produit of inertia 
for a right-angled triangle. Let M be the mass, and a, b the 
lengths of the sides. Then if the origin be at the angular 
point, and the axes coincide with the sides, the value as found 
by an obvious intégration is ^Mab. Hence if the origin be 
at the centre of gravity and the axes parallel to the sides, the 
value is r^ Mab — ^ Mab, that is — g^ Mab, This will hold also if 
the origin is on either of the straight Unes through the centre of 
gravity parallel to the sides, the axes remaining always parallel to 
their original position. 

[104.] Sur VImpulsion transversale et la Résistance vive des 
barres élastiques appuyées aux extrémités. Comptes rendus, T. XLV. 
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1857, pp. 204 — 8. This memoir was presented on August 10, 1857. 
It was referred to Poncelet, Lamé, Bertrand and Hermite. An 
extract by the author îs gîven în the Comptes rendus, Some of 
the résulta of this memoir were communicated to the Société 
PhiloTnaihiquey November 5, 1853 and January 21, 1854, and 
partîally published in L^ Institut, T. 22, 1854, pp. 61 — 3, under the 
title : Solution du problème du choc transversal et de la résistance 
vive des barres élastiques appuyées aux extrémités, This is a spécial 
case of the resilience problem experimentally investigated by 
Hodgkinson and theoretically by Oox : see our Arts. 939*, 942*, 
999* and 1434 — 7*. Saint- Venant, however, does not like Cox 
neglect the vibrations of the bar, or assume that its form will be 
that of the elastic Une for a beam which centrally loaded has 
the same central deflection. In the Comptes rendus, Saint- 
Venant gives some account of the hîstory of both transverse and 
longitudinal impact problems, but Cox's memoir seems to hâve 
escaped him. 

The following resuit îs given în the Comptes rendus, p. 206 : 

sin mxjl sinh mxjl 

-- ^ 4 ces m cosh m . / «, i \ 
y = yr% —3 s-5 sin (m'Vr), 

sec m - sech* wz + — = 7^ 

vnrQ 

where the % refers to ail the real and positive roots m of the équation 

m (tan m - tanh m) = 2P/Q, 

and the followÎTig îs the notation used : 

2? = length of bar, P its weî^ht, Q that of body striking the bar 
horizontally with velocîty V at its mid-section, y is the horizontal 

displacement at distance x from one end and t = JPP/(2gE(aK'), 

[105.] Saint- Venant makes the following remark : 

Du calcul tant numérique que graphique d'une suite de ces valeurs 
du déplacement ?/, on peut déduire la suite des formes très- variées prises 
par la barre heurtée; ce qui permet de modeler un relief en plâtre 
donnant la surface que décrirait cette barre supposée emportée trans- 
versalement d'un mouvement rapide, perpendiculaire au sens où elle 
oscille. Cette surface est très-ondulée à cause des oscillations provenant 
des second et troisième termes surtout de la série S (p. 206). 

This surface in plaster of Paris was actually prepared under 
Saint-Venant's directions; and I hâve found a copy of it very 
useful for lecture purposes. 
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When PjQ does not exceed 3, the deflectîon obtained îs very 
approxîmately that given by Cox in his memoir: see our Art. 
1437*. It is not directly upon the deflectîon, however, but upon 
the greatest curvaiure that the maximum résistance of the bar dé- 
pends, and this when P/Q^^ 2 is about 1*5 as great when obtained 
from the true transcendental formula as when obtained from 
statical considérations in Cox's manner. (See also Notice II. 
p. 20, under 2^) 

[106.] If the transverse blow be vertical, we must add to the 
above value of y the statical deflection and replace Vt sin (mH/r) 
by the expression Vt sin (mH/r) — (grr'/m') cos (mH/r). 

[107.] Saint- Venant compares his résulta with the numbers 
obtained by Hodgkinson : see our Arts. 1409* — 10*, He finds 
that the values of the stretch-modulus so obtained agrée among 
themselves, but differ from the statical values obtained from pure 
traction-experiments. He attributes this to thermal différences, 
such as had been considered by Duhamel and Wertheîm : see 
our Arts. 889* and 1301*. On p. 207 there is a brief référence to 
some results for longitudinal impact. 

[108.] The memoir itself appears never to hâve been published 
but its results together with many extensions and developments 
are given in the Note finale du ^ 61 of the annotated Clebsch 
pp. 490 — 596. Just thirty years after their discovery ! We shall 
consider them in détail when dealing with that work, as the 
problem is an extremely important one in the theory of structures. 

See in particular Notice I. pp. 36 — 41 and Notice II. pp. 19 — 20. 

[109.] Etablissement élémentaire des Formules de la torsion des 
prismes élastiques. Comptes rendus, T. XLVI. pp. 34 — 8, 1858. 
The formulae in question are those of our Art. 17 but they are 
obtained only for the torsion of isotropic bodies. Saint- Venantes 
object is to deduce the results of the memoir on Torsion in an 
elementary fashion for the use of technical schools and practical 
men. The method does not seem to me entirely clear and 
satisfactory, and it is not at once obvions why the reasoning only 
applies to an isotropic body. Spécial proofs of varions portions 
of the theory of elasticîty may be now and then of service, but it 
cannot be denied that they, by tending to obscure the broad Unes 
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and gênerai prîneiples of the subject, may do more harm than 
good to the student. 

The fairly elementary treatment of the Leçons de Ndvier seems 
to me more advantageous (pp. 245 — 250). The treatment of the 
présent paper is also reproduced in § 7 (pp. 250 — 2) of the same 
work. 

[110.] rinstitut, Vol. 26, 1868, pp. 178—9. Further résulta 
on Torsion communicated to the Société Philomathiqtte (April 24 
and May 15, 1858) and afterwards ineorporated in the Leçons de 
Navier (pp. 305 — 6, 273 — 4). They relate to cross-sections in the 
form of doubly symmetrîcal quartic curves and to torsion about 
an external axis : see our Arts. 49 (c), 182 (6), 181 (d), and 182 (a). 

[111.] Vol. 27, 1860, of same Journal, pp. 21—2. Saint- 
Venant présents to the Société Philomathique the model de la 
surface décrite par une corde vibrante transportée d'un mouvement 
rapide perpendiculaire à son plan de vibration. Copies of this as 
well as some other of Saint- Venantes models may still be obtained 
of M. Delagrave in Paris and are of considérable value for class- 
lectures on the vibration of elastic bodies. 

[112.] VoL 28, 1861, of same Journal, pp. 294—5. This givea 
an account of a paper of Saint- Venant's read before the Société 
Philomathique (July 28, 1860). In this he deduces the conditions 
of compatibility, or the six difFerential relations of the types : 



2 -^* = — / ^<^a» ^ dcTa^ _ day^\ 
dy dz dx\dy dz dx ) 



d^a-y^ _ (Psy d^8n 
dy dz dz^ d^f 

which must be satisfied by the strain-components. Thèse con- 
ditions enable us in many cases to dispense with the considération 
of the shifts. A proof of thèse conditions by Boussinesq will be 
found in the Journal de Liouville, Vol. 16, 1871, pp. 132 — 4. At 
the same meeting Saint- Venant extended his results on torsion to : 
(1) prisms on any base with at each point only one plane of 
symmetry perpendicular to the sides, (2) prisms on an elliptic base 
with or without any plane of symmetry whatever; see our Art. 
190 (d). 
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[113.] Sur le Nombre des Coefficients inêga/aœ des formules 
donnant les composantes des pressions dans Vintérieur des solides 
élastiques. Comptes rendus^ T. Lin. 1861, pp. 1107 — 1112. This 
paper gives very meagrely the outlines of Appendix V. to the 
Leçons de Navier: see our Arts. 192 to 195. Cf. also Moîgno's 
Statique, Art. 270 and Stokes' Report on Double- Refraction, p. 260. 

[114.] Sur les divers genres d'homogénéité des corps solides et 
principalement sur Vhomogénéité semi-polaire ou cylindrique, et sur 
les homogénéités polaire ou sphériconique et sphérique, This paper 
was read to the Academy on May 21, 1860 and published in 
Liouville's Journal de Mathématiques, 1865, pp. 297 — 349. An 
abstract appeared in the Comptes rendus, T. L. 1860, pp. 930 — 4. 
See also Notice II. p. 23 and Moigno's Statique, p. 668. 

This memoir is important as the first attempt to explain varions 
results of experiment inconsistent with uni-constant isotropy by 
an extended conception of homogeneity applied to aeolotropic 
bodies. Cauchy had defined homogeneity as consisting in the 
elasticity of a body being the same for the same directions at 
ail points. Saint- Venant alters the latter words and thus defines 
homogeneity : 

Un corps est homogène lorsque Vun quelconque de ses éléments imper- 
ceptibles est identique à tout élément du même corps pris ailleurs ayant 
mêms volume et même formée, mais orienté d\ine certaine manière qui 
peut chcmger d^un endroit à Vautre. Il Test même encore lorsque cette 
identité de deux éléments, pris n'importe où et convenablement orientés, 
souffre exception pour certains points isolés ou ombilicaua: (tels que sont 
ceux de Fintersection commune des plans des cercles de longitude de la 
sphère dont on vient de parler...). 

Le mode d'orientation des éléments, ou la direction relative de leurs 
lignes homologues, détermine le genre de l'homogénéité, genre dont 
chacun admet, comme nous verrons au no. 3, des sous-genres où les 
orientations possibles en chaque point sont multiples, (p. 299.) 

Let us take any two Unes of the elastic System at right angles 
and arrange ail Unes homologous to the first along the normals to 
a given surface, the second System of Unes may then be arranged 
according to any law we please, e.g. as tangents to any System of 
curves we please to draw on the surface. If the given surface be of 
the wth order, we hâve an nric distribution of ektstic homogeneity ; 
the curves on the surface to which the second System of homo- 
logous Unes are tangents détermine the sous-genre or sub-cktss. 
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[115.] The foUowîng paragraphs describe the quadric distri- 
butions of elasticity with which Saint- Venant proposes to deal. 

After describing the amorphic body or body of confused- 
crystallisation, such as a rolled métal plate, the elasticity of which 
varies in length, breadth and depth, — Saint-Venant continues : 

Qu'on enroule en tuyau cylindrique cette plaque homogène rectangu- 
laire non isotrope supposée mince, en dirigeant, par exemple, les 
génératrices dans le sens de sa longueur. Elle ne cessera pas (Hêtre 
homogène; mais l'égalité d'élasticité aux divers points n'aura pas lieu 
pour les directions parallèles entre elles. Il y aura égale élasticité 
suivant les rayons qui vont tous couper perpendiculairement l'axe du 
cylindre : ce sera l'élasticité dans le sens de l'épaisseur. Il y aura égale 
élasticité suivant les diverses tangentes aux cercles ayant leur centre sur 
cet axe. Il n'y aura que les élasticités égales suivant la longueur qui 
auront conservé des directions parallèles entre elles, (p. 298.) 

We shaJl term this a cylindrical distribution of elastic homo- 
geneity. 

The following deseribes a spherical distribution : 

Qu'on imagine maintenant une sphère solide pleine ou creuse, ou un 
corps de forme quelconque divisible en couches sphériques concentriques. 
Si la résistance ou la réaction élastique, pour mêmes déplacements de ses 
points, est partout égale dans le sens des rayons, et partout égale aussi 
dans certains sens perpendiculaires entre eux et aux rayons, ceux par 
exemple où se comptent les latitudes et les longitudes pour un équateur 
donné, la matière est homogène, mais polairement, ou d'une manière que 
nous pouvons appeler sphériconique vu le rôle qu'y jouent les cônes de 
latitude ayant un axe déterminé, le même pour tous. (p. 298.) 

Such distributions of elasticity are, Saint- Venant asserts, — and 
I hold him to be entirely right — the true explanation of the 
anomalies which occur in experiments on a variety of cast, rolled 
and forged bodies. Even granted that isotropy is bi-constant, it is 
eertainly not scientific to seek by means of two constants to 
account for the divergency between uni-constant formulae and 
expérimental results on wires, plates, or cylindrical and spherical 
bodies. Physically it is obvions that the working of such bodies 
really produees in them varied distributions of elastic homogeneity, 
which bi-constant formulae only serve to raask. The 'isotropic 
boilers ' treated of by Lamé (see our Art. 1038*) or his *isotropic 
piezometers* (see our Art. 1358*) hâve practically no existence 
(see our Arts. 332* and 1357*), and ail elasticians can adopt Saint- 
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Venantes formulae with entire approval although they may not 
accept his view of the équations of uni-constant isotropy : 

Formules qui sont les conséquences obligées et rigoureuses de la loi 
des actions moléculaires que tout le monde invoque ouvertement ou tacite- 
merUf et même sans laquelle tout établissement de formules mathéma- 
tiques d'élasticité est illusoire, (p. 300.) 

[116.] Saint-Venant on pp. 301 — 3 makes some remarks ou 
the elastie coefficients, and on the subject of multi-constancy ; for 
the purpose of the memoir, however, he adopts the 21 constants 
of Green*. 

If the stress be given by formulae of the type 

p^ = \xxxx\ Sx + \xxyy\ Sy + \xxzz\ 8g + \xxyz\ (Tyg + \xxzx\ O"^ + \xocxy\ a^gy^ 
Py^ = ]yzxx s^ + \yzyy\ Sy + \yzzz\ S^ -\-\yzvz\ Cy^ + \v2sx\ a^ + lyexyl o-ay, 

then the coefficients can only be treated as constants when we 
suppose the axes-system to vary in direction from point to point 
of the material. This granted, the above expressions for the 
stresses wîll be given in terms of constant coefficients. 

[117.] In section 3 (pp. 303 — 6) after some gênerai remarks as 
to homogeneity and its various sub-classes. Saint- Venant supposes 
the distribution of elasticity to be symmetrical with regard to 

^ He refers to Bankine^s termiuology, which we may hère throw into a form 
brief enough for convenience ; 

|«ar^x|= direct stretch coefficient = the coefficient of direct elasticity of Bankine. 
\xxyy\ = cross stretch coefficient — the coefficient of latéral elasticity of Bankine. 
\x}fx)t\ = direct slide coefficient = the coefficient of tangential elasticity of Bankine. 
ijTj^j^zl = cross slid^ coefficient \ 

\xxxz\ =: direct slide-stretch coefficient | 

\xxvz\ = cross slide-stretch coefficient V = coefficients of asymmetrical elasticity 
\xyxx\ = direct stretch-slide coefficient I of Bankine. 
\xyzx\ = cross stretch-slide coefficient ) 

Ail elasticiaDs agrée that the slide-stretch coefficients whether direct or cross 
are eqnal to the corresponding stretch-slide coefficients; farther that the cross 
stretch and cross slide coefficients are equal for the pair of faces involved in the 
cross. This amounts to saying that we may interchange the first and second pairs 
of subscripts. We hâve thus the fifteen relations of Green. For a body with three 
planes of elastie symmetiy ail the asymmetncal coefficients vanish. The rari- 
constant elasticians assert that the cross stretch coefficients are equal to the direct 
slide coefficients, when the cross is made for the two directions involved in the slide 
(i.e. \xxyv\ = \xyxy\)f and further that the cross slide-stretch coefficients are equal 
to the cross slide coefficients when the direction of the stretch is involved in both 
the slides which are orossed (i.e. \xxyz\ = \xyxz\), This gives the six additional 
relations of Poisson, or we may interchange between the ûrst and second pair of 
Bubscripts. 
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tbree planes, or aJl the asymmetrical coefficients to vanish. In 
this case the types of traction and shear are : 

(a) xx = a8ga -^f^y + «'*« y^ = ^o'»» > 

(See our Art. 78.) 

(6) If the normal to the distribution-surface be the axis of x and 
the elasticity be isotropic in the tangent plane, we hâve also : 

b=^c, e =/y e' =/' and b=2d + d!, 

(c) If the material be amorphic, there is an eUipsoidal distribution 
of direct-stretch coefficients (see our Arts. 139 and 142), and we hâve 

2d + d' = JbCy 2e + e' = 7ëâ, 2f+f = Jab. 

(d) In the case of rari-constant elasticity, the dashed and undashed 
letters are equal. Thus for the amorphic body we hâve :] 

^ ef ^ 

«* = 3 -T «a, +/Sy + e8g î? = da-ygy 

yi = /*a> + 3 — *y + ^^z «* = ^^zo6y 

ZZ =e8fc + QSy + O -^ 8g Xy ^JfTggy, 

(See, however, our Art. 313.) 

[118.] Before we can apply thèse formulae to any given 
distribution of elasticity determined by curvilinear coordinates, 
it is necessary to find : 

(1) Expressions for the above strain-components («a,, 5y, 5^, 
o-yjj, o-jsa., cTa^) corrosponding to the éléments of the three rectangular 
surface normals or intersection-traces in terms oï the curvilinear 
coordinates. 

(2) To express the body-stress équations in terms of curvi- 
linear coordinates. Saint- Venant indicates in § 4 (pp. 306 — 12) 
two methods of attacking this problem, and compares them with 
Lamé's method (in the Leçons, 1852, § 77) which he terms "un 
procédé en quelque sorte mixteJ' The analysis of the problem 
does not probably admit of much simplification, and for practical 
purposes the gênerai results of Lamé's treatise on Curvilinear 
Coordinates may well be assumed: see our Arts. 1150* — 3*. 

In § 5 (pp. 312—18) and in § 9 (pp. 383—9) Saint-Venant obtains 
expressions for the strains and the body-stress équations in terms 
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of cylindricaî and spherical coordinates respectively. Thèse agrée 
with those of Lamé' : see our Arts. 1087* and 1093*. The re- 
lations between stress and strain are then given by the formulae 
of the preceding article. 

[119.] The novelty of the présent memoir consists in the 
solution of the elastic équations for cylindricaî and spherical shells 
subjected internally and extemally to uniform tractive loads, when 
the material of thèse shells is amorphic and has cylindricaî or 
spherical distribution of elasticity. By means of the solutions 
given, we see that the difBculties encountered by Regnault and 
others can be more naturally met by presupposing aeolotropy, 
than by assuming bi-constant isotropy. 

[1 20.] Saint- Venant takes first (§ 7) the case of a long cylindricaî shell 
subjected to internai tractive load —p^ and external -p^. As in Lamé's 
problem, we may suppose ît closed by âat ends in such a manner tbat 
tbe transverse sections are not distorted. Supposing dw/dz = y, we easily 

deduce (see footnote) the équation -j— + « 0, or substituting the 

stress-values from formulae (a) of Art. 117 expressed in terms of the 
strains given in the footnote we hâve, if a^ = du/dr 

a (u„ + UrM - hu/r^ + (e' - d')/ (yr) = 0. 

^ As in this volume we shall hâve fréquent occasion to refer to thèse formulae 
I tabulate them hère for référence — the notation will readily explain itself : 
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Henoe we iind for the shifbs 

The stresses and strains can be at once deduced ; thej will contain 

constant terms in y and powers o£ r of order * a/ — 1. The constants 
C, C and y are to be determined from the surface conditions and the 
relation 'p^r^ - P^ttt^ = 27r I 'zzrdr for total terminal tractive stress, 

J ro 

[121.] Saint- Venant considers various spécial cases: 

(1) r^ — r^, is a small thickness €. (pp. 324 — 5.) 

(2) a = h. Hère the solution changes its form, we hâve (p. 326) : 

u = C^r + Ci'/r + — ^ — yr logr. 

If d' = e' the solution becomes that f ound by Lamé and Clapeyron, 
and applied by Lamé to Regnault's piezometers: see our Arts. 1012* 
and 1358* 

(3) When there is an ellipsoidal distribution of elasticity and rari- 
constancy is assumed, i.e. when a = Sef/d, h = 3/c?/e, c = Zdejf, In this 
case w = Gr^" + CV"^/* ~ dy^/iW/e + 1)}. 

The values of the stresses are then easily determined, as well as 
those of C, ff and y (p. 329). 

The results contain three independent elastic constants, and 
they diflfer in the form of the r-index from those found for the 
case of isotropy. Hence we can explain by means of them as well 
as or better than by biconstant formulae the divergencies remarked 
by Regnault in his piezometer experiments. 

[122.] A resuit is given on p. 331, which is worih citing. The 
coustants d, eyfoi the ellipsoidal distribution are not easy to détermine 
by direct experiment. Let E^y E^^ E^ however be the three stretch 
moduli in directions r, 0, %y then we easily find that : 

From équations 50 (p. 332) Saint- Venant might hâve deduced the 
criterion for failure arising first by latéral or first by longitudinal stretch. 
Thèse équations are : 

where r^ = r' --^ and r^ =/ + ^ , so that /= ^^ S ^i - ^o= *• 
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So long as ^;g>*4195 E^^ s^ is > Sg and faîlure will occur by latéral 
stretch. If the absolute strengths Rg and 7?^ were, as some writers hâve 
supposed, proportional to the moduli, and rupture took place in the 
same manner as failure of linear elasticîtj, we should saj the cylinder 
would burst across a cross-section or open up longitudinally according 
as the longitudinal absolute strength Èg was < or> than *4195 times 
the transverse absolute strength 7?^. 

A footnote on pp. 331—3 criticises with hardly sufficient severity a 
meraoir of Virgile to which we shall refer later. 

[123.] Saint- Venant (pp. 339 — 47) obtains similar results for the 
case of a spherical shell. He seeks ârst to find a solution of the équa- 
tions (footnote p. 79 and stress-strain relations (a) of Art. 117) by 
taking v = 0,w = and u^ = 0. This gives three équations to be satisfied 
which are inconsistent unless a certain relation is satisfied by the con- 
stants. Now v = w = must for the case of uniform internai and ex- 
temal tractive loads be a necessary condition for change in size without 
diatortion. Hence the équation (74) arrived at by Saint- Venant must 
be the condition for such a strain ; it is : 

W O-^j^e^'^ â (P-^^^)- 

In this case the solution ia simply 

(ii) u = Cr^'. 

The condition (i) is however not sufficient; we find also frora the 
surface équations that we must hâve 



*-^-i 



PjP. = (rJry-^' (p. 342). 

It will be seen that without elastic isotropy in the tangent plane, it 
is only very spécial surface loads which will not produce distortion. 

[124.] In § Il (pp. 342 — 8) the problem of isotropy for ail direc- 
tions in the tangent plane is dealt with. In this case e' =fy h = Cy and 
stresses and constants are easily obtained by aid of the solution : 

where n = i a / l +S , 



=*>/ 



a 

the body-shift équations being now reduced to the single one : 

au„ + 2(mr/r - 2 (6 + eZ' - e') u/r^ = 0. 

By evaluating the constants Saint- Venant obtains the following 
expression for u : 



u = 
r 






which giyes the latéral stretches «^ = «^ = u/r at once. 

S.-v. 6 
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The important point in the piezometer problem is the dilatation of 
the spherical cavity. This is equal to ^ 



""n^-ro'^l (n-J)a + 2e' {n + ^)a-2e' ' )' 

We see that it involves three elastic coefficients, and is thus, even as 
an empirical formula, better adapted to satisfy numericcdly Regnault's 
experiments than Lamé's bi- constant isotropic formula obtained by 
putting d = e\ b=^a and w = 3/2.* On the other hand it is physically 
more plausible. The constants reduce to trvOy if we suppose the body 
amorphic and of roH-conatarU elasticity ellipsoidally distributed. If 
we take r =r' - c/2, r =r' + c/2, we easily find for the mid-sphere of 
radius/: 

^ _^ « (Po-P)^ 

**"**- a(6 + i^')-2e" 2c ' 

or in the case just mentioned 

-. 3 (p. -p.)/ 



~ ** ~ 20d 



€ 



But E^ = jr—, = — - by Art. 117 (6) if there be tangential isotropy. 
Hence finally : 

3 (n-;>x)^ 



= B^ 



SR 



4> 



[125.] The final section of the memoir is entitled: Vase cylindri- 
que terminé par deux calottes sphèriquea (pp. 347 — 9). This treats a 
problem similar to that dealt with by Lamé in his Note of 1850: see 
our Art 1038*. The mean latéral expansion of the spherical ends is 
made to take the same value as that of the cylindrical body by equating 
the expressions for a^ obtained in our Arts. 122 and 124. Saint- Venant 
thus reaches a more gênerai rule than that given by Lamé as a resuit 
of bi-constant isotropy. We hâve : 

where the subscript , refers to the spherical portions of fche surface. 
Hence 

In the case of the two portions being of the same isotropic material, 
we hâve H^^E^^ £^^, or 

€_7 / 

€, " 3 r ' * 

1 In Lamé'g notation a=X + 2/M and e'=\: see our Art. 1093*. 
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This agrées with Lamé's resuit ; see our Vol. i. p. 664. If the thick- 
nesses are equal, the radii ought to be as 3 : 7 : 

ce qui est la règle indiquée par M. Lamé pour les fonds sphérîques 
compensateurs, élevant en quelque sorte, dit-il, le système des chaudières 
cylindriques au rang des formes naturelles ou des solides d'égale ré- 
sistance, (p. 349.) 

[126.] Sur la distribution des élasticités autour de chaque 
point d!un solide ou d^un milieu de conteœture quelconque^ par- 
ticulièrement lorsqu'il est amorphe sans être isotrope; Comptes 
rendus, T. LVi. 1863, pp. 476 — 479, p. 804. This is an abstract 
of the memoir published in Liouville's Journal in 1863 : see the 
foUowing article. 

[127.] Mémoire sur la distribution des élasticités autour de 
chaque point d'un solide ou d!mi milieu de contexture quelconque, 
particulièrement lorsqu'il est am^orphe sans être isotrope, This 
memoir was presented to the Academy, March 16, 1863, and some 
account of it appeared in the Comptes rendus, see preceding article. 
It is printed at length in Liouville's Journal de mathématiques, 
Vol. VIII. 1863, pp. 267—95 and 363—430. 

[128.] The opening pages of the memoir (267—9) as well as 
the concluding (425—30) entitled respectively : Objet and Résumé 
et conclusions pratiques, give an account of the purpose and results 
of the memoir. As thèse will suflBciently appear in our treatment 
of the intervening five sections (four, according to Saint- Venant, 
but III occurs twice by mistake), we shall not reproduce hère any 
part of thèse preliminary and final remarks. 

[129.] The second section is entitled: Formules diverses où 
entrent les coefficients dont Vélasticité dépend. Etablissement, de 
plusieurs m/inières, d'une partie souvent omise, où figurent six 
constantes complémentaires, qui sont les composantes des pressions 
pouvant exister antérieurement aux déplacements des points (pp. 
260—286). 

The aim of this section may be thus expressed : Let there be 
an initial System of stress given by xx^, vi^, 'zz^, yz^, ^^, îy^, and let 
the elastic nature of the body be given by thirty-six constants 
\xxxx\^ \xyxy\^ \xyyy\^ etc. Groeu has decisivcly determined that 
thèse thirty-six can be reduced to twenty-one by the law of 

6—2 
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energy : see the footnote to our Art. 117. It is désirable to 
obtain- a proof of the elastîc formulae due to Cauchy without 
appealing to the principle of inter-moleeular action being central 
and a function (mly of the distance. 

Subscript letters attached to the shifts % v, w denoting 
fluxions, the formulae are given by the types : 

P = î^o (1 - Ug,) + yi^Wy + Tz^ v„ + ^0 ^a. + So «?a 

where 



'^lI (i), 

^x + Vh ) 



+ \y*Xtf\ a-ggy ) 



► (iii). 



^j = \xxxx\ 8„ + \xxyy\ 8y + \xxzz\ 8g + \xxpz\ (Tyg + \xxzx\ fTgg, 

yzi = \yzxx\ 8^ + ly^yl 8y + \yzzz\ 8g + \yzyz\ a-yg + \yzzx] çr^ + \yzxy\ (Tggy 

while the type of resulting body-shift équation is : 

+ \XXXX\ Uggg^ + \XyXy\ Uyy + \XZXZ\ Ugg 

+ 2 k^ra^^l Uyg + 2 larJTZjrl Wjj„, + 2 |jrar«y| W^^ 

+ \XXXy\ Vgggg + 1*^3(^1 V,^ + \ZXpZ\ Vgg 

+ {|a?yyar| + \zxyy\ } -y^^ + {\xxyz\ + |«a?aif|} V^b + {\xxyy\ + |*y«y|} V^jy 
+ \xxzx\ Wgge + l^yzl Wyy + \zxzz\ Wgg 

+ {\zxyz\ + \xyzz\] Wyg + {|a?a?«;»| + \zxzx\} Wgg, + {|a?«y«r| + \xyzx\} W^^ 

Thèse results representing the most gênerai équations of 
elasticity for small strains were originally given by Cauchy, as is 
implied in our Arts. 616*, 616*, 662* 666*. He obtained them by 
calculating the stresses as the sums of intermolecular actions on the 
rari-constant hypothesis. Saint- Venant in this section proposes to 
deduce them from the principle of energy (by Green's method) in 
a manner which will satisfy multi-constant elasticians. 

[130.] The proof attempted by Saint- Venant is not legitimate, 
because in the expression he takes for the work the linear term 

occurs where s^, 8y, 5„ o-^,, cr^g, a^ are stretches and slides. As- 
suming this term correct, which it is not, thèse ought to be ex- 
pressed to the second power of the shift-fluxions as in our Art. 
1622*, for we want the work to the second power. This Saint- 
Venant does not do, but treats the strains 8 and o- as if they 
were the quantities €,,, €y, €„ 17,^, 7j„, rj^^ of our Art. 1619*. This 
mistake was pointed out by Brill and Boussinesq, and is acknow- 
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ledged by Saint- Venant in a memoir of 1871 : see our Art. 
237. The formulae (i) — (iii) of the preceding article can thus 
only be considered as valid, when we accept the rari-constant 
hypothesis and deduce them after the manner of Cauchy. We 
shall see this point more clearly when dealing with the memoir 
of 1871. Green gets over the difficulty by expanding his work- 
function in powers of the e's and t/s ; he thus gets a linear term, 
whose constants vanish with the initial stresses, but are not 
determined as functions of the initial stresses, still less does he 
show what functions, if any, the remaining constants are of the 
initial stresses. 

[131.] In the course of this section Saint- Venant gives a 
proof of Cauchy's formulae (i) to (iii) above on the rari-constant 
hypothesis (footnote, pp. 273 — 5); he refers to the memoir of 
C. Neumann (Zur Théorie der Eldsticitàt, Crelle, LVii, 1860, 
p. 281 : see our Chap. xi.), where a similar method to his 
own is used for the case of isotropy (footnote, pp. 275 — 80), and 
to the memoir of Haughton (see our Art. 1505*) for a treat- 
ment which generalised leads to the same formulae on the rari- 
constant theory (p. 280 and footnote). Finally we may refer 
to his footnote (pp. 284 — 5) for a process by which the body-shift 
équations (iii) are deduced by means of the rari-constant hypo- 
thesis, without a préviens investigation of the stresses \ 

[132.] The third section of the memoir (pp. 286 — 95) is en- 
titled : Formule symbolique générale foumissanty en fonction des 
coefficients d'élasticité pour des axes donnés, ceux qui sont relatifs à 
d* autres axes aussi donnés et rectangulaires, et, aussi, les coefficients 
qui doivent entrer dans l'expression d!u/ne composante quelconque 
de pression même oblique» 

Saint- Venant adopts a symbolic représentation of the stresses, 

strains and coefficients in order to express the relations among 

them. He thus describes this method : 

On abrège singulièrement le calcul et Ton arrive à quelque chose de 
fort simple au moyen de notations symboliques comme celles que plu- 
sieurs auteurs anglais appellent SylveslHcm vmbrae, parce que M. 
Sylvester, qui les a employées avec succès, appelle ombres de quantités 
(shadows of quantities) ces sortes de notations dont se sont servis 
précédemment, au reste, Cauchy et d'autres analystes (p. 290). 

^ There is a wrong referenoe to Bankîne's paper (p. 269, footnote), it shoold be 
Vol. VI. (p. 63), not Vol. v., of the Camh. and Dublin Math, Journal. 
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There is a footnote referring to Sylvester's papers in Camh, 
and Dublin Math, Journal, Vol. vu. 1852, p. 76, and Phil. Trans. 
1853, p. 543. 

[133.] Suppose symbolically i^jam ^^ '^^im = h'-^h'^ ^ represent U«»»l, 
where jy k, Z, m are any of the letters xyz, x'y'z' etc. Further 9 91» 
represent the stress P, and c^c,. or €% to represent 8„ and finally 2€,.v 
to represent c^. Let c,^ dénote the cosine of the angle between the 
directions r, r'. 

We are now able to reproduce in symbolic form the following well- 
known typical relations : 

+ pz {CryCf^z + Cf. s Cffy) ■h7x(CrgCf,x + Cm Cf'e) + «î ( Cnc C^'y + C^ C^x) • • • (i^ ) , 
^x = SafC'xaif + 8^ C^xy> + Sf^c'gg^ + fT^^Cgg^C^ + (T^^Cx,^ Cg^f + <r^^ Cg^f C^^» ^ "{y\ 

<^y« = 2«a. CyjB' C«. + 2Sy. Cyy. C^ + 2«^ Cya* Caj» 
+ O-y.^ {Cyjf C^ + Cy^ C^ + (T^jçr (Cy^ Czai + C^ cj) + (Taj^y/ (c,^ C^^y. + Cy^ C^) . . . (vi). 

See our Arts. 659* and 663*. 

(The last two are most readily obtained from the stretch-quadric of 
Art. 612* for axes x'yV, namely : 

«a^»" + «y/ y" + ««'»" + fT^^^y'z' + O-^a/^aî' + (Ta^y'ajy = i 1. 

Substitute for x' its équivalent xCxgf + yCj^ + «««b' â-i^d similar quantities 
for a;' and y' y then the coefficients of a^ and 2/» will be ««, and o-y^ as given 
above.) 

The symbolical f orms are : 

ÎI? or y? = laxB or lya X {i^€x + lyCy + t»€g)* (vii), 

whence it foUows from (iv) that 

"^ = (hfirx + ftyCry + ^'ifirz) (hfir'x + «i^r'tf + ^a^Y») ^ (*»«« + «yS + '«*»)'• • -(viii). 

Further we hâve from (v) : 
whence we can take 

^j = ^Jaf + ^Jy' -^ ^i/^J^ (i^)- 

Put J = x, y^ z successively and substitute for Cg., Cy, e^^ in (viii), we 
hâve 

{(hfigeaf + h^yaf + ^sPzxf) ^ + {hfixy' + Vw' "^ *«^»»') V 

But we may obviously also express r? in the form 

rr ^ Irr'o/ar'l ^a/ "^ "^ 

+ |rr'y'«'| (Ty»^/ + + 



134 — 135] SAINT-VENANT. 87 

Comparîng (x) and (xi) which must on development gîve the same 
resuit, we see that it is necessary to take : 

or, \rr'af»'\ = ij.1^. Lg^i^ (xiii), 

where i^ is given by (xii), and x\ y' are any two of the three new axial 
directions, {x\ y\ «'), r, r* any two directions we please, and n any arbi- 
trary direction. 

Thus we hâve any coefficient of one set of axes expressed in terms 
of those obtained for another set. The product i^ . iy,i^ ought to be 
made in the order indicated, except that the first pair and the last pair 
may hâve their members interchanged in iheraaelvea. If r, r' are both 
axial directions (i.e. chosen from x', y', z') then the first pair may be 
interchanged as a whole with the last pair. If we accept the rari- 
constant hypothesis, however, for axial directions ail interchanges of the 
order of the l's will be permissible. 

[134.] Saint- Venant notes one or two other symbolical results. 
Thus, if be Green's work-function and we suppose no initial stresses : 

<^ = èK^œ^aî + *yS + *«««)T (^iv)- 

Further the types of stress and of the gênerai body-shift équations 
(i) to (iii) of our Art. 129 become on the rari-constant hypothesis : 

(^ d ^ d _ ^\ (27 Q u \ 

+ il (*»«« + 4^^+ ^«««r (^^)» 

^ (^ d ^ d ^ dV 
*^ \ «cfe ''dy ""dz) 

( d d d\ f d d d\ . ^ . \ / -v 

[135.] The next section, III his (pp. 353 — 380), contains some 
very interesting and important matter. It is entitled: Surfaces 
donnant la distribution des élasticités autour d'un même point — 
Maxima et minima — Distribution ellipsoïdale des élasticités di- 
rectes. — Solides ou milieux amorphes, — Intégrabilité des équations, 

Some of the results had already been given by Rankine in his 
memoir: On Axes of Elasticity and Crystalline Forms, Phil, 
Trans. 1856, pp. 261 — 86, but there is much that is new and the 
method is very good. 
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[136.] The relation (xiii) gives for \rmr\ the value 

\rrrr\ = [{l^„ + l^ry -^ l-^rzYY (xvii), 

or the direct stretch coefficient in direction r, (c^x, c^y, €„), in terme of 
the System of elastic coefficients for the axes x, y, z. 
If we put 

and substitute, we obtain the surface 

1 = {(i^ + ij,y + i^YW 
which expanded gives us Rankine's tasinomic quartic : 

1 = \xxxx\ a^ + lyyyyl y* + \zzzz\ ç^ 

+ 2 ^yyzz\ + 2 \yzyz'^ yV + 2 ^zzxx\ + 2 \zxzxi\ z^O? + 2 {\xxyy\ 

+ 2 \xyxy\] a?y^ 

+ 4 {l.rj;y«| + 2 |«rj?y|} a5^y« + 4 {|yy«ar| + 2 iJjyy^l} 'i^ZX > (xviii). 

+ 4 {\zzxy\ + 2 |y««?|} 2;^ 

+ 4 lyyy«| y« + 4 |«:P4;y| js'y + 4 \zzzx\ »*a; + 4 |«.rjr;!r| ic*» 

+ 4 l.rj?a^I œ^y + 4 \yyyx\j^x ^ 

This équation with its fifteen homotatic coefficients was first 
given by Haughton in his memoir of 1846. Thèse 15 coefficients 
are the 15 coefficients of rari-constancy multiplied by the numbers 
1, 6, 12 or 4, 80 that the expressions for the work, stresses etc., 
can on that h3rpothesis be given in terms of the coefficients 
of this équation. 

Its fundamental property is that the direct-stretch coefficient 
in any direction varies inversely as the fourth power of the corre- 
sponding ray. 

[137.] Paragraphs 10 and 11 together with the footnote 
pp. 359 — ^62 reproduce results of Rankine and Haughton with 
regard to the nature of the elastic coefficients. Thus it is pointed 
out : 

(i) That there are sixteen directions real or imaginary for which 
\rrrr\ is a maximum or minimum. Thèse directions eut the tasinomic 
surface at right-angles, and possess the peculiarity that any stretch in 
their direction produces a traction only across a plane normal to their 
direction (pp. 356 — 7). 

(ii) That if we take 

Ix'x'x'x'] + {x'afy'î/l + Ix'x'gfz^i = Sgf, 

or Sgf equal to the sum of direct- and cross-stretch coefficients for the 
direction x, then 
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Thus Sg^ varies inversely as the square of the ray of the ellipsoïdal 
surface: 

which developed gives us : 

1 = S^ + Syy' + S^ + 'ilRy^z + 2i?«j8aî + 2R„^, 

Wnere -^nm ~ hxoMn ■*" ^-yy-nm + ^zmm (XIXJ. 

This is the ellipsoid discovered by Haugbton in 1846 and termed by 
Rankine orthotatic, It shews us that by a suitable change of axes 
we can put Ry^ = Rg„ = Rrgy = 0, which give three inter-constant relations, 
and so reduce the 21 (or 15) elastic constants to 18 (or 12). 

(iii) That if an equal stretch s be given in the three orthotatic 
directions {Le. those of the axes of the ellipsoid (xix)} this stretch system 
will produce no shear, for if Xi, ^i, ^ be thèse orthotatic directions : 

i^ = lyi«iJ?i«il 8 + |yi«iyiyil 8 + lyi^^^l 8 (from Equation (ii) of Art. 129). 

= Ryj^^ 8=0. 

The orthotatic directions are thus those for which the sum of the 
corresponding (direct and cross) slide-stretch coefficients vanish. 

(iv) That a body may possess orthotatic isotropy, or Rg^^ = for ail 
rectangular Systems x', y, z'. The orthotatic surface now becomes 
a sphère or Sx = Sy = Sg, Such a body however does not possess 
complète elastic isotropy. 

(v) That there exists a surface which measures the différence D 
between a cross-stretch and direct-slide coefficient, i.e. 

This is Rankine's heterotatic surface, and is given by 

D — {\yyzx\ - \»zpz\] (?gggj + ^zzxx\ - \zxzx\\ ê^gf + ^xxyy\ — |a?y*cyl} (^^gA 

+ 2 ^xxyz\ - \zxxy'^ CygfCgg^ + 2 {\ypza;\ — \xyyz\} C^C^ \ (xx). 

+ 2 ^xxyz\ - \yzzx^ C^Cyg^j 

The thorough-going rari-constant elastician will fail to observe the 
existence of this surface, at least the Ossa of his multi-constant colleague 
will appear to him a wart. 

(vi) Finally that there exist nine axes at each point of a body for 
which 

\yïth3/i»i\ = \ziZiZi3fi\y 

or the two direct-slide-stretch coefficients are equal. Thèse directions 
Bankine terms metatatic, The condition for the metatatic isotropy 
of a body« or for metatatism in ail pairs of rectangular directions, is 

|y'y'«'«'l + 2 Wiifi/^\ = i {ly'y'y'y'l + Wi^i^n^l} (xxi). 

Such a body, however, is not elastically isotropic^. 

^ I hâve hère introdnoed some portion of Bankine's work as given with great 
oleamess by Saint-Venant in order that it may be the more easy to refer to thèse 
resolts in later articles. 
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[138.] Saint- Venant in the twelftli paragraph o£ this section of his 
memoir (pp. 360 — 5) treats the case in which the elastic material has 
three rectangular planes of symmetrj. This reduces the 21 coefficients 
to nine, for ail the stretch-slide coefficients and cross-slide coefficients 
(i.e. Rankine's asymmetrical elasticUiea) must now vanish. 

Let a, b, c be the direct-stretch ^ 

dy e, f „ direct-slide l coefficients. 
^> ^yf » cross-stretch J 

Then the tasinomic surface (xviii) becomes : 

1 = ox* + %* + c«* + 2 (2(; + d') /z' + 2 (2e + e') «V+ 2 (2/+/)ar»y'. . . (xxii). 

The maximum-minimum values of \mr\ are now sought and are 
found to lie in the three axial directions x^ y, z, and in pairs of others 
lying in each plane yz, zx, xy, or 9 in ail. The first three solutions are 
always real ; the second six will be imaginary, since the ratio of their 
direction-cosines become imaginary, when 

^d-^d'^k r&andcl 

2e + e' >• lie between < c and a > respectively (xxiii). 

2/+f) (a and 6) 

Saint-Venant remarks that the conditions (xxiii) are those for the 
graduai variation in one sensé of the stretch -coefficients in the three 
principal planes of elastic symmetry — a physical characteristic, he holds, 
probably possessed by ail natural bodies. 

[139.] In the folio wing section we hâve the statement of the 
conditions for ellipsoidal elasticity, i. e. that the first three 
quantities of (xxiii) be respectively equal : (i) to the arithmetic, 
or (ii) to the géométrie mean of the corresponding second three 
quantities of (xxiii). In either case the direct-stretch coeffi- 
cient \rrrr\ can be represented by the ray of an ellipsoid. In 
the first case the direct-stretch coefficient varies as the inverse 
square of the ray of the ellipsoid : 

1 = ûw?* + 6y' + a^'y 

and in the second case as the inverse fourth power of the ray 
of the ellipsoid : 

The practical application of this ellipsoidal distribution has 
been discussed by Saint- Venant in the annotated Clebsch: see 
our analysis of that work in Arts. 307 to 313. 

[140.] The next two paragraphs (pp. 367 — 72) are occupied 
with an extension of Lamé's solution of the équations of elastic 
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equilibrium by means of potential functions : see our Arts. 
1061*— 3*. 

On the rari-constant hypothesîs we should hâve d — d\ e = e' and 
f^f. As a sop to Cerberus Saint- Venant assumes that 

d'\d=e'\e^flf^i (xxiv). 

We may, however, doubt whether Cerberus would accept this sop ; 
for, while supposing the constants unequal, it yet a-ssumes their inequality 
isotropic in character. If multi-constancy really does exist, the relations 
(xxiv) are still probably very approximately satisfied for many bodies : 
see our Arts. 149 and 310. 

Writing a/(2 + î) = a", 

6/(2 + i=b-, 
c/(2 + i) = c", 

and supposing ellipsoidal distribution of the second kind, Saint- Venant 
finds 

f—fji = ab, d = d'ji = bc, e = eji = ca. 

This enables him to reduce his body-shift équations to the type 

aw«a, + bwj^ + cw^ + (l+î)^ = 0, 

where <^ = aw^. + bt^y + cicj^ (xxv). 

A very straightforward analysis then leads him to the resuit: 

He also obtains (p. 371) the shift-type : 

where v and w will hâve other arbitrary functions Xg» Xa* 

Thèse arbitrary functions Xi> Xa> Xa ^^ ^^^ seem to me so arbitrary as 
the reader might assume from Saint- Venantes words. We hâve so to 
choose Xi, Xa» Xs *^** *^® value of <^ obtained from (xxv) by means of 
(xxvii) shall be the same as that obtained for <^ from (xxvi). 

It appears to me that u^ v^ w ought to be the a>, y -y ;2;-âuxions respec- 
tively of a quantity 

In addition we might add to them certain expressions arising from 
the twists and giving a zéro value for <^. 

[141.] In the foUowing paragraph Saint- Venant shows that 
the ellipsoidal conditions of the type (2d + d') = Jbc are necessary 



u 
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if a solution in tenus of direct and inverse potentials is obtainable 
(pp. 372—4). 

[142.] Hitherto the set of ellipsoidal conditions of the type 

2d + d'^Jbc 

bas been seen as one only of the number which satîsfies the rela- 
tions (xxiii). Saint- Venant now attempts to give it a far more 
important €uid spécial physical meaning. Namely, he proceeds to 
show that thèse relations hold exactly or very closely for bodies 
which originally isotropic hâve afterwards received a permanent 
strain unequal in diflferent directions. He describes the bodies in 
question in the foUowing terms : 

En effet, dans les corps à cristallisation confuse tels que les métaux, 
etc., employés dans les constructions, où les molécules affectent indis- 
tinctement toutes les orientations, si les élasticités sont égales dans trois 
directions rectangulaires, elles doivent l'être en tous sens, car on ne voit 
aucune raison pour qu'elles soient plus grandes ou moindres dans les 
autres directions. Si les élasticités y sont inégales, cela ne peut tenir 
qu'à des rapprochements moléculaires plus grands dans certains sens que 
dans d'autres, par suite du forgeage, de l'étirage, du laminage, etc., ou 
des circonstances de la solidification. Calculons les grandeurs nouvelles 
que doivent prendre les coefficients d'élasticité dans un corps primitive- 
ment isotrope ainsi modifié (p. 374). 

Bodies with 'confused crystallisation' Saint- Venant terms amor- 
phic solids, and he now proceeds to show that within certain limita 
of aeolotropy, they possess an ellipsoidal distribution of elasticity. 
He assumes that the bodies hâve rari-œnstant elasticity. 

[143.] Let 8y 8\ a" be the principal stretches of the permanent set 
given to the body, let p^, r^, 05^,, y^, z^ be the density, distance between 
two éléments, and its projections on the directions of the principal 
stretches before the isotropy is altered. Then if p, r, x, y, z be the value 
of thèse quantities after aeolotropy is produced, we hâve 

x = x^{l-^ «), y = y , (1+0, z = z ^ (1 + «") | 

p = pJ{l-^8. l+8\ 1 + 8"} j ^ ^' 

Let/(r) be the law of intermolecular action, and F(r) = - jr- j^^-^ !■ , 
then we hâve, m being the mass of a molécule : 



I yvv» I f = ô 

\xyxy\J ^ 




I XXXX 1 1 „ - 

yvvp\\=^'imF{r){ y* \ (xxx). 

.\xpxvl 



143] 
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Thèse résulta flow at once from tbe définition of stress on the rari- 
constant hypothesis and had been given bj Cauchy in 1829 (see for 
example the annotated Leçons de Navier^ p. 570, footnote and our Art. 
615*). 

Further if r — r^ be small, we hâve : 



x^ 



y. 



^0 ^0 ^0 



In the case of primitive isotropy we hâve 
I s «t ^(r,) «,* = § S «. ^ W y* = c„ say, 

^■%m -^ {x* y,', or x* »/, or y/ «/, or y* as,'} are ail equal 



We will also put 



'4.1I> 



say. 



(xxxi). 



^ 'o 

Now substitute from (xxix) in (xxx) and using thèse values, we find 

(1 + sY 



,'\8 



(1 + «') 

1 +8 



. ...(xxxii). 



Ca.« + <'4..« + C4.««' + <^a.8.8«"- 



Now there are certain relations holding between the constants c, 
which are easily found thus : Change the axis of x by linear transfor- 
mation : 

< = ««^0 + ^^0 + 7«o» ^^ere a» + ^« + y"=l, 

then from the initial isotropy we hâve 

and S m X (r,) a;/ = S w x (r,) <', 

where x(0 ^^ ^'^J function of r^ and a, )8, y may be any ditection-cosines 
we please ; it follows that : 

Thèse must be identities as they are true for ail values of a, P, y. 
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On pp. 384 — 393 he shews that Green's conditions flow from 
the hypothèses with which he has started. He then proves : 

(i) From the tasinomic relation that the stretch-coefficient is 
the same for every direction or 

Thus an equal stretch always produces the same élément in the 
traction whatever its direction. 

(ii) That the second set of Green's conditions are fulfiUed for ail 
axes, Le. 

ly'y'y'yi = |«'yyy'| = 0, etc. 

(iii) That the conditions whose type is 

\sfafzf^\ = 2 Wsfi^^\ + |y'y'«'«'l 
are true for any change of rectangular axes. 

(iv) That the third set of conditions of the type 

\xfaf^}if\ + 2 \^xfxri^\ = 

are also true for any change of rectangular axes. 

(v) That the reciprocal theorems are true, Le. if any one of the 
relations in (i) to (iv) hold for ail rectangular axes, then Green's 
fourteen conditions foUow. 

It will thus be noted that Green's conditions are not based upon any 
conception of direction in the body, if fulfiUed for one set of rectangular 
axes they are fulfiUed for ail. So far as thèse conditions are concerned 
the body possesses isotropy of direction, i.e. there is nothing of the 
nature of crystalline axes, or the peculiarity of tïie médium haa no 
relation to direction in space, This seems to me the élément of isotropy 
in Green's conditions which Glazebrook misses, and which Saint- Venant 
overstates when he identifies it with absolute elastic isotropy. Glaze- 
brook well points out that if we give a stretch ««. only we hâve the 
foUowing System of stresses^ : 

XX = \xxxx\ 8x, pz = \pzxx\ 8ggf 

xy = \xxyy\ «as, zx = 0, 

zz = \xxzz\ 8x, xy = 0. 

Hère we are at liberty to take the stretch in the direction of the axis 

^ By choosing as our axes the orthotatic axes we oan rednoe the stress-strain 
relations as given by Green to the following types : 

xx=a$- 2f8y - 2eSgi 

yz=d<ryg, 

where a = \xxxx\ = same for ail directions 

d = \yzyz\ \ 

( __ values for orthotatic axes of 
e-\zxzx\ > -direct-slide coefficients. 

f=\infxp\ ) 
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of oî, because of the directional isotropy o£ Green's conditions. It 
follows that such a stretch produces no shear on a face perpendicular to 
its direction. Glazebrook notes that it does produce a shear J^, and 
that this shear together with the tractions yy , 7z maj be functions of 
the direction, since Green's conditions do not involve 

\xxtnf\y \xxzz\y and \yzxx\ 
being the same for âll Systems of rectangular axes. 

But is this the System of stresses we should expect to find in 
the ether in a crystallised médium ? It seems to me physically 
very improbable, but it is best to let Saint- Venant speak himself, 
only remarking that the reader will do well to understand by Saint- 
Venant*8 use of the word isotropy, the independence of Green's 
conditions of ail sensé of direction, bs explained above : 

Il en résulte que l'exacte transverscdité des mouvements moléculaires, 
ou leur paraUélisme à des ondes de toutes les directions dans un milieu 
transparent, exige une foule de conditions qu'on ne voit remplies que 
dans les corps isotropes. On remarque, surtout, que non-seulement une 
dilatation Sgg ne produit qu^une pression exa>ctement normale yP, ou aucune 
composante tangentielle de pression sur une face qui est perpendiculaire 
à sa direction (\af]/af^\ = w^ifif\ = 0) et, aussi, qu^im glissement su/r une 
/ace n'y engendre jamais que des composantes tangentieUes {\afafafjf\ = 0), 
mais encore qu'en tout sens, ou quelle que soit la direction x^ dans ce 
milieu, une égale dilatation Sg^ y produit une pression d'égale intensité 
5? {w^^af\ constant). 

Or une pareille égalité est contraire à toutes les idées qu'on peut se 
former, d'après les faits, des corps doués de la double réfraction. Ils 
sont cristallisés sous des formes polyédriques non régulières et variées ; 
ils offrent des clivages suivant certaines directions ; ils sont, en un mot, 
d'une contexture essentiellement inégale dans les divers sens, et qui doit, 
tout porte à le faire présumer, rendre inégaux les rapports ^/«a/ = l^x'yj^i 
des pressions dans l'éther dont ils sont imprégnés, aux petites dilatations 
qui les engendrent, et rendre les pressions obliques aux dilatations, 
excepté pour certains sens principaux. Cette présomption est changée 
en certitude, si l'on considère la biréfringence artificiellement produite 
par u/ne compression donnée dans un seul sens, ou inégalement dans 
plusieurs, à un corps amorphe primitivement isotrope et uni-réfringent, tel 
que le verre. On a en effet calculé, au no. xxxii (équation of our Art. 
143), l'inégalité des coefficients \xxxx\^ \yptnf\ due à l'inégalité des rapproche- 
ments moléculaires dans les sens x et y. Ce calcul était fondé, il est vrai, 
sur les expressions (équation xxx) assignées aux deux coefficients par 
l'analyse des actions s'exerçant entre les points matériels suivant leurs 
lignes de jonction deux à deux, et proportionnellement à une fonction 
de leur distance. Mais quelque motif qu'on puisse s'alléguer de 
révoquer en doute cette grande loi qui ne préjuge pourtant rien quant 
à la forme de la fonction, et quelque chose qu'on puisse concevoir à sa 

S.-V. 7 
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place, il est impossible de ne point convenir que Pinégal rapprochement 
moléculaire en divers sens doit influer sur la grandeur des élasticités 
directes \xxxx\ = xx/s^, comme elle influe bien certainement sur celle 
des autres élasticités, dites latércUeSy \xxpy\ = Ç^/Sy, ou tangentielles, 
\x»xy\ = xy/a-gom etc., puisque sans les inégalités au moins de celles-ci en 
divers sens, les formules ne donneraient pas de double réfraction. Un 
milieu ue peut être élastique et vibrant si ses parties n'agissent pas les 
unes sur les autres, et quelque soit le mode de leur action, il n'est pas 
possible d'imaginer qu'elles engendrent des élasticités directes parfaite- 
ment égales, lorsqu'il y a une inégalité de contezture qui rend inégales 
les élasticités latérales ou tangentielles. (pp. 396 — 8.) 

This argument seems to me of great weight (see, however, a 
point raised in our Art. 193 (1)), and would incline me to reject 
Green's conditions (especially when we remember that Green him- 
self supposed the ether-density to vary in refracting média), even 
were there no other grounds for questioning his hypothèses. 

[148.] Saint- Venant now proceeds to deduce the exact wave- 
surface of Fresnel on the supposition that the vibrations are not 
accurately in the wave-front. He does this on the lines of 
Cauchy's memoir of 1830, but he does not assume rari-constancy 
and in many respects his method is an improvement on Cauch/s. 
This leads him to the foUowing inter-constant conditions; the 
stnicture of the ether being supposed to hâve three planes of 
symmetry and thus its elasticity to be represented by the nine 
constants of our Art. 117 (a) : 

(b^d)(c-d) = (d + dy, (c-ô)(a-e) = (6-he7 

(a-e)(6-/)(c-d) + (a-/)(6-d)(c-e) 

= 2(^ + ^0 (6 + (/+/') 
If the relations (xxxix) are satisfied we shall hâve Fresners 
wave-surface. If we make a = b = c we shall reduce thèse con- 
ditions to Green's, which are thus only a particular case of those 
of Cauchy and Saint- Venant, (pp. 398 — 406.) 

[149.] On pp. 406 — 411 Saint- Venant demonstrates that the 
relations (xxxix) give practically the same results as the ellipsoïdal 
distribution of (xxxvii). He supposes d/d' = i and then solves the 
first équation of both sets (xxxix) and (xxxvii) for d; let the values 
80 obtained be respectively d^ and d^. Then by a numerical 
calculation we reach the following results : 



...(xxxix). 
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If 6/c varies from 1*1 to 1"5, then for values of i between J 
and 2 the ratio of djd^ always lies between '98641 and •99962. 
In other words whatever the multi-<;onstant i is between thèse 
limits, the relations (xxxix) and (xxxvii) give practically the same 
value of d. 

Thus the Cauchy-Saint- Venant conditions correspond closely to 
the ellipsoïdal distribution, which is the distribution we should 
expect in a body like the ether originally isotropic, but, owing to 
its présence in the doubly-refracting nâedium, subjected to an 
initial state of strain. 

The fourth condition of (xxxix) m shewn to be very nearly true 
if the first three are satisfied (pp. 409 — 411). 

[150.] The objections to Saint- Venantes theory are given by 
Glazebrook (op. cit. pp. 172 — 3). They consist in: the difficulty 
of reconciling the théories of double refraction and reflexion so 
long as we suppose the latter to dépend " on diflference of density 
and not of rigidity in the two média," and the existence of the 
"quasi-normal wave." The latter objection is met by Saint- 
Venant with the arguments of Cauchy (see his pp. 411 — 13), and 
it does not seem insuperable; the former is in some respects 
serions, and is not discussed by Saint- Venant. At the same time 
we must observe that the ellipsoid-distribution to which the 
Cauchy-Saint- Venant conditions approximate does suppose a 
change in the elastic constant \yzyz\ owing to the isotropic ether 
being rendered aeolotropic in the doubly-refracting médium : see 
our Art. 143, équation xxxii. 

The whole subject is of peculiar interest apart from its bearing 
on the theory of light, as tending to introduce us by means of the 
elastic constants into the molecular laboratory of nature — indeed 
this is the transcendent merit of rari-constancy, if it were only 
once satisfactorily established ! 

[161.] Saint- Venantes fifth section (pp. 414 — 425) is entitled : 
Distribution, en divers sens, des modules ou coefficients d'élasticité 
définis à la manière de You/ng et de Navier. This is the détermina- 
tion of the stretch-modulus quartic as first given by Neumann 
(see our Art. 799*). It is shewn how this may be determined for 
multi-constancy, but it is pointed out that in the most gênerai 

7—2 
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case there will be a denominator of 720 terms in the constants, 
and Saint- Venant wisely contents himself with the case of three 
planes of symmetry and a 9-constant médium. 

The conclusions drawn as to the nature of the quartic and its 
spécial réduction to an ellipsoid, are ail treated with somewhat 
fuUer détail in the annotated Clébsch, and we hâve accordingly 
discussed them in our analysis of that work : see our Arts. 308 to 
310. 

[152.] We may note fchat Saint- Venant (pp. 424 — 6) attempts to 
apply the ellipsoidal distribution of elasticity, which leads to the 
ellipsoïdal distribution of stretch-modulus, i.& 

1 r* r* c* 



JjSr J^x J^y J^z 

to the case of wood, He appeals to Hagen's results (see our Art. 1229"^) 
and compares Hagen's empirical formula 



±-^^.JE^lvr / \ 

J^r ^x J^y 



with that given by the ellipsoidal distribution 



1 r* r' 

- "^"^ -^^^ {p). 



J^r V^ J^y 

He shews the theoretical impossibility of Hagen's formula, arising 
from the fact that if -£'«, = Ey, E^ is not equal to them, and endeavours to 
shew by curves that (jp) and (a) coincide within the limits of expérimental 
error. By graphical représentation of the curves it is seen that only 
the ellipsoidal distribution gives anything like a satisfactory theoretical 
as well as practical figure, and Saint-Venant concludes that, although 
proved for a différent kind of médium (see our Arts. 142 and 144), it 
may be practically of use in the case of fibrous material like wood. Later 
Saint- Venant saw occasion to alter this opinion; he treats this im- 
portant material very fully in the Leçons de Navier (pp. 817 — 26) and 
in the annotated Clebsch (pp. 98 — 110). Under the latter heading we 
shall discuss his more complète treatment of the subject : see our Arts. 
308 — 310. The memoir ends with the résimié to wMch we hâve before 
referred. 

[153.] Sur la détermination de Vétat d* équilibre des tiges élas- 
tiques à double courbure. Les Mondes, Tome 3, 1863, pp. 568 — 
575. This note was a contribution to the Société Philomathiqu£, 
August 8, 1863 ; see also L'Institut, 1863, pp. 324—5. 

Consider a rod of double curvature; let M^, M^, M^, be the 
moments of the applied forces about the tangent to the central 
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axis, the normal to the osculatîng plane and the principal radius 
of curvature. Let 7, 7' be the moments of inertia about the 
principal axes of the cross-section, and let e be the angle the 
radius of curvature p makes in the unstrained state with the axis 
of 7'; then Saint- Venant gives the two foUowing formulae, where 
€ is the incrément in e and hs is an élément of central axis : 



sme 



":l{^'»(^i^+^)"^n®^^^^^^^(7"r)r 



ds p 

Hence when ô = or 7r/2, or 7 = 7', e dépends only on Mp the 
moment of the forces round the radius of curvature. 

The second équation shews that the moment of torsion M^ is 
only constant when Mp=0 along the whole length of the wîre. 

Saint- Venant refers to the work of Poisson, Wantzel and Binet: 
see our Arts. 1599* — 1607*. He also reproduces the example of 
the Comptes rendus: see our Art. 155, and that of the horizontal 
semi-circùlar bar of rectangular cross-section built-in at both 
terminais and loaded at its mid-point used in the Leçons de 
Navier, p. cxxxiv, which bring ont clearly the need of taking into 
considération the angle e. 

Saint- Venant refers to Bresse : Cours de mécaniqvs appliquée: 
Résistcmce des matériaua^, 1859, p. 86, for a good investigation of 
the gênerai formulae for elastic wires of double-curvature when 
the shifts are small. 

[154.] Sur la théorie de la dovhle réfraction : Comptes rendus, 
T. 57, 1863, pp. 387—391. 

This is a note on a memoir by Galopin, and points out that 
there is no need to put the initial stresses zéro in the ether in 
order to obtain Cauchy's conditions for double refraction : see our 
Art. 148. The contents of this note are practically involved in 
the memoir of 1863 : see our Art. 127, and concern properly the 
historian of the undulatory theory of light. 

[155.] Sur les flexions et torsions que peuvent éprouver les tiges 
courbes sans qu'il y ait aucun changement dans la première ni dans 
la seconde courbure de leur axe ou fibre moyenne : Comptes rendus, 
T. 56, 1863, pp. 1150—54. See also L'Institut, Vol. 31, 1863, pp. 
195—6. 
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This memoir draws attention to the point consîdered by Saint- 
Venant in his mémoire of 1843 and 1844 ; see our Arts. 1698* and 
1603* ; namely the importance of taking into considération the 
* angle of torsion ' or angle between new and old osculating planes 
in dealing with the elastic equilibrium of wires of double-curvature. 
Saint- Venant brings out the importance by a good example, namely 
a curved wire turned upon itself so as to hâve the same curvature 
at each point of the central axis, but so that the naturally longest 
and shortest * fibres * interchange places. 

He points out that the stretch in a fibre distant z from the 

central axis is : 

z >/l/p' - 2/p/>o . cos€ + l^o^ 
where />, p^ are the new and the primitive radii of curvature and e 
the angle the new and old radii of curvature make with each 
other. In the example above referred to p = p^ and e = tt, so that 
the stretch becomes 

2z/p.. 

Generally when p = Pq, the stretch equals 

2z/p^,8m^€. 

In conclusion Saint- Venant refers to the contributions of 
Lagrange, Poisson, Binet, Wantzel and himself to the subject : see 
our Art. 1602* for références. 

[156.] Mémoire SK/r les contractions d'une tige dont ime extrémité 
a un mouvement obligatoire ; et application au frottement de roule- 
ment sur un terrain uni et élastique: Comptes rendus, T. 58, 1864, 
pp. 455 — 8. 

This memoir was written in 1845, and is an attempt to apply 

the theory bf elasticity to the phenomena of roUing friction. The 

chief results were published in the Bulletin de la Société Philomu- 

thique of June 21, 1845. The foUowing conclusions are given in 

the résumé in the Comptes rendus : 

On en déduit que le frottement de roulement sur un pareil sol est : 

V proi)ortionnel à la pression; 2** en raison inverse du rayon du cylindre; 

3" indépendant de sa longueur (ou de la largeur de jante, si c'est une 

roue); 4* proportionnel à la vitesse; ô*' d'autant moindre que le terrain 

, élastique est plus roide ou moins compressible. 

Saint- Venant remarks : 

Ces résultats sont d'accord avec un certain nombre d'expériences de 
Coulomb et de M. Morin. (p. 457.) 
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There is e^ gênerai indication of the method of treatment adopted 
in the original memoir, but it is not sufBcient to replace its 
analysis. The memoir itself appears never to hâve been published. 

157. Travail ou potentiel de torsion. Manière nouvelle d^ établir 
les équations qui régissent cette sorte de déformation des prismes 
élastiques. Comptes rendus, T. 59, 1864, pp. 806 — 809. Translated 
in the Philosophicai Magazine, January, 1865, pp. 61 — 64. 

In his memoir on Torsion Saint- Venant used one équation 
which holds at every point within a body, and one which holds at 
every point of the convex surface : see équations (vi) of our Art. 17 
on that memoir. In the présent paper Saint- Venant undertakes 
to obtain thèse équations simultaneously by the aid of the principle 
of Work. 

The potential of elasticity, that is to say the molecular work <^ 
which a deformed élément is capable of furnishing, is thus expressed for 
the unit of volume of the élément : 

Now the values of the component stresses S, îy, can, we know, 

be expressed as linear f unctions of the six strains 8^, «y, Sg, a-^g, (r^ (r^oy ; 
Bubstitute thèse values in <^, and we obtain an expression of the second 
degree in the strains, oonsisting of twenty-one terms. In the case of 
torsion which we are considering, the strains reduce to the two o-^^ 
and (Tfxga so that we hâve 

where /x, and /x, ai*e the slide-modali in the directions of y and z : see 
Art. 17 of our account of the memoir on Torsion. 
Now let M dénote the mom&nt of torsion so that 

Jf = /% dz(xzy- xyZ), 

Thus if the moment of torsion is measured by an angle t we hâve 

M - for the molecular work ; so that by equating the two expressions 

for this work we obtain 

^JJdy dz (ji^xy + H'/^xz) = irjjdy dz {^y -Tiz) (1). 

Now we assume that the body has three planes of symmetry perpen- 
dicular to the axes of a, y, z respectively ; so that 

du du 

also cr-q, = ^ - T2, ^«» = ^ "•■ ^» 

by équation (iii) of our Art. 17. 
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Substitute in the above équation (1) and we obtain 

--, - f du fckb \ du fdu \) ^ 

Integrate this équation by parts in the usual way, and it becomes 
/î* Ui {^ - T2;^ 008 {ny) + /*« T^ + '^ cûs (nz)\ ds 

-T//t.[,t,g:+^,J^](f3/(f« = (2); 

hère {ny) and {nz) dénote the angles which the normal to the surface 
at the point {x^ y, z) makes with the axes of y and z respectively ; and 
da is an élément of the curve of intersection of the body by a plane at 
right angles to the axis of x. 

If we equate to zéro the term in brackets in the double 
intégral we obtain the équation which must hold at every point of 
the interior ; and if we equate to zéro the term in brackets in the 
single intégral we obtain the équation which must hold at every 
point of the surface. 

But Saint- Venant does not explain why we must equate thèse 
terms separately to zéro; that is, he does not explain why he 
breaks up équation (2) into two équations. Moreover the whole 
process borrows so much from the memoir on Torsion that it has 
not the merit of being an independent investigation. 

Saint- Venant says : 

Or la deuxième et la première parenthèse carrée, égalées séparément 
à zéro... : 

by this he means the terms contained within the square brackets 
in (2). The English translation has very strangely "Now the 
squares of the second, and of the first parenthesis, each equated 
to zéro,..." 

[158.] A remark of Saint- Venantes on p. 809 may be cited : 

Le calcul du potentiel de torsion a aussi, en lui-même, une valeur 
pratique; car les ressorts en hélice, qu'on oppose souvent à divers chocs, 
travaillent presque entièrement par la torsion de leurs fils, ainsi que je 
l'ai montré en 1843, et que Pont ermarqué, au resté, Binet dès 1814, 
M. Giulio en 1840, et récemment des ingénieurs des chemins de fer. 

See our Arts. 175*, 1220*, 1382* and 1593—5*. The 1814 and 
the récemment (1864) mark the wide interval which too ofben 
séparâtes theory from practice ! 
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[15&.] Théorie de Vélasticité des corps, ou cinématique de leurs 
déformations. Les Mondes, Tome 6, 1864, pp. 607 and 608. If a 
body is deformed any small portion originally spherical becomes 
an ellîpsoid: see our Art. 617*. In the présent paper Saint- 
Venant undertakes to establish this proposition by simple gênerai 
reasoning ; the process does not seem very satisfactory. 



Section III. 

Researches in Technical Elasticity, 

[160.] Résumé des Leçons.., sur V application de la mécanique 
à rétablissement des constructions et des machines.... Première sec- 
tion. De la Résistance des corps solides, par Navier.... Troisième 

Édition avec des Notes et des Appendices par M. Barré de Saint- 
Venant. The title-page bears the imprint, Paris, 1864. A foot- 
note, however, on p. 1 tells us that pp. 1 — 224 appeared in 1857, 
pp. 225—336 in 1858, pp. 337—496 in 1859, pp. 497—688 in 
1860, pp. 689—849 in 1863, while the Notices et l'Historique, pp. 
i— cccxi, were finally added in 1864. Thus the whole work of 
more than 1100 pages oecupied some seven years in the production, 
and thus necessarily lacks somewhat of the unity which is to be 
met with in other treatises. Under the form of notes to a few 
sections of Navier's original work (see our Art. 279*), Saint-Venant 
has given us a complète text-book of elasticity from the practical 
standpoint. At the same time, by additional notes and appendices, 
he has rendered his text-book of surpassing historical value and 
physical suggestiveness. The leading characteristics of the book 
are simplicity of analysis and copiousness of référence. See Notice 
I., pp. 41 — 2 and Notice II., pp. 28 — 9. 

[161.] The cccxi. pages of introductory matter are oecupied 
with the foUowing subjects: Table of Contents, pp. i — xxxviii; 
Notice biographique sur Navier by de Prony extracted from the 
Annales des ponts et chaussées (1837, 1®' semestre, p. 1), pp. xxxix — 
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li ; the funeral discourses on Navier by Emmery and Girard, pp. 
li — liv : a bibliography of the works of Navier with copions remarks 
due to Saint- Venant, pp. Iv — Ixxxiii ; the original préfaces to the 
éditions of Navier's Zef orw published in 1826 and 1833; pp. Ixxxiv 
— xc ; and finally Saint- Venantes Historique abrégé des recherches 
sur la résistance et sur V élasticité des corps solides, pp. xc — occxi. 

[162.] The Historique abrégé is practically the only brief 
account of the chief stages of our science extant. Girard had 
written what was for his day a fair sketch of the incimdbula (see our 
Art. 123*), but it remained for Saint- Venant, without entering into 
the analysis of the more important memoirs, to describe their 
purport and relationship. It fulfils a différent purpose to our own 
history — for it makes no attempt to replace the more inaccessible 
memoirs — but as a model of how mathematical history should be 
written, we hold it to be unsurpassed, and can only regret that a 
récent French historian has not better profited by the example 
thus set*. 

We would especially recommend to the student of Saint- 
Venant's memoirs pp. clxxiii — cxcii, which treat of the relation of 
his own researches by means of the semi-inverse method to the 
work of his predecessors. The point we hâve referred to in our 
Arts. 3, 6, 8 and 9 is well brought out in relation to Lamé's pro- 
blem of the right-six-face. 

We will note one or two fnrther points of the Historique in the 
following five articles, 

[163.] On p. cxcviii in the footnote Saint- Venant gives the expres- 
sion for the work-fdnction in terms of the stresses when there is an 
ellipsoidal distribution of elasticity : see our Art. 144. He finds 

1+4 /^ pu ^\^ y^ — yyzz zs? — zzxx x^ — xxyy 
W^tttt:^ s-r- ( — -l-T- + -1 -I- 7n + ^ -I- 



'** yy zzy 

,a b 0/ 



2(2 + 3i)\a b c) 2bc 2ca 2ab ' 

where for isotropy t = XJfi and a* = 6' = c^ = /x. 

^ The essential featnie of scientîfic history is the récognition of growth, the 
interdependenoe of snccessive stages of disoovery. This évolution is excellently 
snmmarised in Saint-Venant's Historique. Our own * history' is only a biblio- 
graphioal repertorinm of the mathematical processes and physical phenomena 
which form the science of elasticity, as a rule for the purpose of convenience 
chronologioally gronped. M. Marie's Histoire des sciences mathématiques is a 
chronological biography, withont oompleteness as bibliography or repertorinm. 
Excellent fragments there are in it, but the conception of evolutionary dependence 
is wanting. 
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Generally : 

\jexxx\ = (2 4- i) a', \yzjfz | = 6c, I yvzz\ = ihCy 

I jrif«a| = (2 + î) C*, |«y«yl = OÔ, l*«wrl = tob. 

[164.] Pages cxcix — ccix deal with the history of the problem 
of rupture. According to Saint- Venant, two kinds of rupture may 
be distinguished : rupture prochaine and rupture éloignée. The 
former falk outside the theory of 'perfectly elastic* bodies, the 
latter he tiiinks may be deduced from the hypothesis that 
when the limit of mathematical elasticity îs passed, — i.e. when 
•the stretch is greater than the limit at which stretch remains 
whoUy elastic and proportional to traction, — then the body 
will ultimately be ruptured if it bas to sustain the same load. 
The reader who bas foUowed our analysis of the state of eaae 
and the defeot in Hookés Law given in the appendix to 
Vol. I. and also our Arts 4 (7) and 5 (a) in the présent volume 
will recognise that this hypothesis bas only a small field of 
application. What we bave really obtained is a limit to linear 
elasticity. It is the more important to notice this because Saint- 
Venant argues that we must take as our limit the maximum 
positive stretch, for, as Poncelet has asserted: *'que le rapprochement 
moléculaire ne peut être une cause de désagrégation*' (p. cci). It is 
probably true that rupture can only be produced by stretch, but 
squeeze can surely produce failure of linear elasticity when the body 
is so loaded that no transverse stretch is possible. Hence when 
Saint- Venant introduces the stretch and slide-moduli into bis con- 
dition for safe loading and so makes it a question of linear elasticity, 
it seems to me that he ought at the same time to alter bis statement 
as to the greatest positive stretch being the only quantity we are 
in search of. Indeed, bis condition seems partly based upon an 
idea associated with rupture, and is then applied to constants and 
équations deduced from the principle of linear elasticity (see his 
p. ccviii, § XLVni.). The limitations to which his theory is sub- 
jected were, however, partially recognised by Saint- Venant himself 
(see his pp. ccv — vii). Thus he writes : 

Nous ne prétendons pas, au reste, qu'une théorie subordonnant 
uniquement le danger de rupture d'un solide à la grandeur qu'atteint 
une dilatation linéaire n'importe dans quelle de ses parties, et indépen- 
damment des autres circonstances où il se trouve en même temps, soit 
le dernier mot de la science et de Part. 
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He refers on this point to the expérimenta of Easton and 
Amos : see our Art 1474*. 

[165.] Pages ccxiv — xxiv deal with the problems of resilience 
and impact. 

In the footnote p. ccxvii, there is an errer in the intégral of the 
équation ^ = ^cosa-^» there given. It should be 

»=/coBa+ V f^-ïàn f^^t-fooAaGOA nj %^* 

ïhe error was noted by Saint- Venant himself in a letter to the 
Editer of this History, August, 1885. 

On p. ccxxii and footnote there should hâve been a référence 
to Homersham Cox with regard to the factor A? = 17/35. His 
memoir of 1849 (see our Art. 1434*) seems to bave escaped Saint- 
Venant's attention. 

A further considération of the effect of impact on bars when 
the vibrations are taken into account occurs on pp. ccxxxii — viii, 
and then foUows (pp. ccxxxix— xlix) an account of Stokes* problem 
of the travelling load (see our Art. 1276*). Saint- Venant refers 
to the researches of Phillips and Renaudot, but his account wants 
bringing up to date by référence to more récent researche& 

[166,] On pp. ccxlix — ccliii Saint- Venant refers to the rupture 
conditions given by Lamé and Clapeyron and again by Lamé for 
cylindrical and spherical vessels. It seems to me that he bas not 
noticed hère that thèse conditions are, on his own hypothesis of a 
stretoh and not a traxii(m limit, erroneous : see the footnotes to our 
Arts. 1013* and 1016*. 

[167.] Afber an excellent and succinct account of the course 
of the investigations of Euler, Oermain, Poisson, Eorchhoff &c. with 
regard to the vibrations of elastic plates (pp. ccliii— cclxxi) the 
Historiqtfs closes with two sections LXI. and LXII. (pp. cclxxi— cccxi) 
on the experiments made by technologists and physicists previously 
to 1864 on the elasticity and strength of materials. Good as thèse 
pages are, they are insufficient to-day in the light of the innumer- 
able experiments of first-class importance made during the last 
twenty years. 
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[168.] In considering Saint- Venantes édition of Navier we 
shall leave the original text ont of considération, and note only 
those points of Saint- Venantes additions (ten-fold as copions as the 
original text) which présent novelty of treatment or resuit. We 
put aside ail matters already discussed in the memoirs on Torsion 
and Flexure. Those memoirs are hère to a great extent embodied, 
their processes simplified and their results extended. 

[169.] (a) On pp. 2 — 3 we find Saint- Venant basing the theory 
of elasticity on the principle of a central inter-molecular action 
which is a function of the distance. 

(6) On p. 4, § 6 we hâve écrouùsage and énervatian defined. 
Thèse définitions are rather theoretical than practical. Thus 
Saint-Venant defines as écrouùsage the arrangements taken by the 
molécules of a body when they pass by changes which are persistent 
from a less to a more stable condition of equilibrium, as énervation 
the arrangements when they pass to a less stable condition. It 
will be noted that the physical characteristics of set, yield-point 
and plasticity are not clearly brought out by thèse defiuitions. 

(c) Pp. 6 — 14 treat of rupture by compression. Saint- Venant 
rejects the theory of Coulomb (see our Art. 120*) as giving a stress 
not a stretch limit. He adopts that of Poncelet, who in 1839 in a 
course given at Paris, ascribed rupture by compression to the 
transverse stretch which accompanies longitudinal squeeze (pp. 6 
and 10, and compare with footnote p. 381). That short prisms of 
cast iron, cément &c. often take 8 to 10 times as great a load to 
rupture them by négative as by positive traction and not the 4 
times of the uni-constant theory, is attributed not to bi-constant 
isotropy but to terminal friction which hinders the latéral ex- 
pansion, or to want of isotropy (pp. 10 and 12). Such rupture, 
however, really lies at présent outside theory. 

(d) On pp. 15 — 19 we hâve the generalised Hooke's Law and 
the définition of the stretch-modulus (E) and the stretch-squeeze 
ratio (t)). Saint- Venant remarks, that theoretically 17 = i (i.e. on 
the uni-constant hypothesis), that Wertheim finds it differs little 
from ^, and that it can never be > ^ as otherwise a traction would 
diminish the volume of a prism of the given substance, "ce qui 
rCest pas supposable!' There is no further reason given why we 
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cannot suppose the volume to diminish. We may, however, look 
at the matter thus : 

Let ^ = the ratio of the slîde-modulus to the dilatation coefficient 
(= fi/\), then (Vol. i. p. 885) : 

Hence, since ^ is necessarîly positive, we must hâve E/fi > 2 and < 3 
(the mean of thèse gives the uni-constant hypothesis JS/fi = 5/2). But 

i; = ô 1> or ly can only hâve values from to J. 

This proof holds only for an isotropic material. In the case of 
an aeolotropic material it does not seem obvions why a longitudinal 
stretch should not produce a négative dilatation. The ratio of dilatation 
to stretch 



8x 



and in the case of wood the values obtained for rj^ rj^ would seem to 
give this a négative value, for they are > ^. Saint- Venant admits later 
this possibility : see his pp. 821 — 2. Hence any set of experiments 
which give values for 17 > ^ may be taken to dénote that the material in 
question is not isotropic and homogeneous. 

(e) On pp. 20 — 21 it is suggested that for some substances 
it is advisable to consider the stretch-modulus E as varying over 
the cross-section of a prism. Saint- Venant refers to the experi- 
ments on this point of Collet-Meygret and Desplaces : see our 
Chapter XI. He also regards Hodgkinson's experiments as lead- 
ing to a like conclusion notwithstanding a spécial experiment to 
the contrary : see our Arts. 952* (iii), 1484* and références there. 
We thus hâve the formula 

P, = sJE^dœ 

put forward by Bresse, where P, is the total traction in a prism 
stretched 5, in the direction of its axis x, and (fE^d(û)/(0 is the 
mean value of the stretch-modulus over the cross-section œ. For 
metals coulés ou laminéSy where on the latéral faces there is a surface 
or ahin change of elasticity, Saint- Venant would take : 

P. = 5. (^,û) H- €x), 

X étant le périmètre de la section supposée diminuée d'un à deux 
millimètres tout autour, afin de représenter le développement moyen de 
la croûte douée généralement de plus de roideur et de nerf que le reste ; 
et ^0 ot 6 étant deux coefficients à déterminer par les méthodes connues de 
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compensations d'anomalies en faisant des expériences d'extension sur 
des barres ayant des grosseurs ou des formes sensiblement différentes 
(p. 21). 

(/) Saint- Venant returns to this same point on pp. 42 — 44, 
and pp. 116 — 118 when treatîng of the problem of flexure. In 
the former passage, Saint- Venant gives reasons for adopting in the 
case of métal a sMn change only in the elastic-modulus. He pro- 
poses the formula 

for the bending-moment, 1/p being the curvature, I the moment of 
inertia of the section, and i that of its contour, or rafcher of the 
mean line of the skin zone (ligne qu'on peut placer à 1 ou à 2 milli- 
mètres à rintérieur). E^^ and e are to be determined by experiments 
on the flexure of bars of the given material but sensibly dififerent 
in size and form. 

In the case of wood. Saint- Venant, referring to the experiments 
of Wertheim and Chevandier (see our Art. 1312*), adopts a para- 
bolic law for the variation of the stretch-modulus. Let E^ and E^ 
be the moduli in the direction of the fibre at the centre (r = 0) and 
circumference (r = rj of the tree, then at any other point (r) we 
hâve 

Saint- Venant détermines the value oi jEy^dcù — i.e. the * rigidity ' — 
for a bar of rectangular cross-section (6 x c) whose centre of gravity 
was, before it was hewn, distant r^ from the centre of the tree 
(p. 44). 

In the second passage to which I hâve referred the rupture 
condition (rather the failure of linear elasticity) is deduced from 
the like hypothesis of skin-change. Saint- Venant obtains a formula 

^•=§(^<^+^')' 

where M^ is the maximum bending moment which will not cause 
the elasticity of a 'fibre' at distance y from the neutral axis (where 
the stretch-modulus = E) to fail by giving it a greater stretch than 
TJE, We hâve then to find the fibre for which TJEy is smallest. 

Si l'on a des raisons de penser que c'est la fibre la plus dilatée 
comme quand la matière est homogène, ou que la contexture hétérogène 
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est telle que le rapport TJE varie moins que y, l'équation sera, en 
désignant comme à Fordinaire par y' la grandeur de Tordonnée de cette 
fibre, et par E\ T'^ les valeurs correspondantes de Ey T^^ ; 

j^_E,TJ er,i 

ou bien, C et c désignant deux constantes dépendant comme E^ et e de la 
nature de la matière et de son mode de forgeage ou de fusion, 

M.^GJI^^cili/. 

Saint-Venant calculâtes the value of M^ for a rectangular 
section, and also deals with a similar expression for the case of 
the wood prism referred to above ; see his pp. 117 — 8. 

(g) In §§ 8 — 12 (pp. 22 — 26) the reader will find some account 
of the behaviour of a material under stress continued even to 
rupture. This account was doubtless for the time succinct and 
good, but there are several points which could only be accepted 
now-a-days with many réservations. For example the statement 
(§11): Le calcul théorique est tovQours applicable pour limiter les 
diUxtations et établir les conditions de résistance à la rupture 
éloignée — is one which requires much réservation, We hâve seen 
in Vol. I. p. 891 that a material may be in a state of ease and y et 
not possess linear elasticity for strains such as oflen occur in 
practice. Further that even when there is linear elasticity its 
limit can often be raised without enervation almost up to the yield- 
point, where one exista. Hence when Saint- Venant takes s^ to 
be the stretch at which material ceases de s'écrouir et commence à 
s* énerver y ce qui se manifeste par la marche des allongements per- 
sistants, and puts Pq = or < Eods^ as the safe tractive load — where 
E is the stretch-modulus and œ the sectional area — we find some 
diflSculty in ascertaining what limit s^ really represents. In most 
cases before enervation begins, linear elasticity will be long gone, 
and ail the formula really can tell us is the stage at which linear 
dasticity faits \ this fail-limit may be very far from the yield- 
point, and in some materials very fisu: indeed from the elastic limit. 

Saint- Venant refers to the ' fatigue ' of a material due to re- 
peated loading and to the question whether vibrations can change 
the molecular structure from fibrous to crystalline (see our Arts. 
1429*, 1463* and 1464*). Thèse are points on which we know 
to-day a good deal more than was accessible in 1857. 
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[170.] Article III. is devoted to the flexure of prisms and 
commences with a criticism of the Bernoulli-Eulerian hypothesis 
as expounded by Navier. Saint- Venant shews with the simplest 
analysis that the cross-sections neither retain their original contour 
(not even in the simple case of * circular ' flexure, § 3, p. 34) nor 
their original planeness (§ 4, pp. 36—9). To § 6, p. 40 — 2, we hâve 
already referred when dealing with the question of equipoUent 
load-systems in Art. 8 of our account of the memoir on Torsion. 

[171.] Pages 52 — 58 of this Article reproduce with some 
important additions the formulae of Art. 14 of our account of the 
memoir on Torsion. Saint- Venant proves the following results for 
the case when the load plane is not a plane of inertial symmetry : 

(a) The neutral iine^is the diameter of the ellipse of inertia 
conjugate to the trace of the load-plane on the cross-section, (This 
theorem was given by Saint- Venant and Bresse about the same 
time : see our Arts. 1581* and 14.) 

(6) The ' déviation * or angle between the load- and flexure- 
planes is a ma^cdmum when the former has for trace on the cross- 
section a diagonal of the rectangle formed by the tangents at the 
extremities of the principal axes ofthe ellipse of inertia. 

A good illustration of a simple kind shewing the déviation is 
given in § 7, p. 57. 

[172.] The notes on pp. 73 — 85 deal with the elastic Une 
when the flexure is not so small that we may neglect the square of 
the slope which the elastic Une makes with the unstrained position 
of the central axis. The results hère given express the maximum 
deflection and terminal slope in séries ascending according to 

powers of . ,\.^ — - , further the load and maximum stretch 

^ ngidity 

^ j. n max. deflection , ^ „ ., 
in senes of ascending powers of , and finally tne 

stretch-modulus in terms of max. deflection, span and load. 
Saint- Venant in Notice I. (p. 42) claims some originality for 
thèse results. This I think can only refer to the convenient form 
into which he has thrown them : see our Art. 908*. 

S.-V. 8 
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[173.] Article IV. (pp. 86 — 186) is entitled : Rupture .par 
Flexion, 

This practically deals wîth the formula for tlie maximum 
moment 

where h îs the distance of the 'fibre' most stretched from the 
neutral axis* and totc* the sectional-moment of inertia about that 
axis. The question then arises : what is T^ ? Saint- Venant holds 
that if Tq be the stress at which ener'vation commences, we hâve 
in reality a condition for the safety of a permanent structure. This 
involves the enervation-point heing very close to the limit of linear 
eldsticity. In many materials this is certainly not the case, even 
were it possible to define exactly this enervation-point, We must 
treat the résulte of this article as applying only to the fail-limit, 
i.a the failure of linear elasticity (p. 91). Saint- Venant indeed 
fuUy recognises that the formula does not give any condition for 
immédiate rupture, and that no argument against the mathematical 
theory of * perfect elasticity ' can be drawn from experiments on 
absolute strength. He states clearly enough that for bearas of 
varions sections, for which œx^/h retains the sarae value, T^ varies 
with the form of the section and is greater than, even to the double 
of, the value obtained from pure traction expérimenta (this is the 
well-known *crux* which the technicists raise against the mathema- 
ticians) : see his pp. 90, 91. Yet it seems to tne that even the 
extent to which he adopts the formula is not valid. It only gives 
the fail-limit, which in some cases, perhaps, may indicate rupture 
éloignée. 

[174.] On pp. 95 — 101 our author treats of 'Emerson's 
paradox ' or the existence of ' useless fibres '. In other words, 
the expression œ/c^/h can be occasionally increased by cutting 
away projecting portions of œ. 

We hâve the cases of beams of square, triangular and circular 
cross-sections fuUy treated, as well as that of the croix d'équerre, 

^ We use * neutral aa;« * for the trace of the plane of nnstraîned * fibres ' on the 
cross- section, wbile we retain * î^gn^^ jittf * for the snocession of points in the plane 
of flexnre throngh which pass rea^rimaginary éléments of unstretched fibre. It 
wiU only coïncide with the ' elastic Une ' or distorted central axis when there is no. 
thrust. 
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The elastic failure of such oiiter fibres does not however dénote that 
the truDcated section possesses greater strength than the complète 
section, as Emerson argued from the formula, Kennie confirmed 
and Hodgkinson refuted by experiment: see our Arts. 187* and 
952* (îi). Saint- Venant very aptly tenus tbem fibres inutiles, 
We may indeed calculàtê the maximum elastic efficiency of such 
sections by supposing them truncated till cd/c'/A is a maximum, 
but the différence is generally so small as not to repay the labour 
of calculation, albeit it suggests a method of economisîag material. 

[175.] Pages 103 — 105 treat of the obscure point of how to 
détermine the value of T^ in the forn^ula of Art. 173, so that 
there shall be no danger' of ru/pture éloignée. Saint- Venant 
apparently recognises that the exact point at wl^ich enermtion 
begins is difficult to discover experimentally, especially when 
the duration and répétition of loads hâve to be taken into account 
(p. 105). 

Let Tqj Tq be the stresses which in positive and négative traction 
respectively mark the limit of ruphi^e éloignée ; let T^, T^ be the oorre- 
sponding easily discovered stresses which mark cohésion instcmtanée. Then 
Saint- Venant observes that we may leam from previous constructions and 
from our expérience of structures submitted to long use what fraction 
Tq is of Tif and that we are justified in taking for the scrnie kind of 
material, even in its several varieties, a constant ratio between Tq and 

On n'aura pas pour cela la dilatation limite Sq^TJB égale au 1/6 de la 
dilatation ûnaîe positive ou négative, puisque la proportionalité des efforts 
aux effets cesse longtemps avant. Mais on aura un certain rapport aussi à 
peu près constant entre ces deux dilatations (p. 106). 

Saint- Venant even suggests (p. 107) that T^^ may be taken proportional 

to the T chtained from the formula P = ^ . 7 . -=- where P is the concen- 

C à 

trated mid-load which will rupture immediately a bar of length l 
terminally supported. As the T obtained from this formula when used 
for rupture is found to be a f unction of the section, this suggestion «eems 
to me a dangeroos one. 

[176.] On p. 109 (§ 13) a formula is given for finding Tq' when T^ 
is known. Suppose that the material is a prism with longitudinal stretch- 
modulus Uf and that B^ is the same modulus for aU directions trans- 
verse to the axis; let T^t and Tif be the limiting elastic and the 

8—2 
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rupture stresses when the materîal sustains a tractive load in the 
transverse sensé, 17 the stretch-squeeze ititio. Then : 

T 

-^ = stretch in transverse direction due to ^0 « > 

l T 

— ^ = squeeze in longitudinal direction..., 

l T 
E — J^* = sale lirait to négative traction in longitudinal direction. 

Thus we must hâve : 

1 T 

hencG T^__IE^T^ 

Now by what précèdes, Saint- Venant holds that we can legitimately 
replace To^t/^o by T^t/Ti, a ratio easily found from rupture experi- 
ments, thus : 

In the case of isotropy ^1,^ = ^1, E = E^ and thus on the uni- 
constant hypothesis we should hâve T'q/Tq = l/iy = 4. 

Saint- Venant finds from expérimente of Wertheim and Ohevandier, 
that for oak ^y^o = 1*21 or 1-08 ; for cast-metals he suggeste 3, for stone 
8 to 10, and for wrought iron 2. He holds the value 6 as obtained by 
Hodgkinson for cast-iron much too large to be prudently adopted, and 
discusses at some length Hodgkinson's expérimente on the beam of 
strongest section : see our Art. 243*. 

Finally we may note that on p. 115, he states that for différent 
varieties of the same material it is more legitimate to take Tq proportional 
to ^of the formula of Art. 175, than to the stretch-modulus as some 
wiiters hâve done. 

[177.] Pp. 122 — 171 are occupied with what is generally 
known as the comparative strength of beams of various sections — 
in reality it is the failure of linear elasticity and not strength 
with which we are dealing. 

(a) On pp. 123 — 5 we hâve the faillirait deterrained for cases of 
loading in planes of inertial asyraraetry. The formula of our Art. 14 
namely : 

Mf. = minimum of . ^ , 

z cos <f> y sin 

2 s 

we find repeated. 
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Wben, as in ihe case of a rectangular section, «, y hâve values independent 
of ^ corresponding to a maximum of the denominator, we find at once 






V 

Saini-Yenant applies thèse results to rectangular and elliptic 
sections. 

(6) On pp. 143 — 156 we hâve a very full investigation of the 
X-section with spécial référence to Hodgkinson's section of greatest 
strength. Although Hodgkinson's experiments were made on ahaolute 
strength, Saint- Venant finds that his results are true for the fail-limit 
{rupture éloignée). The gênerai conclusions given on p. 155 are : (1) 
When Tq is sensibly greater than T^ the X-section with unequal flanges 
has a higher fail-limit, but a less résistance to flexure, than one with 
equal âanges, provided the squeeze of the smaller âange is not 
accompanied by latéral stretches more dangerous than the longi- 
tudinal in the larger ûange, nor the smaller flange reçoive latéral 
flexure (buckle) owing to its compression. (2) When the height of 
the section is increased by '4 to '7 of itself we obtain for the same 
area a X-section of equal flanges with a higher fail-limit than one 
of unequal flanges and the lesser height; at the same time the 
résistance to flexure is largely increased. Such increase of height, 
however, iucreases the possibility of déveraeTn&rU being produced by a 
slightly oblique load and facilitâtes the latéral flexure of the squeezed 
flange. 

(c) On pp. 156 — 163 we hâve a discussion of the fail-limit of 
fecUhered aacea. Saint- Venant shews that their advantages are not so 
great as has been frequently supposed, while as we hâve seen (Art. 37) 
in the case of torsion they give no increased résistance worth mentioning. 

[178.] The next point we hâve to notice is one of considérable 
interest and has recently been again attracting the attention of 
the technicists\ It is the calculation of the absolute strength 
from an empirical relation between stress and strain supposed to 
hold nearly up to rupture. That strain increases more rapidly 
than stress afber the beginning of set even up to rupture had been 
long noticed by experimentalists, and varions modifications of 
Hooke's Law had been suggested by Varignon, Parent, Bulfinger 
and Hodgkinson : see our Arts 13*, 29 ^8*, 234* and 1411*. There 
has been, however, considérable obscurity about the various 
empirical formulae suggested, and they hâve only been applied to 
the old BemouUi-Eulerian theory of flexure with its unchanged 

^ See the discussion and références in Stabilité des Comtructims : Résistance 
des Matériaux by M. Flamant, pp. 322 — 9, and also in the Engineer, Vol. lxii., 1886, 
pp. 361, 392, 407. 
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cross-sections. To begin with, they can hardly be taken as ap- 
proximate for any material having a distinct yield-point ; nor in 
the second place is it clearly stated how far they represent stress- 
strain relations for bodies whose elasticity is non-linear, or how far 
elastic-strain and set are to be treated as coexistent. 

Saint-Venant after citing Hodgkinson's formulae (see our Art. 1411*) 
takes by préférence the following for the positive and négative tractions 
Pu JPa &t distances yi, y^ from the neutral axis of a beam under flexure : 

where F^ P^ are the tractions at distances Fj, Fj from the axis, and 
nhiy m^ are constants. On p. 177 traces of the cunres for p in terms of 
y are given for values of m from 1 to 10, and they are compared with 
the curves obtained from Hodgkinson's formula. 

It will be observed that the difficulty of stating exactly the 
physical relation between stress, elastic-strain and set is avoided 
by an assumption of this kind. There is, however, another assump- 
tion of Saint- Venantes which does not seem whoUy satisfactory. 
He States it in the following words : 

Observons d'abord que lorsque la dilatation d'une fibre a atteint sa 
limite, comme une faible augmentation qu'on lui fait subir produit la 
rupture ou bien fait décroître très-rapidement sa force de tension, il est 
naturel de regarder la courbe des tensions comme ayant à l'instant de la 
rupture sa tangente verticale ou parallèle à l'axe coordonné des y, 
d'autant plus que cet instant a été précédé d'une énervation graduelle 
(pp. 180—1). 

This paragraph assumes that for the material dealt with the 
rupture stress is an absolute maximum^ but in several automati- 
cally drawn stress-strain relations which I bave examined this does 
not appear to be the case (see VoL i, p. 891), and at any rate 
in some materials it could only refer to the maximum stress 
before stricture and not to the rupture-stress. 

On pp. 178 — 184 the case of a rectaugle is treated at some length. 
Saint-Venant obtains gênerai formulae on the supposition that the 
curves for négative and positive traction coïncide at the origin, i.e. on 
the supposition that the stretch- and squeeze-moduli /cfr very small 
strains are equal {miP-^IYi = miPJY^, The limiting value of the 
bending moment is then calculated. 

In § 3 varions values are assumed for m^ and m^; in particular 
if TTii = 97^= 1, it is shewn that to make the initial stretch- and squeeze- 
moduli unequa] is to increase the résistance to rupture hyflexwre* 
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In the case of m^ = 9na, Pj = Pj, Fj = Y^ we easily find for a rect- 
angular crosa-section (b x c) : 

^0=^0- 6 •2(m + l)(m + 2)' 
which increases from -ff« -g- to i?.-- as ^ increases from to oo . 

If we take m^ = 1 and m^ any value, we obtain a more complex 

yalue for Jf©, which increases with rOi from R^-^toR^-çr , Thus in ail 

o ^ 

cases the value lies between those given by Galilei's theory and by the 
ordinary BemouUi-Eulerian hypothesis. 

Saint- Venant does not venture into the analysis required to déter- 
mine how the constant n given by M^ = n RJx^j^ varies with the shape 
of the section, which must be the true test of any theory of this kind, 
i.e. the constant m must be found to hâve the same value for ail 
sections. 

[179.] Saint- Venant gives on pp. 186 — 204 an excellent 
elementary discussion of slide and shear ; on pp. 206 — 214 a like 
discussion of the efifect of slide in changing the contour and shape 
of the cross-sections of a beam under flexure. The method of 
treatment is very simple, and by the considération of a spécial case 
the action of the slide is well brought out. 

[180.] Pages 216 — 237 are devoted to combined strain, flexure, 
stretch due to pure traction and slide. The fail-limit is deter- 
mined by simple geometrical considérations, and the examples, 
chosen from those of Chapters xiL and xiiL of the memoir on 
Torsion (see our Arts. 50 to 60), are treated with considérable 
numerical détail. The example on the combined flexure and 
slide exhibited by the strained axis of a puUey is new (p. 234). 

[181.] On pp. 239 — 271 the gênerai équations of torsion are 
deduoed. The treatment is in some respects better than in the 
memoir of 1853. W^ may note a few points : 

(a) Pages 240 — 242 give a fuller discuission of the résistance to 
torsion due to longitudinal stretch of the * fibres * : see our Art. 51. 

(6) Pages 244 — 5 (§ 4). Elementary proof that the cross-sections 
of ail prisms, except the right-circular cylinder, are distorted by torsion. 

(c) Pages 261 — 2. The expressions jxidia and JxzcUa = for every 
section of a prism under torsion. This is true whether or not the axis 
of torsion passes through the centre of the section, supposing it to hâve 
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ODe. Saint-Venant had only treated of this matter in the case of 
the elliptic section (§ 59 of the memoir on Torsion : see cor Art 22). 
Â. gênerai proof is hère giren in a footnote. 

(d) In § 15, pp. 264 — 7, we hâve a foller treatment than occurs in 
the memoir on Torsion of eccentric torsion, or torsion abont ani/ axis 
parallel to the prismatic sides. Taking the eqnations of torsion for an 
isotropic matenal (équations vi of Art. 17) : 

(Ug + ry) rfy - {u^ -rz)dz = 0, 

for which the origin lies on the axis of torsion, let us put y' = y + 17, 
sf = z + iwe find rj and { being constants : 

Uj^j^ + w^^ = 0, 

Thèse équations hâve for solution 

where u' is the value of u when 1; = f = 0, or in other words the shift 
when the torsion opérâtes round an axis through the new origin. The 
shifts u' and u giving the dîstortions in the two cases differ only by 

or the two distorted surfaces are superposable bj rotating the one 
through small angles ny and - rf round the axes of y and z respec- 
tively. 

are equal for the same points. Thus it foUows that the torsional couple 
will in both cases be the same. 

Saint-Venant then shews how bj placing two prisms of equal cross- 
sections with corresponding Unes parallel, and iîxing their terminal 
faces 80 as to remain parallel after torsion about a mid-axis, we can 
obtain eccentric torsion. The torsional couple will be just double of 
that obtained from the simple torsion of either. Their axes it is true 
will be bent into hélices, but the bending introduced is a small quantity 
of the second order in the torsion. 

(e) In § 17 (pp. 268 — 71) we hâve an investigation of the 
maximum-slide and the fail-points. We cite the foUowing passage: 

Si (Ta,* \<rx^ 1© plïis grand glissement principcc^ croissait toujours de 
rintérieiir à Textérieur de la section pour chaque direction, ce serait 
constamment sur son contour qu'il faudrait chercher les points dan- 
gereux. Mais nous savons qu'il y a souvent des points du contour où le 
glissement est nul, et il peut y avoir, dans l'intérieur, quelque point de 
maximum absolu de c^^ (quoique cela ne se soit présenté dans aucun des 
exemples ci-après traités); et il n'est pas impossible que ce maximum 
excède toutes les valeurs de o-/ relatives aux points du contour (p. 269). 



or the slides determined for either axis 
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We hâve then an analytical investigation of the fail-points, 
which suggest^ a gênerai method of investigation adopted in the 
sequel for the spécial cases. This method avoids the ambiguitîes 
of some of the paragraphs on this subject in the memoir of Torsion : 
see our Arts. 39 and 42. 

[182.] Pages 271 — 372 treat very thoroughly of the torsion- 
problem. They reproduce to a great extent the formulae and 
tables of the memoir on Torsion, but at the same time make 
fréquent additions and improvements. We may note the folio wing: 

(a) Eccentric torsion of a right-circular cylinder. The coordinates 
of the centre referred to the axis of torsion being rj^ f, we find with 
the notation of our Art 181 {d), a being the radius : — 

w = T(Cy-i?«), 

/•« a' 

while M=fiTJ f^diû = /atco . ô") ^ iu the case of central torsion. 

(b) A fuller treatment of the prisms whose cross-sections are 
included in the équation : 

— + a^î^ cos 2<l> + a^i4 cos 4^ = const. (See our Art. 49 (c).) 

The most înteresting of the cross-sections included in this équation 
is entitled by Saint- Yenaut : Section en double spatule ancdogue à celle 
d!wa rail de chemin de fer (p. 365). It has the shape given in the 
accompanying figure. 




case of c = hjb 

See pp. 305—307, 312—317, 325—335. 

(c) The accurate investigation of the fail-points for the bi-symmet- 
rîcal curves of the 4th and 8th order; see pp. 308 — 312, 339 — 341. 
Cf. our Arts. 37 and 39. 

{d) In a foot-note to p. 335 Saint-Venant treats a spécial case of 
the curve of the fourth degree 

t±^^a^{f^^) + a, (2^-62/^» + «*) = const. 
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By taking a» = - \lJ% «4 = 2 (^2 - 1)/^ and the constant = 0, we 
obtain an isosoeles triangle having for base a portion of the hyperbola 

^=6^/4 +(^2 - 1)'^' and for aides lines making with the bisector of the 

base angles whose tangent =,^2 — 1. The length of the bisector 

from vertex to hyperbolic base is then 6/2. The torsion takes place 
round an axis through the vertex. Saint- Venant finds approxûnatelj, 

if =. 56702 /itTOMc», 

This value agrées very closely with that of the equilateral triangle : 
see our Art. 41. 

[183.] Pages 372 — 460 deal with the conditions for résistance 
to rupture éloignée under simultaneous torsion and flexure. 
Most of this matter had already been given in Chapters xii. or 
XIII. of the memoir on Torsion ox in the memoir on Flexure: 
see our Arts. 50 — 60 and 90 — 8. One or two points may be 
noticed : 

(a) In the memoir on Torsion Saint- Venant when seeking for 
the &il-limit neglects as a rule the flexural slides (see our Art. 56, 
Case (iii) etc.). Hère he commences with an investigation of the 
values of thèse slides. The approximate methods of Jouravski and 
Bresse for obtaining the slide in a beam of small breadth are con«- 
sidered (see our Chapter xi.), and are applied to the rectangle, 
ellipse and X-cross-sections. A footnote gives the value of the 
slide in the same approximate manner for an isosceles triangle. 
See pp. 391 — 8. But the expressions thus obtained are not exact, 
and in a considérable number of cases differ sensibly from the real 
values, especially when the section has a measurable breadth per- 
pendicular to the load plane. The expressions found by Jouravski 
and Bresse give the total shear upon a strip of unit-breadth 
taken on a section of the beam perpendicular to both the cross- 
section and the load plane, but they do not détermine how such 
shear is transversely distributed, still less the magnitude of the 
maximum slide on the cross-section. Saint- Venant then proceeds 
as in the memoir on Fleœure to deduce exact expressions for the 
flexural slides (pp. 399 — 414). The notation used diflters from 
that in the original memoir. The reader will find the two nota- 
tions placed side by side in the footnote, p. 405. The treatment 
in the Leçons de Navier is shorter ànd not nearly so complète as 
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in the memoir. The diagrams reproduced in our firontispiece are 
given in a footnote on pp. 410 — 12 : see our Artô. 92 and 97. 

(6) Pages 414—60 are" occupied with combined flexure and 
torsion in those cases where we may neglect the flexural slides. 
Tbey reproduce with some modifications ànd extensions the results 
of Chapter xii.of the Torsion memoir. There is a good summary 
on pp. 453 — 9. 

[184.J On pp. 461' — 9 Saint- Venant treats of rupture (ruptitre 
immédiofte) by torsion. 

(a) He shews that the moments capable of producing rupture are 
for similar sections as the ctcbea of their homologous dimensions. A 
footnote (p. 463) refers to Vicat's experiments which apparently con- 
tradict this restdt; see our Art. 731*. Saint- Venant attributes this 
divergence to flexure having taken place in the short prisms of plâtre 
and briqiie ente used by Vicât. 

(b) In § 61 (p. 464) Saint- Venant endeavours to find the absolute 
strength of a circukr prism (radius a) under torsion by the assumption 
of an empirical formula, similar to that of our Art. 178, for the shear q 
at distance r from the axis of torsion. Kamely : 



-«[-(■-Dl 



where Q is the shear at distance &, and m is a constant. 

We are only told in favour of this formula, (1) that for small values 
of r and for very small shears q is proportional to r and thus to the 
slide, (2) that q increases less rapidly than r, or the slide, when the slide 
becomes greater. 

If Si be the rupture shear and correspond to r = a, we hâve 

G-iS^{l-(l-a/6)«}. 

Then, introdacing the same sort of ^uestionable condition as in our 
Art. 178, namely that dq/dr = when r = a, we hâve further 

a = b and Si = Q^ 

This leads us to a rupture couple Mi= l rq dta^ 

Jo 

= 2ira^Si [^ - (,^ + i)(,^+2)(m+3))' 

Or, as m changes from 1 to oo , Mi changes from ^ to 4 of ira^Si (p. 
466)». 

(c) Saint- Venant then attacks the problem of the prism of rectan- 

1 Saint-Venant's resuU seems to be J of the real valae, owing to the dîsplaoe- 
ment of a factor 2, 
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= -2«, <r«=-g^Ty. 



galar cross section (6 x c) for which b is mach greater than e. Hère the 
approximate Talues of the slides before the linear limit is passed are: 

Thèse resnlts may be dednced trom Art 46 by rephicîng the 
elongated rectangle by its inscribed ellipse and n^lecting <///a^ as com- 

pared with &7f4* ^^ ^^ ^^^^^ ^- P- ^^> <^ ^^^^ ^<^- 
He assumes that after the linear limit is passed : 



*p 



-^H'-n =-^{'-('-i)"}- 



Hence, since for small slides or small values of z and y,xi = v^^Tt^ 
and xz = f4cr»9 we must hâve : 

Thèse give, ^'»"^^nï«Â* 

Forther, since the fail-points are the mid-points of the much longer 
side 6, the rupture points are taken there aîsa Thus it is neoessary 
that: 

(Xci/dz = 0, xp^S' when z = c/2. 

It foUows that h = c/2 and Q* = S^, the abaohUe shearing strength in 
direction of y, 

To proceed further Saint- Venant assumes that the slide (Tga, always 
remains much less than the slide a-g^ so that for the former it is su£&cient 
to retain the linear strain form, we hâve thus 



togetherwith ^ = _5' jl - A - ^^"*\ 

It easily foUows that 

* \6 (m+l)(m + 2)/ 

Cases {b) and (c) confinn the law of the cube stated in (a). Such 
formulae, although by no means satisfactory from the theoretical stand- 
point, are yet usefui as suggesting lines for future experiment. 

[185.] Pages 469 — 77 (§ 62) contaiû a usefui discussion of the 
varions methods of determining the elastic and £sdl-point constants, 
especially in the case of prisms whose matériel is transversely aeolo- 
tropic. Saint- Venant (p. 471) adopts the resuit given in Art. 5. d. 

of our account of the memoir on Torsion, ây, = ijs^g, to obtain a 
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plausible relation between shear faîl-lîmît (8^ and tractive fail-Iimits 
T; and T,\ We bave thus the fonnula SJG = 2jTJE x T^jE, 

[186.] Pages 477 — 480 deal with the problem of the torsion 
of circular cylinders (radius a) having a cylindrical distribu- 
tion of elastic homogeneîty. In this case /a is a function of the 
axial distance r, There will be no distortion of cross-sectiona 
Saint- Venant supposes /a to remain constant from the axis up to a 
radius a — (f, and then at distances r from a — f to a to foUow the 
law 

A* = /^o + (a*i-/^o)u) where£r = r-(a-Ç)- 
He easily deduces the foUowing formula for M, 

^-/*<,T^+2,r(M-/*.)T|-j^^:j-+ ^^2 + „+3 +;rïi' 

Spécial cases are : 

(1) Wooden cylinder whose axis is about the same as that of the 
tree out of which it has been eut ; hère we may put f = a, and we hâve : 

n + i 

(2) Forged or cast iron cylinder with skin change of elasticity : 

M= T (ftoo)*^ + y27ra') where y ^— — Ç^ ^ 

Supposing the fail-point to be on the surface, we hâve Sq = /aiT», and 
eliminating r : 

where A and B are two constants depending only on the elastic nature 
of the material. Thus the. fail -couple dépends partly on the cube, partly 
on the square of the radius of the cylinder. 

[187.] The text of the work concludes with numerical examples 
such as are given on pp. 551 — 8 of the memoir on Torsion. The 
remainder of the volume is fiUed with five appendices and an 
Appendice complémentaire occupying pp. 510 — 849, which from 
their historical and physical aspects are perhaps the most interesting 
portions of the work. 

[188.] Appendix I. (pp. 512 — 19) contains certain elementary 
proofe due to Poncelet as to the curvature, deflection etc. of the 
elastic Une. A point on p. 518 on the question of built-in 
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terminais (encastrements) may be noted. Poncelet remarks that 
for a cantilever we may suppose two forces, whose résultant is 
equal and opposite to that of the load, to act at tbe built-in end. 
Thèse forces — whose points of application are very close, one on 
the upper and one on the lower surface of the beam — ^are very 
great and alter the surfaces of the built-in beam and the sur- 
rounding material, so that the elastic Une at this end is not 
horizontal, but takes a certain inclination varying as the terminal 
moment directly and inversely as the profondeur de V encastrement 
Small as this inclination is, it affects sensibly the expérimental 
accuracy of the theor,Qtical results based on thç perfect horizon- 
tality of the* elastic Une at the built-in end. This was noted by 
Vicat: see our Art. 733*. Saint- Venant holds that careful ex- 
periments ought to be made to détermine its influence. 

[189.] Appendix II. is entitled : Sur les conditions de F exacti- 
tude mathématique des formules tant anciennes que nouvelles d'ex- 
tension, de torsion, de fleadon avec ou sans glissement — Démonstra- 
tion synthétique de ces formules quand on suppose ces conditions 
remplies. This appendix contains first an easy réfutation of 
Lamë's ill-judged sneer at the procédés hybrides, mi-analytiques, 
et mi-empiriques ne servant qu'à masquer les abords de la véritable 
science: see our Arts. 1162* and 3. Saint- Venant shews that his 
methods bave precisely the same validity as those adopted in the 
cases of simple traction, of the old théories of flexure, and of torsion 
for a circular cylinder. In the sequel he demonstrates afresh the 
torsion and flexure équations. He starts from an axiom and 
définitions involving the hypothesis of central intermolecular action 
as a function of the central distance only. The appendix occupies 
pp. 520—541. 

[190.] Appendix III. contains a complète theory of elasticity 
for aeolotropic bodies so far as the estabUshment of the gênerai 
équations of elasticity and the usual formulae of stress and strain 
are concerned. It occupies pp. 541 — 617. Proceeding from central 
intermolecular action, Saint- Venant on pp. 556 — 9 reduces the 36 
constants of the stress-strain relations to 15. We may note one 
or two points of interest : 

(a) § 23 (pp. 662 — 74) with its long footnote is specially worthy 
of the réader's attention. Saint- Venant obtains expressions for the 
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stresses on the h3rpothe8is that initial stress has produced considérable 
initial strain in the body. In this case the strain developed by the 
initial stress sensibly influences the efiect of the later strain. We can 
no longer add initial and secondary stresses as independent factors of 
total stress. 

Let the initial stresses be lêx^y ^o etc...., the secondary stresses ^^ xy^ 
etc., and the total stresses xx, Ty, etc. 

Let iCi, yi, «1 be the directions of three right-lines slightly oblique to 
each other which were initially the rectangular set a?, y, js ; let x\ y', z' 
be three other Unes rectangular or slightly oblique among themselves, 
taken close to the former (x, y, z) and normal to the three planes by 
which we détermine the six stress- comj>onents. Then, if c^, be the 
Qosine of the angle between the Unes r and a we hâve as stress types : 

«V = «*o (1 + *» - *y - ^i) + 2SoSi«' "^ ^*'o^«,as' + *«i, ) . 

To thèse we must add the purely geometrical relations of the type : 
which reduce if «', y\ «' are taken rectangular to the type : 

V"^V"^»^ (^^* 

' When, however, the initial stress is not snch that the shears are 
zéro or can be neglected when multiplied by small strains, we may 
simplify équations (i) by a proper choice of x\ y', z'. Thus if a;', y\ t^ be 
taken perpendicular to ^i, «i, aà or «i, iCi, ^i respectively, which is 
compatible with their rectangularity, then either c^^ = Cyi^ = Cygg=^^^ 

or, Cy jj' = Cg a/ = Cg. y' = 0, and we can replace the remaining cosines in (i) 

by the slides o-y^, tj^^^ (r^gy, By taking x', y', z' bisectors of the angles 
between the Unes a^, yi, z^ and the perpendiculars to the three slightly 
oblique planes yiZ^, z^x^, ^t/u i«e« the closest rectangular System to 
Xi, yi, Zi, we obtain : 

V^ V^i^ï^ ^^^^ 

as the type of équation (iii). 

In the case (le seul qui ait été supposé pa/r les divers a/uieurs de 
méccmique moléculaire, ffao. p. 571) in which the shifts are very small 
and consequently the directions x^ y^, z^ almost coïncident with a;, y, «, 
we can take the latter for the rectangular System x\ y\ z' and we thus 
find : 

Cy^z=^dwldy, Cg^y^do/dzy c^y^dv/dx, 

Cyx = duldy, Cf,g, = du/dz, Cg,g = dw/dœf 

and reach the équations (i) of our Art. 129. 

Thèse again reduce to the relations of our Art. 666*, if we put 
xxQ = piQ = aj zzQ = Cy and y;^^ = iw^ = icyo = 0, and give the proper values to 
the secondary stresses. 

Saint- Venant proves équations (i) by the molecular method in the 
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footnote before referred to. He niakes some remarks on the Navîer- 
Poisson controversy, and refers to a paper of bis own piiblished in 
1844 on Boscovicb's System : see our Arts. 527* and 1613*. 

(h) On p. 587 the remark îs made tbat the stress-strain relations, 
the body stress-equations and the bodj strain-equations remain true 
whatever be the amount of the shii'ts in space provided the relcUive 
shifts of adjacent parts or the strain-components are small. In this 
case, however, the values to be given to the strains in terms of the 
shifts are those of our Art. 1618*. The ordinary shift- équations of 
elasticity hold only for small portions of an elastic body, when the 
total shifls are not small. Hence they cannot be directly applied to 
large torsional or flexural shifts. The whole treatment on pp. 587 — 92 
is good, and better than that of the memoir of 1847: see our Art. 1618*. 

(c) Saint-Venant points out that it is not sufficient to find values 
of the stress-components which satisfy the body and surface stress- 
equations. There are also certain conditions of œmpatihility between 
the strain components deduced from thèse stresses which also must be 
satisfied : see our Art. 112. 

Thèse équations hold for ail values of the shifts^ provided the strains 
remain small, Le. if they take the forms given in our Art 1618*. 

(d) Pp. 603 — 17 contain a direct investigation of Saint- Venantes 
torsion and flexure équations from the gênerai équations of elasticity. 
In both cases the method adopted assumes a given distribution of stress 
and deduces the corresponding shift-equations. 

In dealing with torsion Saint-Venant supposes a single plane of 
elastic symmetry perpendicular to the axis of torsion, and starts from 
f ormulae for the shears of the form 

where h and h' are supposed unequal. See our Art. 4 (0) on the memoir 
on Torsion, He deduces the gênerai torsional équations, which now 
contain four constants, and solves them for the case of the ellipse. The 
discussion does not seem to me of much value, as ail elasticians, multi- 
or rari-constant, would àgree that h = h\ in which case by a change 
of axes we can take h = h' = : see the same Article. In the case 
of an elliptic contour a direct analysis gives : 

where a is the angle between the direction in which the slide-modulus 
is fjii and the axis of the ellipse about which the swing- radius is k^. 
The reader must note that f^ and /I2 are not the same constants as in 
Art 46 of our discussion of the memoir on Torsion, where we supposed 
* the principal axes of elasticity ' to coincide with the principal axes of 
the eUiptic section. 

[191.] The fourth Appendix occupies pp. 617 — 45 and contains 
a careful comparison of Saint- Venantes theory of Torsion with the 
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expérimental résulta of Wertheim, Duleau and Savart : see our 
Arts. 1 339* and 31. It is folio wed by some discussion of torsional 
vibrations. This appendix is practically directed against Wertheim's 
memoir on Torsion of 1857: see our Art. 1343*. It will be 
remembefed that Wertheim had asserted the theoretical accuracy 
of Cauchy's erroneous torsion formula (see our Art. 661*), had 
persisted in retaining the value for the squeeze-stretch ratio which 
he had deduced by a fallacious theory in 1848 (see our Art. 1319*), 
and finally had exhibited complète ignorance of Saint- Venantes 
résulta for the elliptic cylinder. Saint- Venant easily shews the 
insufficiency of Wertheim's criticism, and how the mean results of 
Savart and Duleau for rectangular prisms, and of Wertheim him- 
self for elliptic prisms confirm the new theory : see our Arts. 31 
and 35« 

In the discussion on torsional vibrations. Saint- Venant re- 
produces the matter of his memoir of 1849 : see our Art. 1628*. 
He regards of course the theory given as ovXy approœimate (p. 633), 
but sufficiently so for ail practical purposes, as indeed appears 
from the comparison of theory and experiment (p. 643). 

[192.] The fifth Appendix, devoted to the elastic-constant 
contre versy, occupies pp. 645 — 762. It is an excellent pièce of 
scientific criticism, to which some multi-constant elasticians hâve 
insufficiently replied by squeezing caoutchouc or loading piano- 
forte wires. The difiSculty of critical expérimenta lies first in 
obtaining a purely isotropic material free from ail initial stress 
and without any superficial elastic variation, and then in asauring 
the extrême nîcety required to détermine successfuUy the stretch- 
squeeze-ratio. In our first volume we hâve referred to the leading 
features of the controversy (see our Arts. 921* — 932*) and the 
chief of the earlier experiments in this field (see our Arts. 470*, 
1034* 686*— 90* 1358*). We shall find other remarkable ex- 
periments as well as theoretical conclusions hâve sprung from the 
controversy in the laat 40 years ; thèse will lead us on more than 
one occasion to examine the validity of Saint- Venantes arguments. 
Meanwhile we may refer to one or two points brought forward in 
the preaent essay. 

(a) Saint- Venant's criticism seems to me unanswerable, when he 
attacks the validity of the method by which Poisson, Cauchy, Gi'een, or 

S.-V. 9 
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Lamé hâve deduced the linearîty of the Btress-strain relation without 
any appeal to experiment or any statement of physical fact or auy 
axîom of intermolecular action : see Saint- Venant's pp. 660 — 6 and our 
Arts. 553* 614*, 928* 1051* and 1164* footnote. 

(b) On pp. 665 — 676 we hâve a long and careful numerical 
examination of the expérimenta of Regnault on piezometers of copper 
and brass. In gênerai thèy accord with the uni-constant theory, or at 
least better with that than with Wertheim's (see our Art. 1319*). This 
is foUowed by some remarks on Wertheim's and Clapeyron's expérimenta 

on caoutchouc. The former found t = — J to f , and the latter ^ = 2^02 ' 

A A 

see our Art. 1322* and Chapter xi. Results so discordant as thèse lead 
Saint- Venant to remark that neither uni- nor bi-constant isotropy, nor 

même des formules linéaires quelconques, ne sont pas applicables au 
caoutchouc, liquide coagulé ou épaissi plutôt que solidifié, et d'une nature en 
quelque sorte intermédiaire entre les fluides et les solides (p. 678). 

(c) Pages 679 — 89 are occupied with a criticism of Wertheim's 
hypothesis, that 2fi = X, and with the results of his experiments. Saint- 
Venant points out the great probability of a want both of homogeneity 
and of isotropy in the cylinders used by Wertheim (see our Art. 1343*) 
and he examines analytically the ratio of longitudinal to trans verse 
stretch-moduli, when such isotropy is not presupposed. We shall return 
to some of Saint- Venantes arguments when examining Wertheim's later 
memoirs. 

(d) On pp. 689 — 705 we hâve a considération of Cauchy^s hjrpothesis 
of 1851 : see our Art. 681*, namely, that it is possible if a body be 
crystalline that : 

les coefficients des déplacements et de leurs dérivées dans les équations 
d'équilibre intérieur ne sont plus des quantités coustantes, mais deviennent 
des fonctions périodiques des coordonnées (p. 689). 

In other words we arrive at stress-strain relations in which the 
36 constants are not connected by 21 relations. Saint- Venant conducts 
a new investigation (pp. 697 — 706) with fairly simple analysis. The 
tuming point of rari- or multi-constancy for such regularly crystallised 
bodies is then seen to lie in the legitimacy of bringing stretches like 
a^g. outside certain summations of the form 

Sa? B cos' (rx) . «'a., Saj R cos (rx) cos^ (rz) . s' g, 

and replacing them by their mean values «g., ««. Hère s^ is the 
mean value of a'g. for ail the atoms under considération, and we may 
replace a'g, by a^ if the body is iaotropic or possesses con/vsed cryataUiaa- 
tion. On the other hand in regularly crystallised bodies, there may be 
terms in a'^ periodic in the coordinates and we cannot replace «'g. by Sj^ 
and bring the mean stretch outside the summation. , Hence we hâve 
not the 21 relations between the coefficients fulfllled. Saint- Venant 
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holds, however, that even if this periodicity be true for regularly 
crystallised bodies, it can only întroduce sroall dififerences into the 
otherwise equal constants. But further, if it does exist 

cette altération ne peut regarder que certains cristaux réguliers. Elle n'est 
jamais relative aux corps à cristallisation confuse, comme sont tous les 
matériaux de construction, et comme sont aussi tous les corps isotropes. 
Il n'y a donc aucune raison de changer les formules trouvées depuis un tieis 
de siècle pour les pressions dans ces sortes de corps (p. 705). 

[193.] On pp. 706—742 we hâve an analysis and criticism of 
the various methods which English and Qerman elasticians hâve 
adopted in order to obtain the fundamental équations of elastidty; 
there is also a résv/méot their views on the elastic-constant contro- 
versy. Here the memoirs of Qreen, Neumann, Haughton, Clebsch, 
Clausius, Thomson, Kirchhoff, Maxwell and Stokes are briefly con- 
sidered. Saint- Venant dévotes spécial attention (pp. 721 — 32) to 
the value of Green's résulta as bearing on double refiraction and 
the disappearance of the stretch-wave, This discussion is only of 
importance to us in its bearing on the elastic-constant controversy. 
Green's treatment of the ether demands the independence of the 
21 constants, but we may question whether his results are 
the only possible ones, nay, even whether they are so satisfactory, 
as to stand per seB&B, justification of multi-constant formulae. 

In order that the vibrations may be exactly parallel to the wave-face 
Green finds the relations xzxviii. of our Art. 146. 

If to thèse 14 conditions of Green we were to add the six additional 
conditions of rari-constancy, namely : 

\yyzz\=s\y»y»\, \xxyx\ = \zxxy\^ etc (i) 

we should then hâve : 

\xxxx\ = \tfy3fîf\ = \**»»\ — Z\yxyz\ = Z\zxxx\ -= 3 \xyxy\ = Z\yvzz\ 

= 3 \zxxx\ — 3 \xxyy\ (ii) 

and ail the other constants zéro. 

Thus the condition for exact parallelism would be isotropy, or 
this parallelism would be incompatible with double refraction. 
Now are Green's conditions so extremely probable that we 
ought to reject the six molecular conditions (i) which render them 
nugatory ? Saint- Venant argues that they are not, chiefly for the 
reason that they involve : Wx'a^x'i = \xxxx\. 

This is proved in the footnote p. 726. It dénotes physically 

9—2 
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that, in whatever direction we take od^ the same stretch s^ will 
produce a traction fj of the same intensity. Such an equality 
seems opposed to our ideas on the nature of bodies endowed 
with double refraction. The arguments used to support the 
improbability of this relation are identical with those of the 
memoir of 1863 and hâve been cited in our Art. 147. 

[194.] While recognising the weight of Saint-Venant's 
reasoning in this Appendix and in the memoir of 1863, and 
admitting the diflSculty of conceiving a double-refracting médium 
to obey such conditions as those given by Qreen, we hâve yet to 
notice a point with regard to the arguments Saint- Venant advances. 
A distinction must be drawn between an isotropic body held by 
external pressures in an aeolotropic state of elastic strain, and a 
body also primitively isotropic which bas received set of difiFerent 
intensity in différent directions. In the former case the initial 
stresses may enter into the elastic constants (as in our Art. 129) 
and so affect the elasticity in différent directions. In the latter 
it would appear as if the molécules must be brought in some 
directions nearer together and so the direct stretch coefficients be 
affected and varied. But is this experimentally the fact ? If a 
bar of métal be taken and stretched beyond the elastic limit, so 
that it receives set, it is found that its stretch-modultbs, which is 
certainly a function of the direct stretch-coefficients remains nearly 
constant. Now this set may be of two kinds, first : a set occurring 
far below the yield-point, which is often little more than a removal 
of an initial state of strain due to the working : and secondly, a set 
which dénotes a large change in the relative molecular positions 
and can occur after the yield-point has been reached. If it can 
be shewn that the stretch-modulus remains nearly constant not- 
withstanding one or both of thèse sets, it would be interesting to 
investigate experimentally whether such is also true for the slide- 
moduli and the cross-stretch coefficients before we condemn Qreen 
entirely. 

Experiments on simple traction and torsion of large bars before 
and after very sensible set would throw light on this matter. 

[195.] Saint- Venant farther remarks that Green's conditions 
are not necessary in order that we may obtain exactly Fresners 
wave-surface. Saint- Venant in a foot-note gives a feirly easy 
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analysis leading to Cauchy's four conditions which are compatible 
with rari-constancy (see the memoir of 1830, Exercices mathéma- 
tiques 5® année). Thèse conditions are given in our Art. 148 as 
Equations xxxix. 

Les qucUre relations ou conditions (xxxix) n^ont rien d'arbitraire 

ni de bizarre, bien qu'elles soient d'une forme moins simple à coup sûr 
que les cinq conditions de Green (xxxviii of our Art. 146) qui n'en sont 
qu'un cas particulier.... En effet lorsque les trois coefficients d'élasticité 
directes a, 6, c, entre lesquels elles permettent telle inégalité qu'on veut, 
ont des rapports mutuels n'excédant pas 1| ou 2, il est facile de s'assurer 
par des calculs qu'elles sont, numériquement, presque identiques aux 

relations 2d'hct = Jbc, 2e-\-e' = Jca, 2/+/' = Jab que nous verrons 
être celles qui donnent la distribution la plus simple des élasticités 
autour de chaque point dans les corps hétérotropes, et appartenir, au 
moins avec une grande approximation, aux corps dont l'isotropie primi- 
tive a été altérée par de simples compressions ou dilatations inégales, 
c'est-à-dire généralement aux corps amorphes ou à cristallisation confuse. 
Or tous les physiciens admettent que c'est seulement à cet état d'inégal 
rapprochement moléculaire en divers sens que se trouve Téther dans les 
cristaux dont la forme n'est pas un polyèdre régulier (p. 731, foot-note). 

We hâve ventured so far from our subject into that of light, 
only to shew that Saint- Venant brings forward strong reasons 
why, even if we dogmatically assert the elastic jelly character of 
the ether, it is not necessary to summarily reject the rari-constant 
hypothesis. 

[196.] Pages 732 — 42 are occupied with an excellent discussion 
of Stokes' memoir of 1845 : see our Arts. 925* — 6* and 1264*. 
There are aJso a few remarks upon Maxwell's memoir of 1850: 
see our Art. 1536*. Saint- Venant states that Thomson and 
Kirchhoff while adopting multi-constancy hâve not added any 
additional reasons for its validity. This at the présent time is 
hardly true. I may note Kirchhoffs memoir of 1859; see Poggen- 
dorff's Annalen, Bd. 108, p. 369, and Thomson's of May, 1865 : 
see Proceedings of Royal Society for that date. Saint- Venantes 
objections to those arguments of Stokes which are drawn from 
the 'doctrine of continuity,' — practically from the équivalence 
of the plasticity of metals and the viscosity of fluids — seem to me 
very forcible and should be read by ail scientists interested in 
the ultimate molecular constitution of bodies. In the question 
of rari- or multi-constancy are involved, not merely points of 
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technical expediency, but prîncîples going to the base of our 
knowledge of matter, — such as our proofs of the équation of 
energy and the application of the laws of motion to inter-mole- 
cular action. 

[197.] Pages 742 — 46 are occupied with a review of Clausius* 
memoir of 1849: see our Art. 1398*. It is only necessaiy to 
remark hère that récent experiments would, we think, hâve 
removed Saint- Venantes doubt as to the existence of elastic after- 
strain in metals (p. 745). The appendix concludes with a résumé 
of ail the arguments brought forward in faveur of rari-constancy 
(pp. 746—62). 

[198.] The Appendice complémentaire is chiefly occupied with 
an examination of the elastical researches of Rankine, Clebsch and 
Earchhoff, which Saint- Venant tells us had not then been properly 
studied in France. We note one or two points : 

(a) In § 78 (pp. 764 — 7) Saint- Venant cites experiments of 
Morin to prove the linearity of the stress-strain relation. Thèse 
experiments are really not conclusive, and I especially distrust 
the results cited for cast-iron. For elastic strains of such magni- 
tude as occur in structures, the stress-strain relation for this 
material is certainly not linear. Nor again can arguments drawn 
from wires reduced to a state of ease serve the purpose Saint- 
Venant has in view of demonstrating the linearity and perfect 
elasticity of ail materials for small strains. 

(6) § 80 (pp. 771 — 4) treats of what Saint- Venant terms 
rétat dit naturel ou primitif. This is the state of no internai 
stress. It is used as a means of deducing the uniqueness of the 
solution of the elastic équations. If there be no body force or 
surface load the internai stresses are ail zéro, and vice-versâ. 
I hâve already had occasion to remark on the caution with 
which this principle must be accepted: see our Arts. 6 and 10. 
The arguments of this section do not seem to me very convincing. 

(c) On pp. 783 — 86 the reader will find some interesting 
notes and valuable historical références on the origin of the terms 
potential and potential function. 
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{d) § 84 (pp. 789 — 96) reproduces the erroneous method of 
the memoir of 1863, for finding the stresses when there is an 
initial state of stress, C. Neumann (see our Chapter xi.) had 
previously obtained similar results for the case when the initial 
stress is given by an uniform traction : see our Arts. 129 — 31. 

(e) Pages 801 — 25 are occupied with an important discussion 
of the distribution of elasticity in aeolotropic bodies. Saint- 
Venant using the symbolic method of Rankine arrives at some 
of the results of his memoir of 1863 : see our Arts. 135 — 7. 

The investigation of the tasinomic équation for particular 
cases, of the distribution of the stretch-moduli, and of the ellip- 
soidal distribution of elasticity in amorphic solids or cases of 
confused crystaïlisation foUow the Unes of the memoir of 1863 : 
see our Arts. 136 and 151. They are accompanied by a discussion 
of the expérimental results of Hagen, Chevandier and Wertheim, as 
bearing upon this theoretical distribution of elasticity. We shall 
retum to this point when treating of the annotated Glebsch: 
see our Arts. 306 — 13. 

(/) The remaining pages of the volume (825 — 49) are 
occupied with a sketch of Clebsch's treatment of the problem of 
torsion and flexure (see his Théorie der Elasticitàt § 23) and 
Kirchhoff's memoir on rods (see Grelles Journal, T. 56, p. 285, 
TJeher dos Qleichgewicht und die Bewegu/ng eines ijmendlich-dûnnen 
ela^tischen Stabes), Saint- Venant shews how they are in agree- 
ment with his treatment of the problem, but does not contribute 
any additional matter. 

[199.] Our analysis of Saint- Venantes édition of the Leçons 
de Navier will, we hope, hâve gone some way to convince the 
reader of the thorough study which this work deserves. Taken 
in conjunction with the annotated Glebsch (see our Art. 297) it 
forms the best introduction to the wide subjects of elasticity and 
the strength of materials yet published. 
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Section IV. 
Mmmra of 1864—1882. 

Impuise, Plaaticity, etc. 

[200.] Compléments au Mémoire lu le 10 août 1867 sur 
Vimpvlsion transversale et la résistance vive des barres, verges ou 
poutres élastiques. 

Comptes rendus, T. LX. 1865, pp. 42—47 and pp. 732 — 35, T. 
LXi. 1865, pp. 33—37 and T. LXii. 1866, pp. 130—134. Thèse 
extracts of additions to the memoir of 1857 (see our Arts. 104 — 8) 
are ail more fully developed in the annotated Clebsch: see our 
Arts. 342 et seq, 

[201.] Note sur les pertes apparentes de force vive dans le choc 
des pièces extensibles et flexibles, et sur un moyen de calculer 
élémentairement F extension ou la flexion dyna/mique de celles-ci: 
Comptes rendus, T. Lxn. 1866, pp. 1195 — 99. 

This note suggests the application of the principle of virtual 
displacements and of the hypothesis that dynamical strain is of the 
same form as statical strain to the problem of impact. Saint- 
Venant apparently considers that in his papers of 1865 — 66 he had 
been the first to adopt this method, but as we hâve seen it is 
really due to Cox: see our Art. 1434*. The discussion in this 
Note appears in a more consistent form in the annotated Clebsch : 
see our Art. 368. It is Saint- Venantes great service to hâve 
shewn that the accurate and approximate methods agrée fairly 
closely, and why they agrée. Cox's method gives a resuit which 
is almost the same as that given by taking the term involving the 
principal vibration only. This point is well brought out in the 
concluding paragraphs of the Note, pp. 1198 — 9. 

[202.] Démonstration élémentaire: (1°) de V expression de la 
vitesse de propagation du son dans une barre élastique ; (2°) des 
formules nouvelles données, dans une communication précédente, 
pour le choc longitudinal de deux barres: Comptes rendus. Tome 
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LXIV. 1867, pp. 1192 — 5. This is an extract from a memoir 
afterwards published in the Jounfial de Liouville: see our Arts, 
203 — 20. Other parts of the same memoir are extraeted in 
Comptes rendus, T. LXiii. 1866, pp. 1108 — 1111, and T. lxiv. 
1867, pp. 1009—1013. 

[203.] Sur le choc longitudinal de deux barres élastiques de 
grosseurs et de matières semblables ou différentes, et sur la propor- 
tion de leur force vive qui est perdue pour la translation ultérieure; 
. . .Et généralement sur le mouvement longitudinal d'un système de 
deux ou plusieurs prismes élastiques: Journal de Liouville, 
T. XII. 1867, pp. 237 — 376, (the last two pages containing 
errata). 

This is a long and theoretically very interesting memoir on 
the longitudinal impact of rods. It is the first complète treatment 
of the subject published. German writers hâve made some claim 
in this respect for Franz Neumann, who in his Konigsberg lectures 
of 1857 — 8 dealt with the problem in somewhat the same fashion. 
But Neumann's investigations as first published in the Vor- 
lesu/ngen ûber die Théorie der Elastidtât, 1885, pp. 340 — 346, are 
very insufficient and incomplète as compared with Saint-Venant's. 
Expérimental investigations hâve been made by Boltzmann, 
W. Voigt, Hausmaninger and Hamburger with a view to testing 
the theory. Their results are not in fuU accordance with Saint- 
Venant's formulae. I shall refer to certain points of difiference in 
discussing the présent memoir, but the articles devoted to their 
memoirs must be consulted for fuUer détails. 

[204.] The memoir is divided into two parts, the first treats 
of the impact of two rods of the same material and of equal cross- 
section. It is divided into seven articles. The first of thèse 
(pp. 237 — 244) deals with the history of the problem. At the 
invitation of Coriolis in 1827 Cauchy had investigated the influence 
of the vibrations produced by impact in altering the translational 
energy of two rods ; Coriolis having recognised that thèse vibrations 
must be a source of loss in visible energy. Cauchy accordingly 
presented on February 19, 1827, a short note to the Academy, 
which was printed in the Bulletin... de la Société PhilomMhique, 
December 1826, pp. 180 — 182, and afterwards in the Mémoires de 
l'Institut. Cauchy treated only of the longitudinal impact of two 
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rods of the same material and sectioiL He coodaded that the 
impalBe tenninated whenever the two ban had not the same 
sp^d at their impellent temûnals. This, as we shall see, is not 
troe, and the conclusion Yitîated some of Gaachy's lesnlts, the 
analysis et which does not appear to hâve been pablished. 

Poisson in the second édition of the Trente de Mécanique (1833, 
YoL n. pp. 331 — 47) also attacked the problem sapposing his rods 
of the same material and cross-section. He nsed a double condition 
for séparation, namely, not only that the bar which précèdes shall 
bave a greater speed at the impelled terminal than that which 
foUows, but that the squeeze in both at the impellent terminab shall 
be simultaneously zéro. This condition led Poisson to the singulax 
conclusion that two unequal bars would never separata He had 
foigotten that physically they can never sustain a stretch at the 
impellent terminais In fact Cauchy's condition of excess of speed 
in the preceding bar is insufficient, and Poisson's additional one of 
no squeeze is superabundant The true condition is clearly excess 
of speed at a time when there is zéro squeeze at the impellent 
terminais, which can never sustain a stretcL It will also be 
necessary to shew that the bars thus separated are separated for 
good, and do not, owing to their vibrations, come again into 
contact 

[205.] Saint-Yenant's method of treatment is to investigate 
the vibrations of a bar, of which the initial condition is given by 
zéro stretch throughout, and by speeds constant for each of the 
several parts into which the rod may be supposed divided. The 
first instant at which a zéro stretch at the section between any 
two of thèse parts is accompanied by an excess speed in the terminal 
of the preceding section marks a disunion if the parts are not 
those of a continuons rod. In this manner Saint- Venant shews 
that if two bars of the same section and material are in impact 
the shorter takes ultimately and uniformly, while losing ail strain, 
the initial speed of the longer. 

This resuit was stated by Cauchy in 1826. Saint-Venant 
refers to the elementary proof of it given by Thomson and Tait in 
§§ 302 — 304 of their Treatise on Naturai PhUosophy which in 
1867 was in the press. His notice had been drawn to this proof 
by an article in The Engineer (February 15, 1867) due to Baukine 
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who, reviewing the extract in the Comptes rendus of Saint- Venant's 
memoir, had also given an elementary proof of one of his results 
for rods of différent materials and cross-sections. 

[206.] The second paragraph of the memoir (pp. 244 — 251) 
gives the gênerai solution in finite terms of the équation for the 
longitudinal vibrations of a rod, when the initial speed and stretch 
of each point are given. The third paragraph deals with the 
spécial case of this when a rod of length a = a^ H- a, + ctj-l-... has 
thèse parts initially subjected to uniform speeds F^, F,, F,... 
and uniform squeezes J^, J^ J^.,. etc. respectively (pp. 252 — 259). 
On pp. 254 and 258 we hâve diagrams which exhibit graphically 
in the spécial cases of two or three parts the speed and squeeze 
at each point of the rod during the motion. Thèse diagrams are 
extremely instructive, and a similar method might be used with 
advantage in other cases of vibratory motions solved by arbitrary 
functions. 

[207.] The fourth paragraph is entitled : Problème du choc 
longitudinal de deux barres de longueur a^, a, parfaitement élasti- 
ques, de même matière et de même section, animées primitivement 
de vitesses u/niformes V^, V, sans compression initiale (pp. 259 — 
262). This applies the results of the preceding paragraph to the 
simple case of impulse above stated, taking Fj > F, and a^ < a^ 
Diagrams are given for the values of the speed and squeeze up 
to the time t given by Ar^ = î,a^ + 2aj for the two cases 2a^ < a, and 

ttj < a, < 2a^. Hère k = velocity of sound ( = jEjp). I hâve 
reproduced thèse diagrams reduced in scale on p. 140. Along the 
horizontal axis the values of ht are laid down, and along the vertical 
we hâve the various points of the combined rods, OA^ = ct^, A^A^a^ 
In each area is placed the value of the speed and squeeze for that 
area, so that by means of the coordinates kt and x we can find the 
speed and squeeze of any point of the rod at any time. We see 
from this that at time t = 2a Jk the contiguous terminais will be 
moving with unequal velocities F, and i (F^ + Fj^ but that this is 
only for the instant, and as there is no stretch at those terminais, 
the bars will not separate. They afterwards move till t = 2a Jk with 
the same velocity at the contiguous terminais and no squeeze. 
The impulse is terminated, but the bars do not yet separate. 
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XJnequal speeds occur again when t—2ajky and now the 
upper bar has a négative squeeze, i = — (^i— y^l^ ^* *^® 



Case 20^ < a,. 

A" ««a, kt^Ui+at Â"* 



B 




'kt=0 U-Oi 



kt^loi 



M^Sot kt^ai+iot «sSai+Sot 



Casb Oi < «a < 2ai. 



Â' ««a, ^" 



^'" «=201+04 




kt=0 



kt^ai 



«=2ai 



/cts=2as 



ai+2as M=2ai+2as 



impelled terminal. Hence the solution no longer holds, and we 
hâve to treat each bar from this epoch as a distinct one. The 
bar ttj moves obviously without strain and with the speed F, 
which the bar a^ initially had. To deal with the bar et,, we hâve 
to distinguish two cases. Let us suppose : 

(1) 2a^ < a,. We hâve to enquire how a bar of which a 
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portion 2a^ has initially a speed v = ^(V^+V^) and a négative 
squeeze i = — i (l^i — ^a)/^» and a portion a^ — 2a, a speed v=V^ 
and a squeeze j = subsequently moves. This has been ascertained 
in the second paragraph of the memoir and is represented by 
Saint- Venant in the accompanying diagram. 



x^ai+ot 



x=8ai 




«s:8ai 



M=2ai 



ht-ioi 



kt^2ai+2ai 



We see at once that after t = 2a Jk the terminal moves with 
speed Fj and therefore séparâtes from the terminal of a, with 
speed Fj -- F^. This lasts till t=2 {a^ + a^/k, when what 
happened at time t = 2ajk repeats itself and the terminal moves 
with speed F,, i.e. with the same speed as the terminal of a,. 
Thus it altemately moves with greater and equal speed, or the 
two terminais never again come into contact. 

(2) a, < ttj < 2a^. We hâve to enquire how a bar of which 
a portion 2a, — 2a, has initially a speed v = ^ (F, + F,) and 
négative squeeze j = — h{Vi—V^/k, and a portion 2a,— a,, a 
speed v = F, and squeeze j = subsequently moves. 

The motion is represented in the first diagram on p. 142, and 
we see that after the time t = 2ajk thèse bars never again come 
into contact. 



[208.] The second diagram on p. 142 represents the whole 
motion of the two bars supposing them to be endowed with a 
uniform velocity perpendicular to their lengths during and sub- 
séquent to the impact. The fuU lines give the paths of varions 
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points of tbe rods, the dotted lices give the pointe at whicb the 
speed or equeeze of the rods changes abniptly. They corre- 




spond to the sloping lines of the previous diagrams. Saint- 
Venant calls the points at which velocity and squeeze change 
abniptly points d'ébraniemeni. It is hardly necessary to add that 
the stretch and squeeze of the rods are for diagrammatic purposes 
enormously exaggerated. 



The séparation of the two rods is discussed in Saint- Venant's 
sixth par^'apb, tbe fifth having been devoted to a vérification by 
means of the solution in trigonometrical séries of the gênerai 
results of the fourth paragraph : see pp. 262 — 269 of the memoir. 

[209.] The seventh paragraph (pp. 278—86) is entitled ; Con- 
séquences. — Force vive tra7islatoire_ perdue dans le choc des deux 
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barres élastiques de même grosseur et de même matière. — Vitesses 
de translation après le choc. Let U^, U^ be the centroidal speeds 
after the impulse, i.e. at time t = 2ajk ; then, as we hâve seen on 
p. 140, fTj = Fg. To obtain U^ we hâve only to make use of the 
principle of conservation of momentum, or 

aJJ^ + a^U^ = ajr^ + aJT^, 
whence we find 



together wîth 

We easily deduce 



u.-y.^liv.^yà (i). 



m 
2 



ma^ 
2 



2 



'i{aJ,^^a,V:)-'-^U:-^'-^ Î7,«='7M1-~M(F,-F,)^ 



ma. 
2 



a. 



a„ 



Or, the loss of kinetîc energy of translation 

=^(i-^;)(F,-F/ (ii). 

Writing M^ = 7na^, M^ = ma^y we see the folio wing différences 
between Saint-Venant's theory and the ordinary theory of the 
impact of perfecUy elastic bodies : 





Saint-Vnnant's theoiy 


Ordinary theory 


&i= 


V, 


^^ Jlfi + Ma^^i ^2) 


cr,= 


r,+^;(r,-Kj 


^«'ilfi+X^^'"^'^ 


Lobs of 
Energy 


^^"(^-î)^»''-^»)^ 






Oomparison with the so-called inelastic bodies of the ordinary 
theory gives no better agreement. 

[210.] It may be noted hère that Voigt*s results for rods 
of equal cross-sections do not agrée with Saint- Venantes theory 
when the shorter is the impélling rod. {Annalen der Physik, 
Bd. XIX. 1883, p. 51.) Further Saint- VenaAt makes the duration 
of the impulse = 2ajk, or = iajk if we take it till the instant 
when the rods actually separate. In either case the duration 
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of the impulse is proportional to the length of one of the rods 
and independent of the area of the cross-section. Thèse results do 
not agrée with Hamburger's experiments ( Untersuchungen ilber die 
Zeitdauer des Stosses eldstischer cylindrischer Stàbe: Inaugural- 
Dissertation, Breslau 1885, pp. 23 — 27). Hamburger finds that 
the duration is a function of the velocity of impact, which con- 
tradicts Saint- Venantes results. 

[211.] The second part of Saint- Venantes memoîr is entitled : 
Choc de deux barres dont les sections et les matières sont différentes. 

The first paragraph (§ 8, pp. 286 — 98) gives in a double form 
the solution of the problem of the motion of two contiguous rods : 

V in trigonometrical séries. This resuit Saint- Venant had 
obtained in an earlier memoir : see our Arts. 107 and 200. He 
adds the solution for beams in the form of truncated cônes as 
given in the Comptes rendus, LXVI.; see our Art. 223. He remarks 
of thèse solutions : 

Au mémoire cité, complément de ceux que j'ai présentés depuis 

1867 et qui vont être imprimés au Jov/rnal de V École Polytechnique, on 
trouvera le développement de cette solution, à laquelle il convient de 
recourir quelquefois mêi^e pour les barres prismatiques, comme nous 
verrons plus loin, notamment quand une des deux parties a une section 
relativement fort grande, ime longueur fort petite ou une résistance 
élastique considérahle ; suppositions qui poussées plus loin encore, 
permettent de réduire l'une des deux parties ou harres à une masse 
étrangère parfaitement dure, pouvant être venue heurter l'autre barre 
supposée libre aussi, ce qui constitue un problème dont la solution 
directe, a été présentée en 1866 {Comptes rendus, T. lxi., p. 33 : see our 
Arts. 200 and 221). 

2° in finite terms. This solution is somewhat lengthy, but is 
accompanied by diagrammatic représentations of speed and 
squeeze of the same character as in the simpler case when the 
bars hâve equal cross-sections and sound-velocities. It is of a 
more complex nature, however, in particular the sloping lines 
become more numerous and change their slope abruptly at the 
horizontal Une which marks the contiguous terminais : see p. 297 
of the memoir. 

[212.] The gênerai solution is applied to the spécial case of the 
impact of two rods where initially the squeeze is zéro throughout 
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and the velocities are respectively F^, V^: see the ninth and tenth 
paragraphs. The results are again of a somewhat complex nature, 
but are rendered more intelligible by the aid of diagrams. They 
occupy pp. 299 — 326 of the memoir. 

[213.] The eleventh paragraph is entitled: Conséquences, en 
ce qui regarde le mouvement des deux barres après Vinstant de leur 
choc, leur séparation, et les vitesses à ^instant où elle s^opère 
(pp. 327—336). 

Let Jfi(=Wiai), «1, kl, E^, V^, v^, ji be the mass, length, velocity of 
Sound, stretch-modulus, initial velocity, and velocity and squeeze of any 
point at any time of the first bar ; simiïar quantities with the subscript 
2 will refer to the second bar. Let r = mjc^j {mjc^, and Ti = ai/ki, 
Ta = Oj/^a- ^® shall suppose Tj < Tj or that sound traverses the foUowing 
in less time than it does the preceding bar; this supposition is allowable as 
we can choose arbitrarily which sensé of the velocity shall be considered 
positive. In discussing the results of the investigation we hâve to 
consider three possible cases : 

r = 1, r> 1, and r < 1. 

Case (i). r = 1, or mje^ = wijÀ^. 

The impulse ends when t = 2ti, but the bars do not separate until 
t = 2t2. We hâve for the centroid- velocities after impact, 

Thus the two rods behave in this case exactly like bars of the same 
material and of equal cross-section. 

Case (ii). r>l, or mjc2>'7njci, 

The impulse ends and the bars separate when t = 2Ti, 
In this case : 



Case (iii). r < 1 or mjc^ < rn^i. 

The bars no longer separate when t=2r^, but at the instant given 
by t = 2Ta. 

If n be a whole number such that 

WTi<T2<(w+ 1)Tj, 

then: 

S.-V. 10 
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where the value for Ui on the right of the value for U^ must be substituted 
from the iirst expreasioiL 

[214.] It will be observed that thèse formulae are again 
widely removed from those of the ordinary theory. They hâve 
been tested by Voigt for the veloeities Z7, and U^ of rebound, 
and by Hamburger for the duration of the impact. Neither find 
a really sufficient expérimental accordance. Voigt attributes the 
discrepancy to the hypothesis adopted for the contiguous terminais, 
and considers that the rods cannot, while the contiguous terminais 
are in contact, be replaced by a single rod. He proposes a new 
theory, which introduces an elastic couch of some indefinite 
material (Zwisckenschicht) between the terminais. This in a 
limiting case reduces the expressions for U^ and U^ to those of the 
ordinary theory, which in the same case agrées fairly with the 
results of experiment. In the gênerai case, however, he has 
neither suflSciently specialised bis hypothèses nor worked out his 
analytical results, so that we are unable to form any but the 
vaguest comparison of theory and experiment. His constants are 
unknown functions of material and of cross-section, and there 
seems no means of determining their form : see our discussion of 
his memoir later. A good test of Saint- Venantes theory might be 
made by experimenting in a vacuum and so removing a portion 
of Voigt's couch. I am inclined to think the discrepancy has 
more to do with thermal effect than with the couch of air, and 
that we ought to seek for results corresponding to those of the 
ordinary theory not when the coefficient of elastic impact is taken 
as unity, or the 'elasticity perfect,' but when it has a value 
dififering from unity and so allowing for a loss of energy by heat. 
The problem ought not to be impossible with the aid of DuhameFs 
thermo-elastic équations. 

[215.] In the twelfth paragraph (pp. 336 — 342) it is shewn 
that the bars after separating at time i = 2tj, or = 2t^ as the case 
may be, do not again come into contact. The thirteenth paragraph 
represents by diagrams similar to the figure on our p. 142 the motion 
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of the two bars before, during and after the impact. Thèse diagrams 
bring out very clearly the time of séparation, and in Case (iiL), r < 1, 
shew how both bars retain a portion of the energy in the vibrational 
form, while in the previous case one bar only has any vibrational 
energy: see pp. 342 — 7 of the memoir, especially the diagram 
p. 345. 

[216.] The foUowing or fourteenth paragraph (pp. 347 — 50) 
is entitled : Condition générale de séparation des barres à un 
instant donné quelconque, exprimée en fonction des vitesses et des 
compressions de leurs extrémités jointives à cet instant 

Let V^, Ji be the velocity and squeeze of the bar a^ supposed to be 
the impelled or preceding bar, at the point of contact. 

Let Fi', J( be the like quantities for the impelling or following bar. 

Saint- Venant deduces the necessary and sufficient condition for 
séparation as f ollows : 

Supposons en premier lieu, ce qui est permis, qu'elles se séparent pendant 
un temps infinim&nt petit. Le diagramme (23) du no. 3 relatif aux barres se 
mouvant isolément, ou le théorème qu'on en déduit, énoncé à la fin de ce 
même numéro, montre que leurs vitesses, au point de leur jonction, devien- 
dront immédiatement après : 

Fa'-X^jt/,' pom* a„ 
V^-Vlc^Jx pour Oi. 

Cette soustraction —Ic^i et cette addition Ic-^-l^ faites à leurs vitesses 
positives, viennent, comme on a dit alors, de la détente de compressions 
J{^ t/g'. Si la nouvelle vitesse de a^ excède la nouvelle vitesse de Oj, elles 
s'éloignent alors Tune de l'autre. 

La condition de séparation ou d'éloignement est donc 

This arises from the fact that a wave of squeeze J is propagated along 
the rod with the velocity h of sound ; ± ^' is then the velocity at which 
a cross-section is shifted (vitesse de détente), and if the whole of the f-od 
were moving with velocity v, the rate of transfer of the section 
through space would be v^kj. But in the case of a free terminal 
section this must dénote its absolute velocity, where v now becomes 
the velocity through space of the élément at the end of the rod : cf. pp. 
357 — 8 of the memoir with p. 347. 

[217.] The fifteenth paragraph treats of the loss of kinetic energy, 
or the energy of translation transformed into energy of vibration. AU 
the formulae of our Art. 213 may be included in the forms 

Af 

10—2 
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The energj lost is tlien représentée! by 

3£, {2a- (1 + MJM,) a»} 1(7, - F,)». 

Since there must always be a loss of energy, it îs neceesary that 

2Jf, 
a< *— 



ifi + Jfa* 

Saint- Venant she ws f rom the values of a in the varions cases referred 
to in Art 213 that this is always true (pp. 361 — 355). 

The coefficient of dynamic elasticity e as învestigated by Newton 

(Frincipia, Ed, Princeps, p. 22) has probably relation to the energy lost 

not only in vibrations, but also in the form of heat. To make Newton's 

M 
formula agrée with the above, it is necessary to take a = -^ — ^^ (1 + e), 

supposing for a moment Newton's laws to hold for rods and that the 
energy lost is principally vîbrationcUj not thermal. This gives us, for 
example in Case (ii) of Art. 213, 



1+6 = 2 



m^Oi + fn^a2 ^2 



Thus if the rods were of différent materials, it is difficult to 
see how e could be indépendant of their masses, which Newton 
proved for the impact of spherical bodies. Further in the case 
of equal rods of the same material e would always equal unity. 
This again is not true for most bodies. Hence we are driven to 
conclude either that the amount of thermal energy generated is 
generally of importance or that the conditions at the surface of 
impact adopted by Saint- Venant are not satisfactory. It would 
be interesting to make experiments for a material for which e is 
nearly unity, the rods being of equal cross-section and the same 
material, and then endeavour to ascertain by varying their masses 
whether there was any change in e. Haughton's experiments 
seem to indicate that e is not constant but a function of the 
velocity of impact ; this does not suggest Saint- Venantes form, but 
it is interesting as pointing out a want of constancy in this coeflB- 
cient: see our Arts. 1523* and also 941*, 1188*. 

[218.] In his sixteenth paragraph (pp. 355 — 373) Saint- Venant 
proceeds to give an elementary proof of the formulae of Art. 213. 
This proof does not involve dififerential or intégral processes, but 
it seems to me that, while luminous and suggestive to the reader 
of the previous analysîs, it would not in the more complex cases 
be of equal value to the student who approached in this manner 



219—221] SAINT-VENANT. 149 
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for the first time the problem of the impact of bars. Similar 
proofs for the simpler cases hâve been given by Thomson and 
Tait (§§ 302 — 306 of their Natural Philosophy), and by Bankine 
(Tke Engineer, February, 1867, p. 133). 

[219.] The elementary discussion opens with a déduction of 
the value of the velocity of longitudinal sound vibrations in a rod 
(= jEjp). At that time Saint- Venant thought it novel, believing 
that no elementary proof had been offered since Newton's rather 
obscure démonstration of the velocity of sound. In a Note in the 
Comptes rendus, Lxxi. 1867, p. 186, Saint- Venant acknowledges 
the priority of Babinet, who had given the proof in oral lectures 
40 years previously and published it in his Exercices sur la 
Physique, Second Edn, 1862. In the same Note Saint- Venant 
gives in a footnote an elementary démonstration of the velocity of 
slide waves (= Jfi/p)* 

[220.] We shall not reproduce any of Saint- Venants elemen- 
tary treatment, but merely refer the curions reader to the sixteenth 
paragraph of his memoir. We conclude with a short extract on 
this point from the résumé of his memoir which he gives in the 
seventeenth paragraph : 

J'aurais pu borner mon travail à ces sortes de démonstrations. Mais 
les solutions analytiques, telles que celles qui m'ont conduit aux résultats 
présentés, portent leur genre de conviction comme les solutions synthé- 
tiques, et ce n'est pas trop du concours de deux genres de recherches et 
de raisonnements pour établir complètement des résultats tout nouveaux 
et controversés. Et puis, il eut manqué quelque chose, savoir la preuve 
que les deux barres, après s'être séparées pendant un temps fini, ne se 
rejoindront pas en vibrant (p. 374). 

[221.] Choc longitudinal de deux barres élastiques, dont Vwae 
est extrêm^ement courte ou extrêmement rende par rapport à Vautre : 
Comptes rendus, Lxvi. 1868, pp. 650 — 3. 

This may be looked upon as a supplément to the memoir in 
the Journal de Liouville: see our Art. 203. Saint- Venant had 
treated this case in that memoir by expressions involving trigono- 
metrical séries; he now proposes to give its solution in finite terms. 

If Ou Oj be the lengths of the two bars, ki, k^ the corresponding 
velocities of sound, M^, M^ the masses, Fj, Y^ the initial velocities, U^, U^ 
the final mecm velocities of the impelling and impelled bars, then Saint- 
Venant had obtained in that memoir the following results for the case 
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in whicb ajk^ or the time sonnd takes to traverae the second bar, is an 
exact multiple n of the time Oi/^, it takes to traverse the first bar : 






(i). 



where, r = -.— -V < 1- 

iif 1 ajci 

Now if the impelling bar is infinitely short or infinitely hard (if o^ = 

or ^ = oo), the number ^\- tt^) ^''^^ ^ infinitely great^ hence it 

follows that : 



(^)"='-. 



and the formulae (i) beoome : 

Î72 = r, + M^jM^ . (1 - e'^^^^^) ( F, - F,). 

[222.] Saint-Venant also shews in this memoir how to obtain 
from the results of bis previous memoir the velocity and squeeze 
of each bar at each instant of the impact. Thiis : 

(1°) For the impelling bar. From < = to 2ajk^ , 

velocity =V^ + {y^^ F,) e'^''^' ' ^"^^ 
squeeze = 0. 

(2"") For the impelled bar. First from ^ = to ajk^ : 

TT A. ., /velocity=F,+ (Fi-F,)6-^»^^-<*^-*>/^ 

(squeeze = (F^- V^j/k^ . e"-^»^^»- ^*^-^>/««. 

From a5 = ^2<toaa, < ^ ~ ^* 

{ squeeze = 0. 

Secondly from t = ctjk^ to 202/ k^ : 

From a; = to 2^2 - k^ the velocity and squeeze hâve the same values 
as previously from a; = to k^, 
From X = 2aa — k^t to «2, 

rvelocity» V^ + iV^- F-g){e--««/^i-(M-«)/a,^g-ifa/Jfi.(*i«+x-2«,)/a,|^ 

Isqueeze = (F^- r,)/k,. {e-*^^- <*•«-*>/»« - g-if./irx.(M+«-2a^/«.}, 

This gives the whole state of the bars up to the end of the impact or 
until t « 2^2/^3. 
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Saint- Venant tests thèse results : 1** by the principle of con- 
servation of momentum, 2° by that of conservation of energy, 3® by 
comparing the above finite forms with the solutions in trigono- 
metrical séries. He finds them verified in ail cases. In the con- 
cluding paragraph he promises in a future communication to deal 
with the case of a bar with one terminal fixed and the other 
terminal struck by a load represented by an infinitely short second 
bar. This is a fundamental problem in suspension bridge bars, 
and solutions in trigonometrical séries had been given by Navier 
and Poncelet: see our Arts. 272* and 991*. Saint- Venant 
promises one in finite tenns. . 

[223.] Solution^ en termes finis^ du problème du choc longi- 
tudinal de deux havres élastiques en forme de tronc de cône ou de 
pyramide : Comptes rendus, LXVI. 1868, pp. 877 — 81. 

This is again a complément to the memoir in the Journal de 
Idouville (see our Art. 213). It gives in finite terms a solution 
for a case in that memoir, which Saint- Venant had only solved 
in trigonometrical séries. Namely the case when the bars instead 
of being prismatic are truncated cônes or pyramids. 

The équations for the vibrations are in this case of the form : 

d (EiQi du^dxi) __ dhiri 

where pi is the density and Oj the cross-section — wi (1 + xjh^^, «Ji and h^ 
being constants. K we put JSi/pi = ki\we hâve an intégral of the form : 

Xi + hi 

Similarly there will be two arbîtrary functions ^, F^ for the 
second bar. The problem is to détermine thèse four functions by 
the initial conditions dujdt = V^ from to a^, dujdt = — F^ from 
to ttj, while the initial squeeze is zéro throughout the bars. The 
terminal conditions hâve also to be satisfied throughout the 
motion. The forms of the functions are given on pp. 879 — 80 of 
the memoir, and the gênerai treatment of the problem indicated, 
without, however, any numerical détails for spécial cases. 

La solution s'étendrait même à plusieurs barres juxtaposées bout à 
bout, et par conséquent au choc de deux solides allongés quelconques à 
axe rectiligne, car ces solides peuvent toujours être approximativement 
décomposés en troncs de pyramide à base quelconque (p. 881). 
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[224.] Leçons de mécaniqvs analytique, par M. TAbbë Moîgno. 
Statique, Paris, 1868. The last two Leçons of this work, the 
twenty-first and twenty-second, pp. 616 — 723, contain a gênerai 
theory of elasticity by Saint- Venant. This is the fourth such 
gênerai theory that we hâve from his pen, the former three being 
respectively in the memoir on Torsion^ in that on Flexure, and in 
the Leçons de Navier: see our Arts. 4, 72, and 190. Saint- Venantes 
treatment is in the main a modified and improved form of that of 
the second, third and fourth years of Cauch/s Exercices de mathé- 
matiques ; that is to say it starts from the molecular définition 
of stress (p. 617). After a very full analysis of stress and strain 
we reach the gênerai elastic equationa The hundred odd pages 
form one of the best introductions to the subject of elasticity, 
though they naturally contain no new results. We may refer to 
one or two points. 

[225.] Saint- Venant rejects like Lame that définition of stress 
across a plane, which considers stress as the force necessary to 
retain the plane in equilibrium if itwere to become rigid (footnote 
p. 619). This apparently simple définition conveys, he holds, no 
exact notion and its simplicity is a pure delusion. In other words 
he insists upon the importance of the molecular-definition of stress: 
see Lamé's Leçons sur Vélasticité, § 5, and our Arts. 1051* and 1164*. 

[226.] The well-known theorems of Cauchy and the équations 
to his ellipsoids are reproduced with short proofs: see our Arts. 
603* — 12*. We may note also on p. 630 a démonstration of 
Hopkins' theorem: see our Art. 1368*. Relations for change of 
direction of stretch and slide, such as those of our Art. 133, are 
given on pp. 644 — 5. Saint- Venant remarks that thèse relations 
were first given by Lame in 1851, but that he assumes that the 
shifts are small ; the proof given by Saint-Venant holds for any 
shifts, provided the relative shifts, i.e. the local strains, are small. 

[227.] On pp. 652 — 3 Saint- Venant states as a Lemma and 
proves the principle of linearity of the stress-strain relations, i.e. 
the generalised Hooke's Law. The proof appeals to the rari- 
constant hypothesis. The reader will remember that there is an 
unjustifiable assumption often made in the proof of the generalised 
Hooke's law by Green's method: see our Art. 928*. We may note 
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hère how Saint- Venant as a rari-constant elastician proves his 
Lemma. After statîng that the stresses must be functions of the 
strains he continaes : 

Et elles en sont fonctions linéaires ou du premier degré ; car, comme 
les actions réciproques entre molécules sont fonctions continues de leurs 
distances mutuelles r, celles que développent de très-petites augmenta- 
tions rSr des distances leur sont proportionnelles; et les changements 
très-petits des inclinaisons mutuelles de ces actions à composer ensemble 
pour avoir les pressions sont proportionnelles aussi à des augmentations 
rsr de distances. Or ces petites augmentations positives ou négatives : 

[see our Art. 547*] 

sont sommes de produits des premières puissances des dilatations et 
glissements «, o- par des quantités rc*,^...rc^c^ qui ne dépendent que de 

l'état antérieur aux déformations Les composantes xx. . .^ des pressions 

sont donc fonctions du premier degré des mêmes six quantités très- 
petites « et o-, ce qui est le lemme énoncé. 

It will be noted that a clear reason is hère given for the 
legitimacy of Taylor's theorem and the rétention of the first 
powers. It dépends on the rari-constant hypothesis, A slight 
discussion of this point with a référence to the Appendice V. of 
the Leçons de Navier will be found on pp. 654 — 6 ; see our Arts. 
192 and 298. There is a footnote on the arbitrary assumption 
of the stress-strain relations for isotropic bodies by Cauchy and 
Maxwell : see our Arts. 614* and 1537*. 

[228.] On p. 670 there is a footnote citing the values of the 
8tretche3 and slides for large shifts. This requires modifying in 
the sensé of my remarks in Art. 1619* — 22*. 

There is an excellent proof on rari-constant Unes following 
Cauchy of the most gênerai elastic équations with initial stresses 
on pp. 673 — 689. It is foUowed on pp. 694 — 7 by some useful 
remarks on the di£5culties whiîh occur in the treatment of stresses 
as the sums of intermolecular actions: see our Arts. 443* and 1400*. 
The pitfalls into which Poisson, Navier and others bave fallen are 
well brought out 

[229.] This discussion on elasticity concludes with a déduc- 
tion of the expression for the strain-energy (Qreen's function) by 
means of Lagrange's process and the rari-constant hypothesis (p. 
717). The method is similar to that used by G. Neumann in his 
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memoir of 1859: see our Chap. xi. It is pointed out that if 
Navier s error of taking (r^ — r)/' (r) înstead of /(r) + (r^ — T)f' (r) 
for f(r^ be avoided, and if the summations be not replaced by 
intégrais, then Foisson's objection to the application of the Calculus 
of Variations to molecular problems utils to the ground (p. 719) : 
see our Arts. 266* and 446*. Finally there is an account of Green's 
process and an unfavoxirable criticism of his theory of double 
refraction (pp. 719 — 23) : see our Arts. 147 and 193. 

• 

[230.] Formules de Vélasticité des corps amorphes que des 
compressions permanentes et inégales ont rendus hétérotropes. 
Journal des mathématiqv£S, Tome Xlil. 1868, pp. 242 — 254. In 
his memoir of 1863 Saint-Venant has shewn on the rari-constant 
hypothesis that the ellipsoidal distribution of elasticity holds for 
aeolotropic, but amorphic bodies, i.e. bodies such as the metals, 
whose primitive isotropy has been altered by a permanent strain, 
which has not converted their éléments into crystals; such a 
permanent strain for instance as would be produced by the pro- 
cesses of rolling, forging, etc. This ellipsoidal distribution he has 
applied to explain the phenomena of double refraction, without 
adopting exact transversality of vibration, but obtaining without 
approximation FresneFs wave-sur&ce. The ellipsoidal conditions 
are of two kinds : 

(i) a group of the type 2cî 4- cï' = Jbc \ ... 

or, (ii) „ „ „ 2d + d' = i(i+c)J W- 

If the différences of the direct-stretch coefficients (b — cc — a, 
a — b) are so small that their squares may be neglected, thèse two 
groups of conditions are identical ; this is probably the case in the 
metals used for construction, and in doubly-refracting média: 
see our Arts. 142 — 7. The conditions by which Saint- Venant 
would replace Green's relations — the Cauchy-Saint- Venant con- 
ditions as we hâve termed them — amount to an ellipsoidal dis- 
tribution of elasticity (see our Art. 149), but this distribution 
Saint- Venant has only discussed on the basis of rari-constant 
équations. Boussinesq in a memoir entitled: Mémoire sur les 
ondes da/as les milieux isotropes déformés^ which immediately pré- 
cèdes the présent memoir (pp. 209 — 241 of the same volume) has 
deduced the Cauchy-Saint- Venant conditions for double refi^xîtion 
on the basis of the ellipsoidal distribution without any appeal to 
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rari-constancy. The ellipsoïdal distribution is proved by Bous- 
sinesq for amorphic bodies on the multi-constant hypothesis, — 
provided we assume the elastic coefiBcients to be themselves 
linear functions of three small quantities corresponding respec- 
tively to the three principal reetangular directions of the perma- 
nent strain given to the initially isotropic material. Saint- Venant 
proposes to give a new proof of Boussinesq's resuit, so that the 
ellipsoïdal distribution may be accepted for the amorphic bodies 
in question even by multi-constant elasticians. 

[231.] Suppose the body initially isotropic to be permanently 
strained in such manner that at each point there are three planes of 
elastic symmetry, then the stress-strain relations are of the f orm : 

yi=/^8go-^b8y'hd'8fgf «r = e(riB, \ (ii). 

Let €, €, e" be the three small quantities corresponding to the three 
reetangular directions Xy y, % of which the elastic constants are, accord- 
ing to hypothesis, to be functions, or let the types be 

a = a + ^€ + m^€ + t^jc", 

cî' = y +;?i€ + q^€ + A^€ ', 

c^ = 8 + ri€ + «ic' + h^€\ 

Then since the original condition is isotropy, a must be related to c' 
and e" in the same way, and further in the same way to c as 6 to c' and 
e to c". Thus /i = TWj = w,, and mi = % = 4 = W3 = /,=: m^, Similar 
relations hold for the constants of d and d\ Thus we may write as 
types: 

a = a + ?€ + m (c' + c"), 

h =a + h' + m{€ + € '), 

e' = 8'+K + g(€+€"), 

e = 8 + rc' + 8 (€ + €").. .etc. 

Now if we take c' = e", or the stretch the same ail round the 
direction a:, we ougbt to hâve not only ô = c, e=/ e'=/', which 
easily foUows, but in addition the values of the constants ought not 
to be affected by a rotation of the axes round that of x, This 
however is easily Hhewn to involve 

or what is the same thing 

a + W€ + Q+m) € = 28 + 8' + (2r + p) € + (4«+ 2g) e'. 
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This inyolves, as an identity true for ail values of c and c', the 
forther results 

Whence we easily find generally : 

ô + c = 2a+ (e' + c") (/ + m) + 2w€, 

= 2(28+8') + 2(€' + €")(2«+g)+2(2r+;?)€, 

= 2(2t/ + cf), 

or 2d + d' = ^(b + c), 

the type of ellipsoïdal condition for the second group. It will be 

identical with the group of type {2d + cf ) = Jbc, when we may neglect 
the squares of the différences of a, 6, c, or quantities like (l—m)' (c — c')'. 
Hence the ellipsoidal conditions hâve been deduced on a hypothesis 
very probable in character and not opposed to multi-constancy. 

[232.] The memoir concludes by noting that to the stress-strain 
relations (ii) subject to the inter-constant relations (i), we must add 
tenus of the type : 

XXq (1 +Ug^—Vy^ W^ to XX^ 

if there be an initial stress xx^, yy^, Txq symmetrical with regard to the 
planes of symmetry of the primitive strain. Saint- Venant appeals for 
thèse to his memoir of 1863, but as we hâve seen he has really only 
proved them there for rari-constancy (see our Art. 129). 

[233.] Calcul du mouvement des divers points cCun bloc diLctile, 
déforme cylindrique, pendant qu'il s'écoule sous une forte pression 
par un orifice circulaire ; vues sur les moyens d!en rapprocher les 
résultats de ceux de V expérience : Comptes rendus, LXVI. 1868, pp. 
1311 — 24. This memoir deals only with the motion of the parts 
of a ductile mass, and does not take into considération the stresses 
which produce those motions. Its methods thus approach those of 
hydrodynamics rather than of elasticity ; it belongs as Tresca's own 
theory, to which it refers, to the pure kinematics of déformation. 
A report drawn up by Saint- Venant on Tresca's communications to 
the Academy immediately précèdes the above memoir (pp. 1305-11). 
It deals with and criticises Tresca's pure kinematic theory. 

Memoirs by Saint- Venant treating of the flow of a ductile solid 
or of a liquid out of a vessel will be found in the Comptes rendus, 
Lxvii. 1868, pp. 131—7, 203—211, 278—282 and LXViii. 1869, 
pp. 221—237, 290—301. They cannot be considered to fall in 
any way under the title of the elasticity or even the strength of 
materials. 



yz 
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[234.] Note sur les valeurs que prennent les ^pressions dans v/n 
solide élastique isotrope lorsque l'on tient compte des dérivées d'ordre 
supérieur des déplacements très-petits que leurs points ont Couvés : 
Comptes renduSy Lxviii. 1869, pp. 569 — 571. This note gives 
without proof expressions for the traction and shear at any point 
of an elastic solid. when we do not neglect the squares of the 
shift-fluxions. Saint- Venant says that his results hâve been 
obtained from rari-constant considérations. He finds : 

..(6V.V.«.V.VV.(,..g)}.... 

/dv dvA C â^e «a/^ dufs\ 

~ \dz dy) ^\ dydz \dz dy)) 

\ dydz \dz d/yj) 

â^ â^ â? 
Hère tf is as usual the dilatation, V is the Laplacian -^ + ^—^ + -r-â, 

and €o, Cl, ca, €3... are constants depending on the elastic nature of the 
body. 

Saint- Venant concludes his note with the remark : 

Ces formules serviront peut-être à expliquer des faits relatifs à 
certaines substances élastiques pour lesquelles le rapport entre les 
efforts et les effets varie plus rapidement lorsqu'on les comprime que 
lorsqu'on les étend, en sorte que les vibrations qui y seraient excitées 
augmenteraient leurs dimensions comme fait la chaleur, dont les effets 
de dilatation peuvent être attribués, comme j'ai eu l'occasion de le faire 
remarquer (Société PhUomathique, October 20, 1855 : see our Art. 68), à 
ce que les actions entre les derniers atomes suivraient une loi analogue, 
(p. 671). 

[235.] Sur un potentiel de deuaièms espèce, qui résout l'équation 
aux différences partielles du quatrième ordre eooprimant l'équilibre 
intérieur des solides élastiques amorphes non isotropes: Comptes 
rendus, lxix. 1869, pp. 1107 — Il 10, 
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This note merely refers to E. Mathieu's discussion of the potential 
of the second kind 



* = iiifi'h A y) J{X - af + (y - /S)» + (« - y)» dad^Oy, 

by means of which the équation V^ V'^ = can be solved. This équation 
occurs in the treatment of an isotropic solid. Saint-Yenant notices the 
form 

which solves the équations of elasticity when there is an ellipsoidal 
distribution of elasticity : see our Arts. 140-1. 

Saint- Venant speaks highly of Comu's memoir of 1869 and its 
bearing on the constant-controversy : see our Articles below on that 
physicist's work. 

[236.] Preuve théorique de Végalité des deux coefficients de 
résistance au cisaillement et à V extension ou à la compression dans 
le mouvement continu de déformation des solides ductiles au delà 
des limites de leur élasticité: Comptes rendue, Lxx. 1870, pp. 309 
—11. 

The object of this note is to prove the equality between the 
coefficient of résistance to slide and the coefficient of résistance to 
stretch or squeeze, when both slide and stretch are plastic. 

Saint- Venant takes a right six-face of edges a, b, c, and supposes 
the two faces a x 6 to be subjected to shearing forces in direction 
of a which produce a plastic slide-set <r x c, so that the limit of 
elasticity is passed. If K' be the force necessary per unit of area, 
the work expended in producing this set is 

K^ab xa-xc, 

or, it equals K'c per unit of volume. 

Now this same slide-set could bave been produced by diagonal 
stretch and squeeze of magnitude <r/2 : see our Art. 1570*. Let 
us take the right six-face abc and divide it up into others of the 
same breadth 6, but of length a' and height c' making angles of 
45* with a and c and having their end-faces a' x & in the faces 
axa In order to produce set-stretch it is necessary to apply to 
the faces bc a traction given by Kbc' and to the faces ba a . 
négative traction given by Kba\ where K is the coefficient of 
résistance to both stretch and squeeze. Hence to produce a 
stretch of {r/2 and a squeeze of {r/2 parallel to a' and c' respectively, 
yre require work ecyxel to 
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KW . 5 a and Kba* . -x c\ 

or, per unit volume of the little prism a'hc't we require work equa 

to 

Ka. 

But this quantity must equal the prevîous K*a or 

the resuit experimentally ascertained by Tresca. 
Saint- Venant concludes the note as foUows : 

Ce raisonnement me paraît, aussi, justifier l'hypothèse, hardie au 
premier aperçu, mais, en y réfléchissant, très-rationnelle, de l'égalité des 
résistances à l'extension et à la compression permanente, par unité 
superficielle des bases des prismes qu'on y soumet ; bien entendu, sous 
la condition générale, que tout ceci suppose remplie, de mouvements 
excessivement lents, ou tels que leur vitesse n'entre pour rien dans les 
résistances aux déformations qu'ils produisent. 

In a footnote he refers to a method by which the flow-lines of a 
plastic material might be obtained experimentally. 

It must be noted that the proof assumes the coefficients K^, 
K^ of résistance to squeeze- and stretch-set to be equal, otherwise 
we should hâve 

The reader may compare Ooulomb's results on shearing and 
tractive strength referred to on p. 877 of our first volume. 

[237.] Formules des augmentations que de petites déformations 
d'un solide apportent aux pressions ou forces élastiques, supposées 
considérables, qui déjà étaient en jeu dans son intérieur, — Complé- 
ment et modification du préanïbvle du mémoire: Distribution des 
élasticités autour de chaque point, etc. qui a été inséré en 1863 au 
Journal de Mathématiques, (see our Arts. 127 — 152). This memoir 
is published in the Journal de Mathématiques, Tome xvi. 1871, 
pp. 275 — 307, and is divided into two parts ; the Première Partie 
(pp. 275 — 291) is occupied with correcting an error which Brill 
and Boussinesq had pointed out in the memoir of 1863 (see our 
Art. 130) ; the Deuxième Partie deals with the relations between 
the elastic constants k^^^l, etc. and the six components of initial 
strain. It occupies pp. 291 — 307 and forms the subject of a note 
on pp. 356 and 391 of the Comptes rmdus^ T. L^xii, 1871, 



} ...(i). 
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[238.] The error in question was really indicated in our first 
volume (see Art. 1619*), namely that the true relations between 
the strains, s^, a'y, and the shift-fluxions are in their most gênerai 
form of the tjrpes^ : 

Sx + i «»" = W» + i W+ t;/ + Waj') 

a'yg (1 + 8y) (1 + 8g) = Vz + Wy + UyUg + VyVg + WyW^ 

but that thèse are not the values taken by Saint- Venant in his 
memoirs of 1847 and 1863: see our Arts. 1622* and 130. 
Accordingly Saint- Venantes attempt to deduce Cauchy's équations 
from a multi-constant hypothesis is erroneous. 

The f ull value of the potential energy îs 

<^ = <^o + ^o(«a>+K')+ + ) 

+ îîoO-'ya(l+ «y) (!+««)+ + > (ii), 

as Boussinesq had pointed out, and not 

^ = <^o + **o *« + + + y«o ^y« + + +<^> 

as assumed in the memoir of 1863 (see our Art. 130). But the expres- 
sion (ii) has been ded/uced OTdyfrom molecular considérations on the ra/ri- 
constant hypothesis, The fact is that we can on the multi-constant 
hypothesis expand ^ in linear and quadratio terms of the strain-com- 
ponents Cg., c^, €«, rjyg, i/a»» Vxy ^^ ^^^ -^^* 1619*, as Green in fact did 
{Collected PaperSy pp. 298-9), but we cannot détermine to what extent 
the resulting coefficients are fuuctions of the initial stress-components. 
This apparently requires us also to make some molecular assumption. 

[239.] Starting with expression (ii) for the potential energy, 
we should arrive at the équations of Cauchy (as Saint- Venant had 
done in his memoir of 1863 by a double self-correcting error), but 
we must renounce the hope of arriving at (ii) on the. simple 
assumption of a generalised Hooke's Law. We may note one or 
two further points in the first part of the memoir : 

(a) To the second order of small quantities, 



= «*« + i (V + «^» ) ) /£Jjy 

This was first notîced by Brill: see p. 279 of Saint- Venantes memoir. 

1 c'y, différa from the <r^ of our Art. 1621*, it being the cosine and not the 
çotangent of the sUde-an^le. See Saint- Venapt'B définition of slide in Art. 1564*. 
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(b) If we assume that the work-function roay be expanded in 
powers of «aj, «y, ««, o-^y, o-as,, o-yc and write 

+ S'o «"ay + ^0 <^a» + îèo <^jM5 y (iv), 

then we are throwing a portion of <f> involving initial stresses into <f>^, 
which thus diâers from the <f>i of (ii). We thus obtain for the stresses 
the types : 

But ^2 *iicl y^a while being of the same form as Cauchy's xx^j y^j [see 
our Art. 129, (ii)], will in reality hâve constants increased by the corres- 
ponding initial stresses, as is shewn by the rari-constant investigation. 
Thus: 

\XXXX\^ =■ \XXXX\ + XXq \ 

\yyyx\2= \yyyx\ + y^oj- (vi). 

\zzyz\^= \xzyz\ + y^^/ 

It is the impossibility of determining on the multi-constant theory 
how thèse initial stresses occur in the changed values of the constants, 
which throws us back on rari-constancy for a proof of (ii). Results (vi) 
combined with (v) couvert the latter into Oauchy's formulae : see our 
Art. 129, (i). 

[240.] The second part of the memoir deals with the foUowing 
problem: If \xxxx\^ \xxxy\^ \xxyx\^ etc. are the elastic constants when 
there is an initial state of stress xx^^ Sq, etc. it is required to 
détermine thèse constants in terms of k^^^^l^, \xxxp\^^ i^jv^Iq, etc. the 
elastic constants before this initial state of stress. 

Saint- Venant deals with the problem on rari-constant lines. We 
hâve, with abbreviated symbols (see our Art. 143) : 

\x*\ or |y««2| or |y»«l or |a«y«| =^ Sm —7- -^ {aï* or yV or ^z or x'yz} . . .(vii). 

Further we hâve, if Xq, y^, Zq be the position of the molécule m 
relative to a second before the initial strain, Uq, Vq, Wq its shift due to 
that strain, and x, y, z the relative position after the strain, 

duo duo duQ 1 /dhùQ „ \ 
duc 



1 r = 



dxn 



^'"^U^dj^ ^ J 



S.-V. 11 
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1 [fdut^ .du. dua \» 

^(S- y] 









rdr\ r J r^^ \ ^o / ^Tq n dro\ '^o / 

Po 

/ duQ\ / dVo\ /- dwo \ __ dvodwo _ dwoduo ^ du^ dvo 

\ dXfi)\ dyj\ dzoJ dz^dy^ dx^ dzQ dy^dx^ 

if we suppress squares and products. 

Substituting in Equation (vii) and remembering that 

l^loor !y8i!«loOr|y»zioOr|^y«lo = ^ Sw —=- K-^ - [ {cc^o or y^o2r»o or i/'o^o or iB*o2/o«o, } 
we obtain the typical results : 

\3fiyz\ = \3flyz\Q (1 + U^^ + 2 (|j:y«;r|o Uy^ + |j?y;?«lo W^^) + l^^^lo V^^ 4- l4;«:»»Io V^^ + l^ylo W^^ 

Hère Ug^^.,. dénote duQJdxQ...^ and since the stresses xxq, y^o 8^© given 

functions of u^^ Vy^...ifcg^...etc., we can express the new coefficients la?*!... 

in terms of the old \x^\q.,. and the initial stresses. Thèse results are 
obviously only a more gênerai case of the formulae of our Art. 616*. 
The following pages 297 — 304 are concemed with other modes of 
looking at thèse results or expressing the stresses in terms of them. 

[241.] Let us take as a spécial case that of a bar of primitively 
isotropic material subjected to a traction xàe, there being an initial 
traction xxq. We hâve 

Further, if i*«y«io = X = /x, then l**lo = 3X and Eq = 5X/2, 



Or = Jîén — -rr a?J?Q 



241] SAINT- VENANT. 163 

Thus, \x^\ = 3X (1 - ^^, m = |y*lo = 3X, 

\y^z\ = Ia«|f«| = etc. = 0. 

Substituting in the traction-type as given by Cauchy's formula, 
Eqn. (i) Art. 129, we hâve 

;îî = ^o{l+«»-2«y} + 3X(l-4«^)«^ + 2X(l+5^)«y, 
Whence we find from the second équation : 

«if(*-ts)=~(i+s)*»» 

or «y = - J «^ { 1 + Y %}, neglecting ^r^. 

Substituting in the first we easily deduce 

KX 

= xa?o + -2 *» (1 " T^ *V> 

^ = ^•-40 
Thus if i^ be the new stretch-modulus, we hâve E=:E^ - tJ-^o* 

This shows that a large initial traction can alter to some 
extent the value of the stretch-modulus. It slightly decreases it. 
Saint- Venant obtains in our notation 

but I do not think this resuit is correct. It would dénote an 
increase of the stretch-modulus. Saint- Venant in fact puts the 
stretch-squeeze ratio after the initial stress = J, (thus on p. 306 
he writes «^ = «y = — i ««), but it seems to me that this ratio 

and is only = — 1/4 when «as© = «^o/^o = ^» ^^» when there is no 
initial stress. 

The matter is one of theoretical rather than practical interest, 
for supposing E were 30,000,000 Ibs. per sq. inch, it is unlikely 
that xx^ could be at most more than 40,000 to 60,000 Ibs. per sq. 
inch ; hence the change in E would not amount to more than 
140,000 to 200,000 Ibs., or at most to 1/160 of E, which with 
the want of uniformity in any material is in practice almost 
within the limits of expérimental error. 

11—2 
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[242.] In Tome XV. of the Journal de Lioumlle, 1870, there 
are two articles by Saint- Venant, but they refer to a matter 
which I hâve thought it well to treat as lying outside our field, 
namely the stability of masses of loose earth. The history of the 
memoirs in question may be briefly referred to. Maurice Lëvy in 
1867 had presented to the Academy a memoir entitled : Essai sur 
une théorie rationnelle de V équilibre des terres fraîchement remuées j 
et ses applications au calcul de la stabilité des murs de soutènement 
(published in the Journal de Liouville T. xviii. 1873, pp. 241 — 
300). This memoir had been referred to a committee including 
Saint- Venant for report. The report appeared in the Comptes 
rendus, T. LXX. 1870, pp. 217 — 28, and was reprinted in Vol. xv. 
of the Journal, pp. 237 — 49. Lëvy as well as the committee 
appear to hâve been ignorant of Rankine's memoir: On the 
Stability of Loose Earth {Phil, Trans. 1857, pp. 9 — 27) which had 
contained most of Lévy's results. Lëvy had started from Cauch/s 
stress-theorems (see our Arts. 606* and 610*), and arrived at 
certain gênerai équations. Saint- Venant in his first note solves 
to a first approximation Lévy's équation (pp. 250 — 63 of Tome 
XVIII.) and hopes some mathematician will proceed further. This 
was done by Boussinesq, who proceeded to a second approximation 
in a memoir occupying pp. 267 — 70 of Tome XV. of the Journal, 
Saint-Venant then reconsidered the whole matter in a second me- 
moir, which occupies the foUowing pp. 271 — 80. In a footnote he 
recognises Rankine's priority of research. The memoirs of Saint- 
Venant and Boussinesq appear also in the Comptes rendus, T. LXX. 
1870, pp. 217—28, 717—24, 751—4 and 894—7. 

[243.] Rapport sur un mémmre de Maurice Lévy: Comptes 
rendus, T. LXXIIL 1871, pp. 86 — 91. This îs a report by Saint- 
Venant and others on Lévy's memoir establishing the gênerai 
body-stress équations of plasticity in three dimensions : see our 
Art. 250. The Rapport speaks well of Lévy's memoir as 
advancing the new branch of mechanics, "pour laquelle l'un de 
nous a hasardé, sans le préconiser comme le meilleur, le terme 
d^hydrostéréo'dynamiquey This branch of research has been called 
later plastico-dynamics, a better word, and we shall refer to it 
simply as plasticity. 

[244.] Sur la mécanique des corps ductiles : Comptes rendus, 
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T. LXXIII. 1871, pp. 1181 — 1184. Saint- Venant hère replaces his 
first name — hydrostereo-dynamics — by plastico-dynamics, He re- 
fers to the Complément to his memoirs on this subject in the 
Journal de Liouville: see our Art. 245, (iii), and to the two ex- 
amples of the plasticity of a cylinder under torsion and of a prism 
under circular flexure dealt with there. The object of this note 
is to show that a formula obtained by Tresca for the torsion of 
a semi-plastic cylinder contributes no more than Saint- Venantes 
formula of the above-mentioned Complément, while it is at the 
same time obtained in a semi-empirical fashion. While Tresca's 
formula involves a new constant K\ Saint- Venant dépends only 
on the elastic slide-modulus /jl and the plastic-modulus K. 
Saint- Venant distinguishes in his cylinder only two zones, an 
elastic and a plastic one, Tresca supposes a mid-zone in which 
elasticity alters to plasticity or, as Tresca terms it, fluidity. Saint- 
Venant's discussion has the theoretical advantage, but it seems 
not improbable that physically something corresponding to Tresca's 
mid-zone has an existence. 

[245.] We hâve next to tum to a séries of interesting and 
important memoirs by Saint- Venant in which he deals with the 
plastic équations: Thèse are : 

(i) Mémx>ire sur rétablissement des équations différentielles des 
mouvements intérieurs opérés dans les corps solides ductiles au delà 
des limites où T élasticité pourrait les ram^ener à leur premier état. 
Journal de Mathématiques. Tome XVI. 1871, pp. 308 — 316. [See 
also Comptes rendus, T. LXX. 1870, p. 473.] 

(ii) Extrait du mémmre sur les équations générales des mouve- 
ments intérieurs des corps solides ductiles au delà des limites où 
V élasticité powrrait les ramener à leur premier état. Par M. Maurice 
Lévy. Ibid. pp. 369 — 372. [See also Comptes rendus, T. LXX. p. 
1323, and Saint- Venantes correction referred to in our Art. 263. 
Some account of the memoir itself will be given under the year 
1870.] 

(iii) Complément aux mémoires du 7 mars 1870 de M. de 
Saint-Venant et du \Q juin 1870 de M. Lévy sur les équations 
différentielles * indéfinies^ du mouvement intérieur des solides duc- 
tiles etc.;... Equations * définies' ou relatives aux limites de ces 
corps; — Applications, Ibid. pp. 373 — 382. 
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[246.] The first paper begins with an înteresting account of 
the history of the theory of plasticity. It refers to Tresca's memoîrs 
and to the attempts of Tresca and Saint- Venant hîmself to obtain 
solutions by means of pure kinematics. It is pointed out that the 
problem is essentially mechanical as well as kinematîcal and 
involves a considération of stress as well as of mère continuity. 

In the first place the ordinary équations of fluid-motîon must be 
replaced by others involving inequality of pressure in différent directions. 
Thus the well-known type of hydrodynamic équation : 



dp _ / y, du du du dii\ 
dx'^"\ dt dx dy dz) ' 



becomes the plastico-dynamic type : 

dxàe dxp dxx ( ^ du du du dv\ 



dx 



dxy dxx _ /y- du du du du\ .,. 

dy dz~ '^y dt dx dy dz) ^ '' 



The change of sign is due to change from pressure to traction. 
To this.we must add the équation of continuity : 

du dv ^_/N /..v 

dx dy dz ^ ^' 

The four équations given by (i) and (ii) represent the relation between 
the flow (velocity-components tt, v, w) of the material and the stress-com- 
ponents. The material in the plastic state is treated as incompressible. 

[247.] Now Tresca bas demonstrated that, if a material is in 
the plastic stage, the maximum shear across any face must bave 
a constant value Ky which be bas ascertained experimentally for a 
variety of materials. Tbis constant résistance to maximum slide 
we sball term in future the plastic modtdua, Hence to obtain 
the plastico-dynamic équations we must express the fact that 

the maximum shear across any face = f (iii). 

Again, Tresca bas demonstrated that the direction of the 
maximum shear is also that of the maximum velocity of slide. 
Tbis forms then our last condition : 

maximum shear and maximum slide- j .. v 

velocity are co-directional J 

Equations (i) and (ii), with conditions (iii) and (iv) should give 
the complète plastico-dynamic équations. 
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[248.] Saint- Venant only treats the case of what we may 
term uniplanar plasticity, or the motion the same in ail planes 
parallel to that of x, z. Thus the co-ordinate y disappears from his 
results. 

Let afy z' be two rectangxilar axes making an angle a with those of 
X, », then it easily foUows from the first formula in our Art. 1368* that, 

^«^ = — 2? — sm 2a + 4ur cos 2a. 



This takes its maximum value for 



rt ZZ ^ XX 

tan 2a = -7r==r- 

Zxz 



(v), 



and is then of the intensity 

\ J4:ZX^ + (^ — Xx)\ 

Thus condition (iii) becomes 



'^ + 



(zz — a^r\2 



(vi). 



Further the slide-velocity is easily found to be given by 



dvjl du' fdw du\ . 



du _ fdw du\ . ç. fdw du \ ^ 
dz'^ydz dx) ^ \dx dzj 



daf d%' \da dx) 
and therefore takes its maximum when 

dw d/a 

dz dx 
tan 2a = , , . 
dw du 

dx dz 
Hence condition (iv) becomes 

-XX fdw du\ I fdw du\ . ..^ 

\^^\dz "^y \\d^^ dz) ^'^^• 

Finally équations (i) and (ii) take in this case the simpler 

f orms : 

dxx dxz ( -. du du d/u\ 

dx dz ^ \ dt dx dzJ 

dx^ d^ ( „ dw dw dw\ 

dx az ^\ dt dx dz/ 

du dw ^^ 
dx dz 



zz — 
2xz 



(viii). 



Equations (vi), (vii), and (viii) are those for uniplanar plasticity. 
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[249.] Saint-Venant remarks that even thèse équations will 
be diflScult to solve for any except the simplest cases. He suggests, 
however, that those for a cylindrical plastic flow would not be 
difficult to obtain. 

In a final paragraph (p. 316) to the first paper Saint-Venant 
remarks : 

Je ferai seulement une dernière remarque : c'est que si, aux six 

composantes de pressions ci-dessus, xx, xi, l'on ajoute respectivement 

les termes : 2eu„ 2€V^ 2€Wg, c {vg + w^), c (Wg^ + Ug), c (m^ + Vg^), représentant, 
comme on sait, ce qui vient du frottement dynamique dû aux vitesses de 
glissement relatif dans les fluides non visqueux se mouvant avec régula- 
rité, les équations des solides plastiques, ainsi complétées, s'étendront au 
cas où les vitesses avec lesquelles leur déformation s'opère, sans être 
considérables, ne seraient plus excessivement petites, et pourraient en- 
gendrer ces résistances particulières, ordinairement négligeables, dont on 
a parlé au No. 3. Les mêmes équations, avec tous ces termes, seraient 
propres, aussi, à exprimer les mouvements réguliers (c'est-à-dire pas assez 
prompts pour devenir tournoyants et tumultueux) des fivxdeè visqueux, 
où il doit y avoir des composantes tangentielles de deux sortes, les unes 
variables avec les vitesses u, v, tv, et mesurées par les produits de c et de 
leurs dérivées, les autres indépendantes de ces grandeurs des vitesses, ou 
les mêmes quelle que soit la lenteur du mouvement, et attribuables à la 
viscosité, dont K représenterait alors le coefficient spécifque. 

[260.] In the second paper to which we hâve referred in our 
Art. 245, Maurice Lëvy establishes two sets of results. In the first 
place he obtains the gênerai équations of plasticity ; in the next 
he considers the spécial case of a cylindrical plastic flow. 

We cite the gênerai équations hère, but refer to our later 
discussion of Lévy's memoir for remarks on his method of obtaining 
them. 

The gênerai équations (i) and (ii) hold for this case. The condition 
(iii) becomes : 

4(Z» + g)(4Z» + y) + 27f» = (ix), 

where gsù^ji + AAi + ùjBAy-î^-Sr*-^', 

and jwr — Aa = ^ — Aysa*»— Ag = y («î + S^ + «T ). 

The condition (iv) becomes 

f« *r xtf îî"— *r 'zB — xx 



Vg -¥ Wy Wjj + Ug Uy + Vgc 2 (Vy - Wg) 2 (Wfg - Ug^ 

Thus (i), (ii), (ix) and (x) are the requisite équations. 



.(x). 
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[251.] On p. 371 Lévy remarks that Saint- Venant in the case of 
uniplanar plasticity has not considered the stress fy, From équation (x) 
since Vy = 0, and therefore Wg-hUrc = from (ii), we hâve 



2u^ - 4ug, ' 



or, yy = i ( «^ + ^) (^^)* 

[252.1 On p. 372 we hâve the équations for a cylindrical plastic 
flow. If 2; be the axial, r the radial directions, ^ the meridian angle, 
u, w radial and axial velocities, they take the form : 



dTr dTz rr —66 / r» du du dv\ 



dr dz ' r ^ \ ^ dt ^ dr ^ dzj 

rz ( rw dw dw dw\ 

r ^\ ^ dt dr dz J ^ 



. ...(xii), 



du u dw ^ , ...^ 

Tr^T^-d.-'' <""^' 

4-;î« + (;;^ - «)» = 4Z' (xiv), 

rz vr — zz rr — ^ 



_ (xv). 

Wr + Ug 2{Ur-fVg) 2 (w^ - w/r) ^ ^' 

We shall see later that the condition (xiv) is not sufficient nor 
always correct : see our Art. 263. 

As a rule when the plastic movements are very small and the effects 
of gravity can be neglected, we may put the right-hand sides of équations 
(i) and (xii) equal to zéro. 

[253.] In the third paper whose title is given in our Art. 245 
Saint- Venant first makes the remark that if the velocities be neglected 
the équations of uniplanar plasticity reduce to the discovery of an 
unknown auxiliary ij/, where : 

^d^ij/ ^_d^ 

^"■^' ''-~d^' 

^ d^^ 

xz = — 



dzdx^ 

Kâ)'^©-§)'-^ <->■ 

He suggests that this équation might be solved by approximation. 

[254.] Saint- Venant next passes to the treatment of the 
limiting or surface conditions of plasticity, i.e. the conditions which 
hold at the boundary of the portion of the material in a plastic 
condition. He tenns them the équations définies ou déterminées; 
the previous équations being called the éqvxitions indéfinies. 
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Thèse conditions are of various kinds. A certain portion of 
the block of matter alone is plastic (called by Tresca the zâne 
d'activité), other portions may remain elaatic, or after passing 
through a plastic condition return to elasticity (e.g. a jet of métal 
after passing an orifice). 

The conditions break up into three classes : 

Ist. Those which relate to the surface of the material at points 
which hâve retained or resumed their elasticity. Let such a surface be 

exposed to a traction T^ and let the elastic stresses be xx^ xiey the 

suffix e merely referring to their elastic character. The type of surface 
condition will be 

xxg cos (nx) + S« cos (ny) + xz^ cos (nz) = T^ cos (Ix) (xvii), 

where n is the direction of the surface-normal and l that of the applied 
traction T^. 

2nd The material is in a plastic stage at the bounding surface, Tp 

being the traction: the type of équation, îîxxp xip dénote the plastic 

stresses, is : 

xxp cos (nx) + xip cos (ny) + xzp cos (nz) = Tp cos (Ix) (xviii). 

3rd. Equations which must hold at the surface at which the 
material changes from plasticity to elasticity. Thèse are of the type : 

(xxg — xjc^ cos (nx) + (xpe - xpp) COS (ny) + (xz^ - xzp) cos (m) = . . . (xix). 

In the équations (xvii) — (xix) the elastic stresses and plastic stresses 
must be obtained &om the gênerai équations of elasticity and of plasticity 
respeotively. 

[255.] On pp. 378 — 380, Saint- Venant treats the spécial case of a 
right circular cylinder of radius r subjected to torsion till plasticity 
commences in the outer zone from Vq to r. He easily finds if Jf be the 
torsional couple, fi the slide-modulus and r the torsional angle : 



if=2.[,4.ir(^-^-)]. 



while at the surface of elasticity and plasticity we must hâve 

There will be no plasticity then so long as 

r< — , or Jf < -zr- K. 
fir 2 



If r be greater than this we hâve : 

'2 „ IK^ 
6/xV 



— G-^S)- 



256—258] SAINT-VENANT. 171 

[256.] On pp. 380 — 381 we hâve the case of plasticity produced by 
the equal or * circular ' flexion of a prism of rectangular section. 

Let 2c be the height in the plane of flexure, 26 the breadth of the 
section, 2co the height of the middle portion which remains elastic, and 
1/p the uniform curvature. Then it is easy to see that the bending 
moment M is given by : 

à p 
At the surface of séparation of the plastic and elastic parts : 

P 
Whence we flnd : 

Ec 
where we must hâve p < ^-^ or the prism will remain elastic. 

[257.] Saint- Venant in conclusion indicates that only after 
first ascertaining experimentally the gênerai form taken by the flow 
in spécial cases will it be possible to attempt approximate solu- 
tions of the équations of plasticity. 

I may remark that Saint-Venant assumes that elasticity and 
plasticity are continuons. This does not seem to me at ail borne 
out by experiment, the stresses hâve long ceased to be proportional 
to the strains before plasticity commences: see the diagram on 
p. 890 of our Vol. I. and my remark in Art. 244. 

[258.] Two memoirs by Saint- Venant on plastico-dynamics 
or plasticity occur in Vol. Lxxiv. 1872, of the Comptes rendus» 
They are entitled : 

(1) Sur rintensité des forces capables de déformer avec conti- 
nuité des blocs ductiles, cylindriques, pleins ou évidésy et placés dans 
diverses circonstances (pp. 1009 — 1015 with footnotes to p. 1017). 

(2) Sur un complément à donner à une des équations présentées 
par M. Lévy pour les mmbvements plastiques qui sont symétriques 
autour d'un même aœe (pp. 1083 — 1087). 

Thèse memoirs may be looked upon as suppléments to those 
of Saint- Venant and Lévy in the Journal de Liouville : see our 
Arts. 245—57. 
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[259.] The gênerai prînciple, Saint-Venant tells us in his first 
memoir, of plastic déformation is that the greatest shear at each 
point shall be equal to a spécifie constant (denoted by K in Tresca's 
memoir of 1869). It follows by Hopkins' theorem that at each 
point the greatest différence between the tractions across différent 
&ces ought to equal 2iK : see our Art. 1368*. 

Saint- Venant treats two spécial cases, and a third by approxi- 
mation. We will dévote the foUowing three articles to their 
discussion. 

[260.] The first is that of a right six-face of ductile métal. 

If the axes of coordinates be taken parallel to its edges, and its faces 
be subjected to uniform tractions xx, pp, 1tz, then thèse tractions will be 
the principal tractions at any point of the material, and it will be 
necessary iiZ'^zzhe the greatest différence that : 

XX '^'zz = 2Jr. (i). 

This condition is fulfilled if 

xx = — pp=—zz= K, 
or 11 XX = — yy = — «« = — K, 

Of this Saint- Venant remarks : 

C'est dans ce sens qu'il faut entendre, avec M. Tresca, que la résistance, 
soit à rallongement, soit à raccourcissement du solide plastique, est constante, 
et égale à sa résistance au cisaillement (p. 1010). 

An extension of this case is that of a cylinder on any base, for which 
yy^Tz without being equal to K, that is to say the transverse or radial 
tractions which we will dénote by rr are ail equal and the longitudinal 
tractions xx are greater than them. We hâve then for the condition of 
plasticity: 

XX =■ 2I[ +'rr (u). 

If the radial tractions are greater than the longitudinal we hâve : 

rr=^2E-hxx (iii). 

Either équation (ii) or (iii) gives us by variation 

or, any incrément of longitudinal, is accompanied by an equal incrément 
of transverse traction. This is Tresca's principle that in plastic aolids 
pressu/re transmita itself as i/n Jfmids, although he proves it by the 
principle of work. 

[261.] The second case dealt with by Saint- Venant is that of 
a hollow right circular cylinder placed between two rigid fixed 
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planes perpendicular to its axis. The external face being submitted 
to a pressure p, we require the internai pressure p^y necessary to 
reduce the material to a plastic condition. 

This problem can be solved by introducing the velocities, hère 
solely radial, of the points of the material. The principles which 
détermine thèse velocities for a plastic material are: Ist, that 
there is no change in the volume of the élément; and 2nd, that on 
each elementary area in the material the direction for which the 
shear is zéro, must be that for which the slide-velocity is zéro. 
The latter principle involves the ratios of the half-diflferences of 
the tractions to the corresponding stretch-velocities being equal 
two and two. 

Let r be the radial distance from the axis of any élément of the 
material, E and R^ the external and internai radii of the cylinder; V 
the radial velocity of the élément at r, and rr, ^, 'zz the tractions along the 
radius, in the meridian plane and parallel to the axis at the same élément. 
Then for the equilibrium and conservation of volume of an elementary 
annulus 2Trrdrdz, it is necessary that : 

drr 'rr - $$ dV V ^ .. v 

+ ^=0, -r- +- = (iv). 

or r dr r 

Further from the second principle it foUows that : 

rr — zz rr ~~ 4^4^ , v 

dVjdi^" dV/dr-Vjr ^^^' 

Eliminating dV/dr between the second équation of (iv) and (v) we 
hâve 



whence it results that rr — ^J is tbe greatest différence, and theref ore by 
Eqn. (i) 

'7r — ^ = — 2K ( vi). 

It foUows from the first équation of (iv) that 

d^/dr = 2K/r, 

Or, integrating rr = -jo.i + 2Zlog(r/^i) (vii). 

Hence from (vi) we deduce : 

J$ = - ^1 + 2 Z + 2Z log (r//?i). 






'^ = -p^ + K+ 2Zlog {r/E 

We see from thèse équations that : (a) the pressure on the rigid faces 
is not uniformly distributed over the surface of the material in contact 
with them, (6) the meridian traction will increase and generally change 
from a négative to a positive value as we pass outwards. 
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If we make r = li, we hâve rr=—p, 

or, p,=^p-^2Elog{R/R,) (ix). 

If the pressure applîed pi has a less value thau this, the ' annular 
fibres* near to the inside face can very well acquire stretches exceeding 
the lîmit of elastîcîty and even that of cohésion for isolated straight 
fibres; but as the fibres in the neighbourhood of the extemal face 
remain elastic, there will not be rupture, nor sensible déformation. 
Saint- Venant refers to the well-known experiment of Easton and Amos : 
see our Art. 1474*. 

In the last Section 5 of the Note Saint- Venant refera to Tresca's 
somewhat unsatisfactory proof of the formula (ix). 

[262.] In a foot-note pp. 1015—1017, Saint-Venant deals 
approximately with the foUowing case : the outer surface of a 
right circular hoUow cylinder (radii R, R^) is supposed to rest on 
a rigid envelope, the internai surface is then subjected to great 
pressure which diminishes the thickness {R — R^), but increases 
the height (h), to détermine the pressure which will produce this 
plastic effect. Tresca had obtained a solution of this problem on 
two hypothèses, which cannot be considered as entirely satisfactory. 
The gênerai équations of plasticity are indeed too complex to offer 
much hope of an exact solution for this case. Saint- Venant gives 
a solution involving only the acceptance of Tresca's second hypo- 
thesis namely : that the upper base of the cylinder and ail the 
plane-sections parallel to it remain plane and perpendicular to 
the axis of the block, and that Unes parallel to the axis pré- 
serve their parallelism. It is obvious that this hypothesis is 
only approximately true; but Saint- Venants investigation is 
an interesting one, as it deals with one of those cases, in 
which the maximum difiference of the principal tractions is not 
given by the same pair for ail values of the radial distance. 
This breaks up the solution into two parts corresponding to 
Sr* < or > i2', and the case itself inta two sub-cases corresponding 
to SR^ < or > R^. Saint- Venants results are not in accordance 
with Tresca's. 

[263.] Sur un complément à donner à une des éqwaUoTis 
présentées par M. Lévy pour les mouvements plastiques qui sont 
symétriques autour d'un même axe: Comptes rendus, T. LXXiv. 
1872, pp. 1083—7. 
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Saint- Venant refers to Lévy's third équation for plastîcity with 
axial symmetry. This équation is (see our Art. 252, Eqn. xiv.) : 

He remarks that this équation is only the true condition for plastic 
motion, when the greatest and least of the négative tractions {pressures) 
are in the meridian plane of the point considered. This is not always 
tnie and Lévy's third condition requires to be replaced by the following 
one: 

2K= the greatest in absolute value of the three quantities : 



„_^ rr •¥ zz /:=;ô T"?^*^ ..— s\a 

H 9 ^rz'' + \{rr-zzy . 

^ r • 

TT "^ ZZ / -^ 

îJ ô — "*" ij^ + i ( »^ ~ ^)^ 

This follows at once £rom the considération that the discrimînating 
cubic for the principal tractions is : 

{T -7^) {T -^){T -7;)-'ÇP {T--'S^)-'^^{T -'^) 
and this becomes when we put : 

rr, ^, zZf 0, rz, for xXf yy, 'zz, yz, zxy ^, 

respectively 

Lévy appears to hâve divided out by ^ — JJ and neglected this root. 

[264.] Saint- Venant remarks that ^ is, however, sometimes the 
greatest or least of the three principal tractions, as for example in the 
problem of our Art. 261, for in that case 

„— » rr + 4t4t 

zz = g- . 

In the approximate solution of our Art. 262, the traction $$ is 
involved also iu the maximum différence when 3r*<72^. Thus Lévy' s 
memoir requires to be corrected so far as this équation is concemed. 

In a foot-note Saint- Venant points out that his solutions (see our 
Arts. 261 — 2), are really obtained by the semi-inverse method and he 
suggests that the same method might be used to solve other plastic 
problems. 
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[265.] Sur les diverses manières de présenter la théorie des 
ondes Itmdneuses. Annales de Chimie et de Physique, 4® série, 
T. XXV. 1872, pp. 335 — 381. This memoir was also separately 
published by Gauthier- Villars in the same year. 

The contents belong essentially to the history of the undulatory 
theory of light. Saint- Venant considers at considérable length the 
researches of Cauchy, Briot, and Sarrau in this field and points out 
the defects in the varions théories which they hâve propounded. 
Finally he deals with Boussinesq's method of obtaining from a 
gênerai type of équation the spécial differential équations which 
fulfil the conditions necessary for explaining the varions phenomena 
of light. Saint- Venant praises highly Boussinesq's hypothesis, and 
considers that his theory : 

qui of&e à la fois plus de simplicité, d'unité, de probabilité, et je 
crois aussi, de rigueur que les autres (quel que soit le remarquable talent 
avec lequel ont été présentés ces autres essais, qui ont toujours avancé 
les questions), mérite d'être enseignée de préférence (pp. 380 — 1). 

I must remark, however, that convenient as Boussinesq's 
hypothèses may be as a grouping together of analytical results 
under one primitive formula, it cannot be held as sufficient tiU 
we understand the reasons why and how the molecular shifts are 
functions of the ether-shiffcs and their space and time fluxions, 
and are able to deduce the form of thèse functions from some 
more definite physical hypothesis. 

§§ 1 — 2 treat of the early history of elasticity. As in the 
memoir of 1863 (see our Art. 146 — 7) Saint- Venant holds that the 
conditions presented by Green for exact parallelism and those 
suggested by Lamé for double refraction are only consistent with 
isotropy. 

Aussi Lamé et Green ne sont pas compris dans l'analyse que je fais 
des recherches de divers auteurs sur la lumière. Il importe que des 
hommes de talent ne s'égarent plus, en pareille matière, sur les errements 
des deux illustres auteurs de tant d'autres travaux plus dignes d'eux. 
(Footnote, p. 341.) See our Arts. 920*, 1108*, 146 and 193. 

[266.] Rapport swr un Mémoire de M, Lefort présenté le 2 
août 1875. This report is by Tresca, Resal and Saint- Venant {rap- 
porteur) and will be found in the Comptes rendus, T. LXXXI. 1875, 
pp. 459 — 464. It speaks favourably of the memoir, which deals 
with the problem of finding the bending moment at the several 
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sections of simple and continuons beams traversed by moving loads. 
We shall refer to the memoîr under Lefort. 

[267.] .De la suite qu'il serait nécessaire de donner aux recher- 
ches expérimentales de Plastico-dynamique : Comptes rendus, T. 
Lxxxi. 1875, pp. 116—122. 

This note refers to the need of new plastico-dynamic experiments 
with a view of extending the number of solutions hitherto obtained 
and also the basis of the existing plastico-dynamic theory. Saint- 
Venant points out the insufficiency of Tresca's method' of dividing 
the plastic solid into separate portions and applying to thèse the 
laws of fluid-continuity ; he refers to his own researches in this 
purely kinematic direction: see our Art. 233, and then to his later 
theory and équations, as supplemented by Lévy, and based on 
Tresca's law of the equality of the stretch and slide coeflScients of 
résistance : see our Arts. 236, 245 and 258. He points out that to 
develop this theory, what we want is not the form taken by jets 
of plastic material, but the absolute paths of the éléments in the 
material. He suggests how this might be ascertained by allowing 
the same load to act in the same manner but for différent periods 
on a number of like plastic blocks, in which a séries of points had 
been previously marked by a three-dimensional wire netting placed 
in the molten metaL He notes also other methods likely to give 
the same resuit. In the course of the note he refers to the simple 
cases of plasticity solved by Lévy, Boussinesq and himself : see 
our Arts. 255 — 61. At the end are a few Unes from Tresca, who 
recognises the importance of the experiments proposed by Saint- 
Venant, which, I beli'eve, he did not live to undertake. 

[268.] Sur la manière dont les vibrations calorifiques peuvent 
dilater les corps, et sur le coefficient des dilatations; Comptes rendus, 
1876, T. Lxxxii., pp. 33—38. 

This is an attempt to represent thermal effects by the change 
produced by thermal vibrations directly in intermolecular distance 
rather than indirectly by their influence in altering the constants 
of molecular attraction. Saint- Venant deals with two molécules 
only and supposes one fixed. 

Let ro be the intermolecular distance in equilibrium, r^r^ + v the 
displaced distance and f (r) the law of intermolecular action, then we 
easily find for our équation of vibration : 

S.-V. 12 
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If dv/dt = VQ, for V and t = 0, we bave as a first approximation 

î? = ~ sin at, where/' {ro)/m = - a\ 
For a second approximation : 

t? = -' sin at+P^ (l-cosaty, where "^^^^^^b^ 
Let us find the mean value v^ of v from < = to 2ir/a ; we hâve : 

Hence the stretch due to the thermal vibration 

_ ^ _ ^' J_ /' (n) 
-ro" 2 2ro{/(ro)p- 

Thus we see that the stretch is proportional to the kinetic energy 
mi7o72, which is generally regarded as a measure of the absolute tempe- 
rature, and will be positive if f (r^) is positive. 

Saint-Venant states that thèse conclusions will still hold, if the 
two molécules be replaced by a System. The thermal efiect would 
thus dépend on the derivatives of the second ordet* of the function 

f(r). 

If there should be a point of inflexion in the curve which 

représente the law of intermolecular action plotted out to distance, 
we should bave a case in which increase of température reduced 
the volume, as occurs in certain exceptional substances. Saint- 
Venant suggests the form of the figure below for the curve 
y=/(r); OD being the distance and Oy the force axis. 

Hère Ok = r^ marks the point at which the action changes from 
repulsion to attraction ; if the axes Oy, OD are asymptotic in 
character, we bave the infinitely great force and infinitely small 
force at infinitely small and infinitely great distances respectively 
well marked. pM marks the maximum attractive force between the 
molécules, and any force greater than this, if maintained, will produce 
rupture. It corresponds to a distance Op, which defines that of 
rupture. Great thermal vibrations which impose such a velocity 
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on the molécule that the intennolecular distance exceeds Op may 
perhaps, indicate liquéfaction by heat. The point i corresponds 
to a point of inflexion, and to a contraction due to heating the 
substance in the liquid state. 



The discussion, if not very conclusive, is interesting especially 
in its bearings on rari-constancy. See our Arts. 439* and 977*. 

[269.] Sur la constitution atomique des corps : Comptes rendus, 
T. Lxxxii. 1876, pp. 1223—26. 

Saint- Venant in this note refers to a remark of Berthelot on 
the paradox involved in the indivisibility of an atom supposed to 
be endowed with matter and therefore of necessity extended. He 
refers to his memoir of 1844 (see our Art. 1613*), and déclares that 
he considers partly for metaphysical, partly for physico-mathematical 
reasons, continuons extension to belong neither to bodies nor to 
their component atoms. The point which alone concems us hère 
is his référence to the rari-constant hypothesis : 

A cette occasion je ferai une remarque. Plusieurs auteurs, soit 
anglais, soit allemands, dans des œuvres qui sout du reste d'une haute 
portée, voulant étendre à des substances élastiques celluleuses, ou spon- 
gieuses, ou demi-fluides, telles que le liège, les gelées, les moelles végétales, 
le caoutchouc, les formules d'élasticité des solides, découvertes et établies 
en France de 1821 à 1828 par Navier, Cauchy, Poisson, Lamé et 
Clapeyron, et ayant besoin, pour une pareille extension, d'augmenter en 
nombre ou de rendre indépendants les uns des autres des coefficients de 
ces formules, se sont pris à condamner vivement, sous le nom de théorie 

12—2 
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de Boêctnûk, non pas aon idée espitiJe de lédnctioa des atomes à des 
centres d'action de forces, mais la loi même, la loi fdijsiqne générale des 
actions fonctions des distances motneDes des particnks qm les exercent 
réciproquement les unes sor les antre& Et ils attribuent ainsi an célèbre 
religieux terreur grave oà sont tombés, suivant enx, NaTier, Poisson et 
nos antres saTante, créatenrs, il 7 a nn demi-siècle, de la Mécanique 
moléculaire ou interne. Or cette loi Uamée, cette ki qui a été mise en 
fleuvre aussi par lAplace, etc: et prise par Coriolis et Poncelet pour base 
de la Mécanique pbjrâque, n'est autre que celle de Newton lui-même, 
comme on le voit non seulement dans son grand et principal ouvrage, 
mais dans le Scbolie général de sa non moins immortelle Optique^ 
L'usage îsLÏt de cette grande loi n'est point une erreur ; et les formules 
d'élasticité à coefficients réduits ou, pour mieux dire, dHerminêg^ où eUe 
conduit pour les corps réellement solides, tels que le fer et le cuivre, 
sont conformes aux résultats bien discutés et interprétés d'expériences 
^ites sur ces métaux (Appendice v. des Leçons de Nameri see our 
Art. 195), expériences au nombre desquelles il y en a de fort concluan- 
tes, récemment dues à M. Cornu (p. 1225). 

That Boscovich deprived an atom of its extension, bnt that 
Newton treated intermolecular force as central, îs a point wbich 
deserves to be recalled to mind : see onr Art. 26*. 



[270.] iSur la plus grande des composantes tangentieUes de 
tension intérieure en chaque point d^un solide, et sur la direction des 
faces de ses ruptures. Comptes rendus, 1878, T. Lxxxvn., pp. 
89—92. 

Potier had given the foUowing formulae for the shear n across a 
Éauîe whose normal r makes angles a, fi, y with the directions of the 
principle tractions T^, T^, T^ : 

;î = (r^-rjcos«aco8'y8 + (2;-rjco8"/3cos?7 4.(î;-î;)cosVcos'a, 

maximum value of fv = ^ (différence of greatest and least principal 
tractions). 

He had then proceeded to apply thèse formulae to the conditions 
of rupture. Saint- Venant notices that thèse results had been 
given by Kleitz in 1866, by Lévy in 1870, and by himself in 
1864. He might also bave added by Hopkins in 1847. The note 
then points out that rupture in the direction of maximum shear is 
hardly confirmed by experiments, which point rather to rupture in 
the direction of maximum stretch. Saint- Venant finally considers 
the results of some then récent experiments, but remarks on the 
need for further research in this direction. 
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[271.] Sur la dilatation des corps échauffés et sur les pressions 
qu'ils exercent Comptes rendues, 1878, T. Lxxxvii., pp. 713 — 18. 

This memoir should be read in conjunction with that of 1876 : 
see our Art. 268. It shews us how the phenomena of beat may 
possibly be accounted for by the law of intermolecular force as 
assumed by rarî-constant elasticians. The assumption made by 
Saint- Venant is that the vibrations of the molécules, to which the 
phenomena of beat are due, are translational vibrations, and not 
of the nature of surface pulsations. This does not seem to me 
very probable, because in a highly rarified gas, it would dénote the 
absence of any thermal vibration ; for, there seems no reason why 
a molécule should hâve a periodic translational vibration when its 
fellow-molecules exercise little or no influence upon it. 

The bright Une spectra of such gases appear indeed to con- 
tradict the assumption, and it seems probable that if the thermal 
vibrations are pulsatory in the case of gaseous molécules, they will 
be of a like nature in the case of liquids and solids. 

[272.] Saint- Venant commences his article with some account 
of his earlier memoirs, namely the communication made to the 
Société Philomathique in 1865 (see our Art. 68), and the first 
memoir of 1876 (see our Art. 268). He deduces by similar 
analysis to that of the latter memoir the same resuit 

i; = — sina^ (i), 

a ^ ^ 

shewing that it is necessary to take into account the terms of the 
second order, if we are to deal on thèse Unes with thermal 
phenomena. 

[273.] In addition, however, he hère proceeds to consider the effect 
that translational vibrations would hâve on the pressure exerted by a 
System of molécules on a surrounding envelope. To obtain some idea 
of this he supposes a free molécule placed between two fixed ones at a 
distance 2ro from each other. He easily obtains for the vibrations of 
the free molécule the équation : 

'»2 = 2»/(r.)+5/"(r.) + (ii). 

If we put 2/ (ro) = - ma'", aud neglect anly the cubes, we find 

t? = -; sm a <. 
a 
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As the other two molécules are fixed, there îs no question hère of 
dilatation. To find the reaction on either molécule we hâve to substitute 
this value of v m/(rQ + v) and we obtain 

/{U + v)=/{r,) + -^v,sina't + -^^f2mn'a:t+ (iii). 

Thils tbe mean value of p, the pressure upon the envelope of the 
vibrating elementary mass, would be 

=-^('-'>-fW)ï'^ <'^>- 

Saint-Venant remarks that as^^ (r^) is obviously négative (= - Tna'^/2), 
we hâve only to suppose /" (r^) négative in order tbat this may connote 
an increase of pressure due to the vibration. 

Referring to the value of the pressure as given by Eqn, (iv) he 
suggests in a footnote : 

Cette sorte de considération, avec mise en compte, comme il est fait 
ici, des dérivées du second ordre y" (r) des actions, n'est-elle pas propre 
à remplacer, avec avantage, ces chocs brusques des molécules des gaz 
contre les parois de leurs récipients, avec réflexions multiples et répétées, 
que des savants distingués de nos joui's ont inventés ou revivifiés, dans 
la vue de rendre compte mathématiquement des pressions exei-cées sur 
ces parois, etc. ? (p. 717.) 

[274.] Saint- Venant in his fourth paragraph (p. 717) asks 
whether we can extend the résulta hère found for two or three 
molécules to a multitude of molécules. He replies, yes, because it 
is easy to see that the new terms of the second degree due to the 
first deriyatives f (r) will add to the second derivatives in /" (r). 
On this point he refers to a footnote on p. 281 of his memoir in 
the Journal de Liouville, 1863 (see our Art. 127), and to one by 
Boussinesq in the same Joumalj 1873, pp. 305 — 61. 

Saint- Venant concludes therefore that when on the rari-constant 
hjrpothesis, we calculate the stresses by means of the linear terms 
only for the shifts, we destroy ail dilatation and ail stress due to 
increase of température; we annul in fact ail ihenmodynamics, 
According to his theory then thermal efFect is entirely due to the 
second derivatives of the intermolecular action expressed as a 
function of intermolecular distance. The point is obviously im- 
portant in its bearing on the rari-constant hypothesis. Do the 
constants of f(r), the law of intermolecular reaction, vary with 
the température — as would be the case if the "strength of the 
intermolecular reaction " were to vary with the energy of puisa- 



275—276] SAINT-VENANT. 183 

tional vibrations, — or, does beat only affect the mean distance of 
the molécules by producing molecular translational vibrations, so 
that/(r) is no direct function of tbe tbermal state of the body ? 

[275.] De la Constitution des Atomes. This paper was con- 
tributed to the Annales de la Société scientifique de Bruxelles^ 
2® année, 1878. No copy of this Journal is to be found in the 
British Muséum, the Royal Society Library, or the Cambridge 
Libraries, and my références will therefore be to the pages of an 
ofF-print (Hayez, Bruxelles) for which I am indebted to the 
kindness of M. Raoul de Saint-Venant. The oflf-print contains 
78 pages, and deals — with considérable historical, philosophical and 
scientific détail — with the continuity of matter and Boscovich's 
theory of atoms. It may be considered as Saint- Venantes final 
résumé of the arguments brought forward in the memoirs of 1844 
and 1876 : see our Arts. 1613* 268 and 269\ 

[276.] The theoretical basis of the theory of elasticity and 
the strength of materials must be ultimately sought for in the law 
of molecular cohésion; the discovery of that law will revolutionize 
our subject as the discovery of gravitation revolutionized physical 
astronomy. Hence it is that the elastician looks for aid to the 
atomic physicist, who in his turn will find much that is suggestive 
for the theory of molecular structure in experiments on the 
constants of elastic and plastic materials. Bearing this in mind, 
a great deal that is profitable may be obtained by a perusal of the 
above memoir, although many scientists would disapprove of much 
of the method and of several of the conclusions of the author. 

In order to place clearly before the reader the scope of the 
memoir, I préface my discussion of it with one or two remarks. 
We may legitimately question whether the laws of motion as 
based upon our expérience of sensible bodies really apply to those 
elementary entities which form the basis of the kinetic properties 
of sensible bodies*. It is, however, most advisable to investigate 

1 In a footnote (p. 1) Saint- Venant remarks from hearsay that the memoir of 
1844 (of which I hâve only seen the extraots in Vlnstitut), appeared in fnU in a 
Belgîan Journal Le Catholique in 1852. 

3 For ezample the Second Law of Motion dépends on the masses of the reacting 
bodies A and B not being inflnenced by the présence of a third body C, but it is 
concelvable that the 'apparent mass' of an atom is a fonction of its internai vibratory 
velocities, and that thèse are themselyes dépendent upon the configuration of 
surrounding atoms (see Arts. 51 and 52 of a paper in the Camh, FMI, Trans. Vol. 
XIV., p. 110). 
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what résulta must flow from applpng the principles of dynamics 
to atoms and throwing back the origin of those principles on some 
still more simple entity. There is much that would induce us 
to belle ve (e.g. bright Une spectrum of elementary gas at small 
pressure and not too high température) that an atom has an inde- 
pendent motion of its parts, and this suggests that we should try 
the effect of applying the principles of dynamics not only to the 
action of one atom upon another, but also to the mutual action of 
an atom's parts. If multi-constancy be experimentally demonstrated, 
then we must suppose either (i) the law of intermolecular action is 
a function of aspect, or (ii) the action of the élément A upon another 
B is not independent of the configuration of surrounding éléments 
(Hypothesis of Modified Action: see our Vol. i., p. 814). There 
may be other possibilities, but thèse, as the most probable, deserve 
at least early investigation. If the law of intermolecular action is 
a function of aspect, then we should expect to find that inter- 
molecular distance is commensurable with molecular dimensions. 
According to Ampère and Becquerel the former is immensely 
greater than the latter; according to Babinet, they are in the 
ratio of at least 1800 : 1 (see § 13 of Saint-Venant's memoir). 
It is difficult to understand under thèse circumstances how aspect 
could be of influence, it would be sufficient to treat each molécule 
as a mère point or centre of action, which is practically Boscovich's 
hypothesis. According to the more récent researches of Sir 
William Thomson, who deals with a molécule as an extended, 
material body, the mean distance between two contiguous molé- 
cules of a solid is less than the loooèooôo ^^ * centimètre while 
the diameter of a gaseous molécule is greater than ^ooo^oooo " ^^ ^ 
centimètre {Natural Philosophy, Part ii., p. 502). Thus inter- 
molecular distance would be less than five times molecular 
dimensions. In this case it would seem probable that the law 
of action between parts of two molécules must be the same as the 
law of action between parts of the same molécule, for it is difficult, 
although, perhaps, not impossible to understand how one could 
begin and the other cease to be of importance àt such small 
relative distances as 5 to 1. Résistance alike to positive and 
négative traction shews that the mean intermolecular distance 
cannot difïer much from that at which intermolecular action 
changes its sign; further the capacity of the molécule itself to 
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vibrate or suffer relative motion of its parts must point to a 
further change of sign in the action between parts of the molécule, 
or if this action be really intermolecular action, we are compelled, 
on the hypothesis of the elementaiy parts of a substance having 
extension, to présuppose a law of mutual action capable of thrice 
changing its sign within very narrow limits indeed. An analytical 
expression for such a law may not be hard to discover, but it 
would probably be difficult to conceive any mechanical system 
which could give rise to such an expression. On the other hand, 
it is perhaps impossible to conceive "aspect" as a factor of a 
centre of action according to Boscovich. Nor is it easy to picture 
the latter centre as the source of a vibration such as seems required 
by the bright Une gas spectrum, such a vibration, on the other hand, 
being easily explained as the free vibration of an extended material 
molécule. If we tum, however, to the hypothesis of action modi- 
fied by surrounding éléments, there seems no reason why we 
should not apply it to the Boscovichian centre just as well as 
to the materially extended molécule of Thomson. The essential 
characteristic of the theory of Boscovich is the non-extension of 
the ultimate source of action, not the hypothesis that inter- 
molecular action is a function of the individual molecular distance 
only. Rari-constancy is not then a necessity of the fundamental 
portion of Boscovich's doctrine, the two do not stand or fall 
together as some writers hâve assumed. Thus Saint-Venant's 
supposition as to the constitution of atoms in the présent memioir 
is essentially Boscovichian, but he writes : 

La supposition dont nous parlons entraine celle que Tintensité de 
chaque action entre deux particules très-proches soit généralement 
fonction non-seulement de leur distance mutuelle propre, mais encore, 
à un certain degré, de leurs distances aux particules environnantes, et 
même des distances de celles-ci entre elles (p. 17, § 7). 

This hypothesis of modified action leading to multi-constancy^ 

^ The Hypothesis of Modified Action leads to resnlts akin to those I hâve referred 
to in the second footnote to p. 183, and which are expressed by Saint- Venant in the 
following sentences on p. 17 : 

On remarquera qu'elle entraine aussi que la force totale sollicitant une particule 
n'est pas exactement la résultante géométrique, composée par la règle statique du 
parallélogranmie ou du polygone que Ton connaît, de toutes les forces avec lesquelles 
la solliciteraient séparément les autres particules si chacune existait seule avec elle, 
comme on Ta cru jusqu'à nos jours ; cette règle ne serait plus vraie que pour les 
actions à des distances perceptibles, dont Tintensité, réciproque aux carrés des 
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is presupposed by Saint- Venant throughout the memoir, although, 
as he remarks, he does not agrée with it It forms indeed tbe 
essential différence between this memoir and that of 1844: see 
his § 7, p. 18. 

[277.] Saint- Venantes arguments in fevour of the ultimate 
atom being without extension are of a threefold character : 

(i) arguments from the known physical properties of atoms; 

(ii) metaphysical arguments ; 

(iii) theological arguments. 

We wiil briefly refer to some points with regard to thèse in 
the foUowing three articles. 

[278.] §§ 3 — 21 deal with more purely scientific arguments 
based on known properties of atoms. In § 3 we bave arguments 
from the theory of elasticity with spécial référence to the con- 
troversy between Navier and Poisson : see our Arts. 527* — 534*. 
Saint- Venant points out how the continuity of matter is related 
to the possibility of replacing atomic summations by definite 
intégrais. He proves with great clearness in a footnote pp. 12 — 15, 
on the hjrpothesis of continuity, the foUowing propositions, which 
are really involved in the resuit of Poisson's memoirs of 1828 and 
1829 and Cauchy's memoir of 1827 (see especially Journal de 
VÉcole polytechniquey 1831, p. 52, and the Exercices de inathéma- 
tiques, 1828, p. 321, comparing our Arts. 443*, 548* and 616*) : 

1**. The stress across an elementary plane in a solid body will 
like that of a liquid at rest hâve no shearing component. 

2^ The traction at any point varies as the square of the 
density. 

3^ If there were no initial stresses, no state of strain would 
produce stress. 

Thus on the rari-constant hypothesis, we reach impossible 
physical results or it follows that matter cannot be continuons. 
This applies also to the ether which could not propagate slide 

distances, est celle de la pesanteur universelle, toujours négligeable vis-à-vis des 
actions à des distances imperceptibles qui produisent l'élasticité, la capillarité, les 
chocs, les pressions et les vibrations; et ces dernières et énergiques actions se 
soustrairaient à la règle statique dont nous parlons. 



279—280] SAINT-VENANT. 187 

vibrations if continuous. Elementaïy proo& of the same propo- 
sitions apparently not involving the hypothesis of rari-constancy 
are given in §§ 9 and 10. 

The foUowing §§ 11 — 17 contain various arguments against 
the continuity as well as against the extension of the ultimate 
éléments of matter; they are certainly not conclusive, but they 
are extremely suggestive, especially with regard to the difficulty 
I hâve indicated on pp. 184 — 5 of the rapid changes in sign which 
must be attributed on the hypothesis of extension to the law of 
action. §§ 18 — 21 consider the explanation of various phenomena 
— e.g. crystallisation and inertia — on the Boscovichian hypothesis, 
while a footnote pp. 36 — 7 deals with a possible form for the law 
of action and some results of it : compare our Arts. 268 and 273. 

[279.] §§ 22—39 deal with what Saint- Venant terms the 
metaphysical objections, which he says hâve been the only ones 
raised by those to whom he has communicated his theory. Some 
light on Saint- Venantes method of treatment may be gained from 
his remark on p. 9 : 

Je soumets d'avance, du reste, ce que j'énoncerai, dans les cas 
surtout où je serai forcé de me placer plus avant sur le terrain 
métaphysique, à toute autorité ayant pouvoir pour prononcer sur ce 
qui serait faux, et condamner ou signaler ce qui pourrait être 
dangereux. 

It is beyond our province to enter into a discussion of the 
metaphysical arguments propounded, or the very wide range of 
philosophical reading evidenced by thèse sections*. It must 
suffice to say that Saint- Venant shews a decided préférence for 
the scholastic writers, and an occasional tendency to imitate 
late-scholastic quibbles, as for example the arithmetical paradox 
on p. 55 by which 

Sans être donc dans les secrets du Créateur nous pouvons prononcer 
..'.qu'il n'a composé ni les corps perceptibles ni leurs dernières parties, 
d'un nombre infini de points de matière. 

[280.] A considération of the theological arguments up to 
which the metaphysical lead would be out of place hère, as they 
are, I venture to think, out of place in the pages of a scientific 

^ There is a good oriticism of the antinomy of Eant (du terrible penseur) with 
regard to the divisibility of matter on pp. 37 — 9. 
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journal. Those who are anzîous to détermine tbe real source of 
cohésion will not be hindered from adopting the principle of 
extended material atotns, if it agrées best with the facts of 
observation, by the assertion that if they accept and comprehend 
thoroughly the System of Boscovich it will préserve them from the 

deux principales et plus funestes aberrations philosophiques de notre 
temps et des temps anciens, le panthéisme et le matérialisme (p. 74). 

Notwithstanding that many readers will find themselves unable 
to approve either the method or conclusions of the latter portion of 
the memoir, the whole should certainly be read for the interesting 
questions it raises with regard to the physics of elasticity. 

[281.] Des paramètres (ïélastidté des solides et de leur déter- 
mination expérimentale. Comptes rendus, T. Lxxxvi, 1878, pp. 
781—6. 

This is a good résumé of the relations holding between the 
varions elastic coefficients and moduli in the case of a body pos- 
sessing three planes of elastic symroetry, and of the expérimental 
methods of finding their values. 

[282.] (1) The stress-strain relations will be those of our 
Art. 117 (a). The coefficients are now nine in number; namely, 
the three direct stretch-coefficients, a, 6, c the three direct slide- 
coefficients d, e, / and the three cross-stretch-coefficients d\ e\ f, 
We hâve the foUowing spécial cases : 

(2) Elastic isotropy in planes perpendicular to the axis of on : 

e=/, e'=/, 6 = c = 2d + d'. 

Saint- Venant states the conditions erroneously and says they 
reduce the nine constants to six, a, 6, d, e, d\ e , but d' is known in 
terms of h and d, or we reduce them to five, 

(8) Complète elastic isotropy, or as Saint- Venant puts it, 
isotropy in two of the axial planes : 

a = 6 = c = 2d + d' = 2e + e' = 2/+/, and d = e=/. 

This reduces the nine coefficients to two, namely d' = \ the 
dilatation coefficient, and d = /a the slide modulus. Saint- Venant 
bas forgotten to state the relations d = e =/. 

(4) Que si, saDS vouloir (ce qui n'a aucune utilité) étendre l'applica- 
bilité de ces formules aux déformations perceptibles de corps spongieux 
stratifiés, comme est le liège, ou de mélanges celluleux de solides et de 
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liquides, tels que sont les geUea^ et même le caoutchouc, on se borne aux 
vrais solides, et si Ton admet que cliacune des actions mutuelles entre 
deux molécules, dont les xx.,.xS sont les sommes de composantes, est 
/onction d'une seule distance^ savoir celle des deux molécules qui l'exer- 
cent Tune sur Tautre, on peut prouver très- facilement (sans user de ces 
intégrations autour d'un point que Lamé a désapprouvées en 1852) que 
Ton a 

d' = d, e = e', /=f' 

This reduces the coefficients in cases (1), (2) and (3) to six, three 
and one, respectively (p. 782). 

In the second case Saint- Venant says^wr, but this is an errer. 

With regard to thèse rari-constant conditions the memoir 

continues : 

Et ces égalités peuvent être admises ; car, outre la presque évidence 
de leur principe, Tunité de paramètre (X = /t ou d' = d) dans tout corps 
réellement isotrope se trouve prouvée par des faits nombreux, dont les 
derniers sont fournis par les ingénieuses expériences de 1869 de M. Cornu 
(p. 782). 

In a footnote Saint- Venant refers to the experiments cited by 
Sir W. Thomson in the Philosophical Magazine, Jan. 1878, p. 18 : 
see our Chapter devoted to that scientist. He holds that the 
discordant results there given for copper, prove either a fault in 
the expérimental method adopted, or aeolotropy in each spécimen 
of a diverse kind... probablement écroui de manière à rendre, dans 
plusieurs d'entre elles, E^, beaucoup plus grand que Ey ou E^, 

The results for flint-glass and iron are he considers sufficiently 
near the rari-constant values, while those for cork and caoutchouc 
may be dismissed as proving nothing either way. 

Turning to the stretch-modulus we easily find : 

(5) in case (2), 

E„ = a- 2r)^e\ and Vxy=Vx» = ii j;^' ; 

(6) in case (3), 

E^ = 2d(l + rj„y), Vxy = VzM = ij:^] 

(7) in case (4), 

(8) For amorphic materials, or bodies without regular crystal- 
lisation, such as drawn or rolled metals, stratified stone, wood etc., 
the aeolotropy of which can be regarded as due to unequal initial 
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stresses in three directions, or to a fibrous formation, three relations 
of the type : 

(26 4 60(2/+/) 

"^ û+d' w, 

will sensibly hold, provided E^ Ey, E, hâve not ratios exceeding | 
or at most 2 among themselves. This is the ellipsoidal distribu- 
tion of elasticity : see our Arts. 138 and 142. 

For the case of rari-constant isotropy we hâve : 

Sef , 3/d Sde 
^^d'^^e' ' = 7" (")' 

relations admissible in gênerai for the metals. 

(9) For wood, where the ratio of E„ to Ey (the axis of x 
having the sensé of the fibres) can amount to 10, 20, 40 and more, 
we can only take two of the above relations, namely : 



which give : 



, Sfd 3de ,., 

& = "^^ c = -^ (1), 



''^"4d' "^^ 4d* 

For a modification of the statements in (8) and (9) with regard 
iowood: see our Arts. 308, 312 and 313. 

[283.] Saint- Venant now proceeds to indicate expérimental 
methods of arriving at the values of the foUowing moduli and 
coefficients. 

(1) To find the three direct slide-coefficients, or the slide- 
moduli d, 6, /. 

Case (a). If there be isotropy in the plane perpendicular to axis 
of X (e=f). We experiment on the torsion of a right circular 
cylinder. 

Case (6). If e be not equal to/ we use the formula of Art. 29 
(modified by Art. 47 and Table I) for the torsion of a prism on 
rectangular base. Let the base be 2b' x 2c' and let V be much > c\ 

, , 16a . ft'c'» ., , 

M^^—^f—, sensibly. 
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If c' be much > V : 

,-. 16a 6V .,, 

if^ = -p e -g- , sensibly, 

where a is the total angle of torsion (= Ir), Thèse give the values 
of e, fy and similar experiments with prisms whose axes are parallel 
to y and z give d,/, and d, e, so controUing the former results. 

(2) To find the three direct stretch-coefiBcients a, 6, c, 

(i) They are given in cases (4), (7) and (8) Eqn. (ii) of the 
previous article, so soon as we know, d, e, /. 

(ii) In case (9) we know 6 and c, while a will be given from 

ef 
équation (ii), or a = ^, + ^ , so soon as we hâve by pure tractional, 

or better, âexural experiments, obtained the value o{E^\ the values 
of Ey and E^ will then be known. 

[284.] We may cite the foUowing from Saint- Venantes 
concluding remarks (p. 785) : 

Au reste, si Texpérimentateur possède des moyens d'observation 
assez délicats pour mesurer aussi 17^^, y}x»i et par des extensions ou des 
flexions de petits prismes taillés transversalement, pour mesurer même 

■^y> ■"'«) ^y»> "Hyxi Vzxy Vay* 

les expr&ssions en a, b, c, d,.. .f qu'on peut tirer de ces diverses quantités 
en résolvant les équations (i.e. those with nine coefficients : see our 
Art. 307) à second membre trinôme, en annulant deux à deux leurs 
premiers membres, donneront des moyens de contrôle des mesurages 
opérés, et même des suppositions (4), (8), (9) (of Art 282), qui ne sont 
pas admises par tout le monde. C'est un contrôle de ce dernier genre 

qu'opère la principale expérience de 1869 de M. Cornu (See our 

discussion of his memoir infra^ 

On n'a pas besoin d'ajouter qu'aux mesurages statiques des dilata- 
tions, flexions et torsions, on pourra substituer au besoin, comme ont 
fait MM. Wertheim et Chevandier, des observations des sons rendus par 
des vibrations longitudinales, transversales et tournantes. 

Saint-Venant bas forgotten to add that the kinetic values of 
the elastic coefficients thus obtained will probably diflfer from the 
statical values : see our Arts. 1301* (3) and 1404*. 

[285.] Bur la torsion des prismes à base mixtiligne, et sur une 
singularité qy£ peuvent offrir certains emplois de la coordonnée 
logarithmique du système cylindrique isotherme de Lamé. Comptes 
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rendus, T. Lxxxvii. 1878, pp. 849 — 54 and 893—9. There are 
additions in the off-print. This memoir was read on the 2nd and 
9th of December. 

Its object is explained in § 2 (pp. 850 — 1), after the solutions 
given in the memoir on Torsion (see our Art. 36, Nos. 4 and 5) 
hâve been cited : 

Clebsch a remarqué, en 1862, qu'on obtient une variété de contours 
plus grande encore en se servant des coordonnées curvilignes isothermes 
orthogonales de Lamé (i.e. conjugale /undions) ; et MM. Thomson et 
Tait dans leur beau livre A Treatise on Natural PhUosophy, 1867, ont 
indiqué, sans le développer, leur emploi pour étendre les solutions telles 
que (3) {= (1) of our Âxt. 36}, relatives aux rectangles recti lignes, à des 
contours rectangulaires mixtilignes se composant d'un arc de cercle ou 
de deux arcs concentriques et des deux rayons qui les limitent, **ce qui 
est" disent-ils, ** très-intéressant en théorie et d'une réelle utilité en 
Mécanique pratique." 

Il m'a paru que la solution relative à ces sortes de sections pouvait 
être obtenue d'une manière simple et directe, sans substituer ])réalable- 
ment une certaine inconnue auxiliaire à l'inconnue géométrique u, et en 
s'en tenant aux coordonnées polaires ordinaires r, <^. 

[286.] In § 3,' Saint- Venant obtains the required solution in 
cylindrical coordinates. The fundamental équations (see our Art. 17, 
Eqn. vi.) become 

u^ + u^jr 4- u^JT^ = 



rrdr + u^dr/r - ru^ d<f> 



:2} «. 



If y be the angle of the annular sector, Tq and r^ (> Vq) its radii, 
then the second or surface équation reduces to the folio wing conditions 
when the médian line is taken as initial Une : 

(tt* = -u^ for values of r > ro < r^ when <^ = ± y/2, | 

\ur = when r = ro or r^ , for ail values of <^ between ± y/2 J * * ^ ^' 

Thèse conditions are found to be satisfied by the following value otu; 

rr^ »m2<l> 2r (-l)"s (ri"*+' - rp^-^') r"* - {r^i )'^'^\rj^-'' - rp**-^) y-"* 

sin77i<^ 



2 cos y TT 2w + 1 r^ - rp** 



r 2w-f-l 
wnere m = -tt. 

y 

This resuit is practically obtained by assuming «^ to be of the f orm 

Cr" sin 2<^ + S {Ar'^ + ^ V-«») sin m<t>, 
and determining the constants by the surface conditions (ii). 
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[287.] In the following section of the memoir, § 4, Saint- 
Venant treats precisely the same problem by the aid of the 
conjugate functions, 

/S = tan-' {zjy), a = log J^^ ■ 

He obtains two solutions in terms of a, fi for a function F, — 
related to i/ by the équations F, = w^, F^ = — -w,. 

The first contains two infinité summations and is similar in 
character to those given by Lamé in the Onzième Leçon of his 
work on Curvilinear Coordinates (see his p. 184). The second is 
that of Thomson and Tait, (see § 707, p. 252, Part IL of the second 
édition of their tréatise). 

He remarks, however, (§ 5) that although the value of the 
function u, obtained from F, is quite determinate when ro = 0, yet 
that of F becomes indeterminate. In fact the séries for F cease to 
be convergent, and at least for the case of r^ = 0, we hâve reached 
the value of u by means of an expression for F, which has ceased 
to hâve any meaning. We are thus thrown back in this case on the 
value of u determined by the process indicated in our Art. 286. 
See on this point the footnote on p. 143 of the memoir of January, 
1879, considered in our Art. 291. 

[288.] In § 6 Saint- Venant expresses analytically the value of 
the torsional moment M and the slides, and in the following sec- 
tions gives the results of numerical calculations made with thèse 
formulae. 

We may cite the following for the torsional moment M: 

(1) Full Sectors : 



7= 
M 

m 


46° 


60° 


90° 


120° 


180° 


270° 


300° 


360° 


•0923 


•1333 


•2096 


•2754 


•3776 


•4486 


•6253 


•6689 


M 


•6921 


•7036 


•7499 


•7023 


•6902 


•4876 


•5429 


•6689 



Hère JW = fir x -^ x -^ , or the torsional moment about the 
centre of the sector on the old Coulomb theory ; JW = ilW x 
f 1 — -Q â — -\ = torsional moment about the centroid of the 
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sector on the old Coulomb theory. As is well known (aee onr 
Art. 181, (d)) Saint-Yenaiit's theoiy makes both torsional moments 
eqttal, It will be seen ai once that for bodies of this kind the 
résulta of tbe old theory are most erroneous and very dangerous in 
practice. The réduction of the torsional résistance for a split sec- 
tion is well brought out by the resuit M/ 01 = '5589 for y — 360*. 



(2) 



Annular sectors when r^ = 2r^ 



7 = 
M 

m 

M 


60P 


120» 


180» 


•0800 


'1068 


•1160 


•6812 


-8160 


•1909 



We see again that the errors, when the old theory is used, are 
simply enormous. 

[289.] In §§ 9 — 10 Saint- Venant détermines the points of 
the full sectors, 7 = 60° and 7 = 120^ where the slide is zéro. 
Thèse points are at distances from tbe centre differing from those 
of the centroids by a small amount only. He then gives the values 
of the shift u for various points of the same two sectors : 

Les plus grandes yaleurs de u sont aux points de rencontre de l'arc 
avec les deux côtés rectiligues. La médiane <^ = reste immobile, et les 
éléments de l'arc prennent, sur le plan primitif de la section, des inclinai- 
sons croissantes avec les distances où ils sont du milieu de cet arc. 

[290.] In § 11 Saint- Venant states the value and position of 
the maximum slides for the same two sectors, i.e. he finds the fail- 
points {pointa da/ngereux). In both cases the maxima lie upon the 
contour, but the maximum of the maxima upon the rectilinear 
sides. 

For 7 = 60* the fail-point is distant •5622rj from the centre 
and <T = '4900 rr^y 

„ 7 = 120** the fail-point is distant 'SôTlr^ from the centre 
and <r = '6525 rr^ . 

In a footnote Saint- Venant refers to the remark of Thomson 
and Tait (see their § 710) that for .7 > tt the slide becomes 
infinité at the centre (i.e. when r = 0). This does not necessarily 
connote rupture, but only that the strain is greater than that to 
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which we can apply the équations of mathematical elasticity. It 
suggests, however, the advisibility in practice of rounding oflf 
re-entering angles. 

[291.] Sur une formule donnant approadmativement le moment 
de torsion. Comptes rendus, T. Lxxxviii. pp. 142—7, 1879. This 
note was read on January 27, 1879. 

This memoir lias considérable practical value; it gives an 
empirical formula which embraces within narrow limits ail Saint- 
Venant's torsional results ; fuU sectors with re-entering angles 
alone excluded. 

Starting with the formula for an elliptic section (see our 
Art. 18) 

we may write it 

a* 

M = Ky flT, 

where I^ is the moment of inertia of the cross-section about an 
axis perpendicular to the section through the cetitroid and a is the 
area The quantity 

/e = T^o = -025330 = ^ 



47r» 39-48 ' 

Now Saint- Venant finds that for the chief sections he has 
treated in his varions memoirs k varies only from '0228 to -026, 
while its mean value is very nearly '025 = ^. 

Hence we hâve very approximately for ail sections the formula: 



a* 



It will be noted that the torsional moment varies inversely as 
the moment of inertia and not directly as in the old theory. 
Saint- Venant adds : 

En y réfléchissant, on comprend qu'il en doit être généralement 
ainsi, car les sections allongées qui, à égale surface, ont lo plus grand 
moment d'inertie polaire, sont aussi celles auxquelles la torsion fait 
prendre le plus de cette incurvation, de ce ga/uchissement, qui diminue 
rinclinaison prise par les fibres sur les normales à leurs éléments, surtout 
aux points les plus éloignés du centre, et par conséquent, sont celles sur 
lesquelles les réactions élastiques développées ont le moment total M le 
plus petit (p. 142). 

13—2 
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The final section of the memoir § 3 (pp. 143 — 7), is occupîed 
with some gênerai observations on tbe elasticity of rods whose 
axes are cnrves of double curvature. Tbeir only relation to the 
preceding formula for torsion is the remark that the coefficient of 
torsional résistance used by some writers, namely iirl^, must be 
replaced by ^ iito^jI^, Saint- Venant compares the results of bis 
memoir of 1843 (see our Art. 1584*) with the more récent re- 
searches of Bresse and Resal : see our discussion of their memoirs 
below. There is nothing of importance to note; the footnote 
p. 145 should be cancelled. 

[292.] AnàlA/se succincte des travaux de M. Bovssinesq, profes- 
seur à la Faculté des sciences de LillCy faite par M, de Saint- Venant, 
1880. This report consists of 23 lithographed pages. 

In April, 1880, Boussinesq had printed and presented to the 
members of the Academy a notice of bis scientific writings. 
(Danel, Lille, in 4®.) Saint- Venant then drew up the above 
analysis, strongly recomtneDding Boussinesq for membership of 
the Academy. Pp. 12 — 17 (§§ 6 — 9) treat of bis contributions 
to the theory of elasticity (* Les travaux de M. Boussinesq sur les 
corps solides et leur élasticité ne sont pas moins originaux et 
importants*). Pp. 17 — 20 deal with bis varions mechanical and 
philosophical papers; pp. 20 — 23 with bis contributions to the 
undulatory theory of light. We shall bave occasion to retum to 
Saint- Venantes essay when discussing Boussinesq's memoirs. 

[293.] A second paper of Saint- Venantes dealing with the 
elastical researches of a contemporary may be noted hère. It is 
entitled: Sur le but théorique des principaux travaux de Henri 
Tresca. Comptes rendus, T. CL, 1885, p. 119 — 22. 

The influence on theory of Tresca's researches and the origin 
of the science of plasticity are sketched. The writer attributes to 
Tresca a keen appréciation of theory; be was no mère empiricist, 
as many bave erroneously believed : 

Il importe de montrer, dans l'intérêt de sa mémoire comme dans 
celui de la vérité scientifique, que Tresca fut un esprit plus large, un 
homme de vraie Science et par conséquent de théorie dans la meilleure et 
la plus saine acceptation de ce mot si souvent mal compris, si fréquem- 
ment accusé, par légèreté ou en haine systématique de la Science, de 
n'exprimer que des chimères (p. 119), 
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[294.] (jëométrie cinématique : — Sur celle des déformations 
des corps soit élastiques, soit plastiques, soit fluides: Comptes rendus, 
1880, T. xc, pp. 53—56. 

Saint- Venant draws attention to the importance of pure kine- 
mettes and notes how far it is possible to advance in physical 
problems without the aid of force or stress considérations. Saint- 
Venant may be legitimately looked upon as one of the forerunners 
of that réduction of ail dynamics to kinematics, or the exclusion 
of the idea of force from physics, which is now probably only a 
matter of time. In a lithographed course of lectures given in 
1851 (Principes de Mécanique fondés sur la Cinématique, delivered 
at Versailles to engineer-students) he had treated of great por- 
tions of mechanics on kinematic principlea In this direction he 
had been preceded by Grassmann and foUowed by Resal (Ciné- 
matique pure, 1862, and Mécanique générale, 1873). The présent 
article points out how far we can advance in the geometry of 
strain or displacement without the conception of stress. Saint- 
Venant adduces the theorem of the distortion of a sphère into 
an ellipsoid, and speaks as if it were only true for small strains. 
That it is true for ail strains was pointed out by Tissot (see a 
supplementary JS'ote, p. 209 of same volume of Comptes rendue) 
who had given a démonstration of it in the Nouvelles Annales 
de Mathénuitiques, 1878, p. 152. Saint- Venant points out in this 
Note that his own proof of 1864 {L'Institut, No. 1614, p. 389) did 
not really introduce this restriction. The kinematics of strain 
had, moreover, been thoroughly considered in 1867 by Thomson 
and Tait in their Treatise on Naturai Philosophy, pp. 98 — 124. 

[295.] Du choc longitudinal d!une barre élastique libre contre 
une barre élastique d'autre matière ou dautre grosseur, fiacée au 
bout non heurté ; considération du cas extrême où la barre heurtante 
est très raide et très courte: Comptes rendus, T. xcv., 1882, pp. 359 
—365, Errata, p. 422. 

This is only an abstract of the memoir. It gives a solution in 
trigonometrical séries for the case of one bar striking longitudinally 
a second with one end fixed. 

If V be the initial uniform speed of the impelling bar, a^ its 
length, «1 that of the fixed bar, P^, Pi the weights of the two bars, x 
the abscissa measured along the common axis of the two bars from the 
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end of the fixed bar, then the shifts u^ and u^ of either bar at anj point 
X during the impact are : 

„ --^ 2 cos {mTa (fl&i -♦• Og - a;)/ga} *^^^ ^^ > 

n,=p,rs ^ — 7 ^ X X 

W cos WlTa I -r-2 + , ) 

\sm^WTi coermrj 
„ __ 2 sin {mTj aj/oj} sin mt 

«X = i'.FS — Y^ jr-T- . 

m sin mTi ( -r-^ — + — ,- ) 
\sin^WTi cos'mTa/ 

where m is a root of the équation : 

F P 

— cot mTj ^ tan mr^ = 0, 



n 



and Ti = «i/A^ Tj = aa/Aîg; ^ and k^ being the velocities of sound in the two 
bars. 

[296.] Saint- Venant then considers the case when r, is very 
small as compared with Tj, and so deduces Navier and Poncelet's 
expression for the vibrations of a bar struck by a weight on its free 
terminal: see our Arts. 273*, and 991*. Saint- Venant does not 
enter into the question of the time and manner in which the bars 
separate. He goes on to remark that in the case of two free bars 
we may express the resuit in finite terms, as also in the case of 
one free bar and a weight moving with a definite velocity and 
striking it longitudinally on one terminal. The case of a bar 
fixed at one terminal and struck by a moving weight at the other, 
he does not in this memoir attempt to solve in finite tenus. This, 
however, he proceeded to do in an article in the same volume of 
the Comptes rendus, on pp. 423 — 427, entitled : 

[297.] Solution, en termes finis et simples, du problème du choc 
longitudinal, par un corps quelconque, d'une barre élastique fi^ée à 
son extrém/ité non heurtée, 

This solution is very similar to the fuU treatment of the 
problem by Boussinesq referred to in our Art. 341. But it fails to 
détermine the instant of séparation, and so does not completely 
solve the problem. Afber Boufesinesq had given his solution 
Saint- Venant with the aid of Flamant concluded the whole 
subject with a graphical investigation of the successive states 
of the bar and the impelling load for the whole duration of the 
impact: see our Arts. 401 — 7. 
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Section V. 



The Annotated Glebsch, 

[298.] Théorie de Vélasticité des corps solides de Glebsch, 
Traduite par MM, Barré de Saint-Venant et Flamant, avec des 
Notes étendues de M, de Saint-Venant, Paris, 1883, pp'l — 900 (but 
by means of subscripts the number of pages is much greater than 
thus appears, e.g. 480. a — 480. gg), 

This is Saint- Venants last great and, we may say, most com- 
plète contribution to the theory of elasticity. By means of foot- 
notes, section-notes and appendices he has almost trebled the 
matter given by Glebsch, and the resuit is a treatise on the theory 
of elasticity from the mathematico-physical standpoint which will 
long remain the standard work on this subject. 

Au moyen de ces explications et annexes, auxquelles nous aurions 
pu donner plus d'étendue en rapportant d'autres résultats inédits de nos 
recherches déjà anciennes, nous espérons, si l'on veut bien y donner 
quelque attention, que la traduction offerte par nous aura une réelle 
utilité et que la belle et intéressante branche de physique mathématique 
ayant, avec Fart des constructions, des rapports si intimes, pourra être 
de mieux en mieux comprise, étudiée et appliquée (p. xxi). 

With Clebsch's contributions to elasticity we shall busy our- 
selves later ; so far as the text of his work is concerned, we hâve 
only to note hère that his isotropic formulae are everywhere 
replaced by those for suitable distributions of homogeneity (see 
our Art. 114), and that various obscurities in his treatment are 
explained or corrected in copious footnotes. We shall occupy 
ourselves in the foUowing articles with an analysis only of Saint- 
Venant's contributions to the volume. 

[299.] Saint- Venantes first important note occurs on pp. 
39 — 42. It is headed : La preuve de la forme linéaire des ex- 
pressions des composantes de tensions ne peut pas être purement 
m^hématique, This deals with the same matter as pp. 662 — 5 of 
the Leçons de Navier : see our Arts. 192 (a) and 928*, namely the 
futility of ail purely mathematical déductions of the linearity of the 
stress-strain relations. Such déductions hâve been given by 
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Green, Clebsch, Thomson and otheis : see our Art 928* and 
the footnote YoL h, p. 625. 

Qénéralement et philosophiqaement aacnne considération purement 
mathémaUqus ne saurait révéler le mode de la dépendance mntaelle des 
forces agissant sur les éléments des corps, et des changements géométri- 
ques qui s'y opèrent, tels que ceux des longueurs et des angles de leurs 
côtés : la connaissance de ce mode ne peut être dérivée que des &its, ou 
de quelque loi physique exprimant un ensemble de faits constatés (p. 39). 

Saint-Yçnant appeals to experiment and cites Stokes' adduction 
of the isochronism of sound vibrations with approval : see our Art. 
928*. We hâve remarked elsewhere that the stress>strain relation 
cannot, however, be treated as linear for the slight elastic strains 
in many of the materials of practical structures: see Note D of our 
VoL I., p. 891. 

[300.] But Saint-Venant is not satisfied with appeal to experi- 
ment and observation ; thèse give Eeplerian laws, without the 
backbone of Newtonian gravitation : 

En général, pour convaincre nos esprits, Tempirisme, qui ne rend 
compte de rien, ne suffit pas : il nous faut encore une explication, une 
raison scientifique, où la preuve que les formules qu'on nous propose 
dépendent de quelque loi assez générale, assez çra/ndioêe, c'est-à-dire 
simple, pour que nous puissions en raisonnant, comme faisait Leibnitz, 
quand ce ne serait que d'une manière instinctive, la regarder comme 
pouvant être celle à laquelle le souverain Législateiir a soumis les 
phénomènes intimes dont les formules en question représentent et 
mesurent les manifestations extérieures (pp. 40—1). 

Saint- Venant finds this loi assez générale, assez grandiose in 
the law of intermolecular central action, as a function only of the 
distance, and cites its acceptance by the leading physical mathe- 
maticians from Newton to Clausius. He then refers to Green 
and his foUowers, who, as we know, appealed to Taylors Theorem, 
as a loi assez grandiose. Now behind this appeal for 21 inde- 
pendent constants to Taylor s Theorem, although unrecognised 
by Green, was the important conception that possibly inter- 
molecular action dépends not only on the individual molécules, 
but on the position of each pair of them in the universe relative to 
other moleculea For example, if intermolecular action arises from 
molecular pulsations in a fluid ether, we find intermolecular force 
is a function of molecular surface energy, which surface energy 
is itself a function of position relative to the totality of other 
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molécules. It is true that the law of intermolecular force thus 
resulting is not simple, although with the knowledge we hâve of 
thermal and optical phenomena, it may tend to coordinate far 
better than any simpler law the total physical universe. Saint- 
Venant does not appear hère to strengthen the arguments of the 
Appendice Y (see our Art. 192 (a)) by the introduction of a 
souverain Législateur, for whom a loi assez grandiose must neces- 
sarily be assez simple. The assumption is, indeed, anthropomor- 
phical in the extrême. When we regard thermal and optical 
phenomena, — and note the probable vibration of molécules and 
the existence of an ether — we may be quite certain that the law 
of intermolecular action whatever be its nature is far from being 
primary in the universe ; it must bô a resuit of the structure of 
molécule and ether; grandiose it certainly may be, but the 
addition c*est'àrdire simple is an anthropomorphical dogma, which 
recalls to our minds the mundi fabrica est perfectissimu of Euler. 

[301.] We must next consider the Note finale du ^16 which 
occupies pp. 63 — 111. 

^ 1 — 12 of the Note (pp. 66 — 76) are again concemed with 
the coefficient controversy, but take up a diflferent Une of argu- 
ment from that of the Appendice V: see our Arts. 192 — 5. 
Saint- Venant hère enquires how far Green's appeal to the 
principle of work and the impossibility of perpétuai motion in 
itself involves the réduction of the elastic constants to 15. 

[302.] He starts from the équation 
tm F"/2 + -^ (œ, y, z, x\ y\ z\ a!', y[\ /'. . .) = some constant C, ..(a), 
where V is the translational velocity of the molécule m, whose 
centroidal position is œ, y, z, and the dashed letters give the 
positions of other molécules m', m!', etc. In other words he makes 
the total translational energy of the System a function of molecular 
position. He omits : 

(1) from the kinetic energy a possible internai vibratory 
motion of the molécule due to pulsations in its atoms or to change 
in the relative motion of the atoms of the same molécule ; 

(2) possible factors in the potential energy due to strains 
in the molécule itself or to changes in its aspect with regard to 
other molécules. 
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Is he justified in thus makîng the translational energy of the 
molecular centroids a function solely of their position ? He seems 
to think that both the omissions (1) and (2) are legitimate provided 
that there are no such changes of température as produce violent 
atomic vibrations, and that we take the mean of large nnmbers 
(see his § 12). But is it not within the bounds of possibility 
that the mean internai potential energy of the molécules may be 
changed by an elastic strain, although the mean internai kinetic 
energy on which the température may be supposed to dépend 
remains unchanged ? This change in the potential energy of the 
molécule will be a function of the relative molecular position, but 
it may be one of aspect as well as of centroidal position. If we 
accept, however, with both Green^ and Saint- Venant that the 
former can only dépend on the latter, we are thrown back, 
supposing no sensible thermal changes, on Equation (a). 

[303.] Saint- Venant in § 5 proceeds to question whether the 
Equation (a) can give the form of -^ required by Green. He says 
that we can replace it by an équation of the form : 

2mF'/2-h^,(r,/,r"...)=(7 (6), 

DÛ ^1 est une nouvelle fonction dont il importe peu que les variables 
r, r\ r" &c. soient ou ne soient pas, en partie, dépendantes les unes des 
autres, . . .r, r', r". . .étant les distances des molécules du système tant entre 
elles qu'avec les centres d'action yîa:e9 extérieurs (p. 68). 

Is this change legitimate ? The form (a) retains the possibility 
of intermolecular action being a function of asfpect, Is this lost in 
(6) ? — It does not appear to be so if some of the variables r are the 
distances from fioied extemal points, From this équation we easily 
deduce for any molécule m, the typical équation : 

m^ = S— T-*cos (rx) (c), 

where S dénotes a summation with regard to ail values of r. 

1 Both Green and Sir William Thomson make the potential energy of the 
élément a fonction only of the change in shape, i.e. of the relative position of 
molecnlar centroids. I think this assumes that the internai potential energy of the 
molécule can only he a function of centroidal position. It may, however, be that 
the internai potential energy of (either the molécule orj the élément is a function 
of the relative motion of (the atoms or) the éléments, m which case the velocities 
would appear in ^j, and we should obtain by the Hamiltonian process totally 
différent équations to those of Green for elasticity. Thèse generalised équations of 
elasticity leading to the Dissipative Function etc., I propose to discuss elsewhere. 



304] SAINT-VENANT. 203 

The rest of the investigation now turns upon the question whether 

-j-^ , -i-r , -^-n . . . are solely functions of r, /, r'^ . . respectively. If 

they are, then the 36 coeflBcients reduce to 15. If they are not, 
then the action of one molécule on a second can dépend : (1) upon 
mutual aspect, (2) upon the position of other molécules. The 
dependence of the mutual action of each molecular pair solely 
on their centroidal distance is the hypothesis, as Saint- Venant 
remarks, upon which most writers on mechanics hâve based their 
proofs of the conservation of energy (e.g. Helmholtz). At the same 
time it does not seem necessary to assume it for more than the 
atoms, and for the molécules aspect may really be important. 

[304.] Saint- Venant now proceeds to investigate what con- 
séquences flow from rejecting this hypothesis. He remarks that 
the action between two molécules will now be a function of their 
distances from other molécules, and not only of their mutual 
distance. It appears to me that the action does not necessarily 
dépend solely on their distances from other molécules, but perhaps 
also on their distances from imaginary molécules or fixed contres, 
which give the aspect influence. Saint- Venant tries to prove in 
the first place that the work done in a complète cycle cannot 
generally be zéro, if the intermolecular force is a function of more 
than the single intermolecular distance. It is quite true, as he 
observes, that if we move two molécules from a mutual distance 
r, where the action is jB^ and bring them again to a mutual 
distance r, the action jR, need not be equal to jB^, and so the 
éléments of work R^dr and — B^dr need not be equal and opposite, 
provided the other intermolecular distances are not the same in 
the two positions. It is only necessary that the positive work 
created by one pair of molécules, shall be exactly equal to the 
négative work created by the action of the remaining pairs of 
molécules. Is there any thing improbable in this ? Saint- Venant 
seems to think so : 

Or, quelle que soit la loi imaginable à laquelle on soumette les 
intensités des actions entre deux molécules, et leur mode de dépendance 
de la simple présence d'autres molécules, si une juste compensation, 
comme celle dont nous parlons, s'observe ainsi entre deux moitiés de 
certains systèmes parcourant certains cycles, elle cessera de s'observer en 
ajoutant à ces systèmes d'autres systèmes pouvant être pris infiniment 
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variés, et en ajoutant aux parcours d'autres parcours quelconques 
arbitrairement choisis. 

La nullité du travail total produit par un cycle ne peut donc être 
générale qu'autant qu'elle a lieu pour chaque action indimdueUe ; ce qui 
oblige à admettre que la force que nous avons appelée B soit fonction 
die ki seule distance que nous avons appelée r (p. 71). 

I do Qot understand the argument which follows the words : 
eUe cessera de s'observer en ajoutant. Suppose the molécules repre- 
sented by electro-magnets then the total action during any motion 
of one such magnat A on another B would dépend not only on the 
initial and final relative positions of A and B, but owing to the 
indueed currents on the paths and positions of A and B with 
regard to the other bodies in the field It seems to me that 
Saint-Yenant's argument would compel us to assert that by intro- 
ducing other magnets into the field or by moving them about in a 
proper manner, we could obtain perpétuai motion. 

[305.] Saint- Venantes second argument is of the following kind 
(see his § 9). If the intermolecular force dépends on more than 
the particular centroidal distance, then the distances between astral 
molécules will affect the action between terrestrial. Hère to start 
with, we hâve somewhat of an assumption ; the action of A upon 
B may dépend on the distance of both from C and D but not 
necessarily on the distance of C from D. For example such might 
be the case when we treat of a^spect influence, as given by means of 
fixed centres having référence only to A and B, Saint- Venant 
continues : the influence of an astral intermolecular distance on a 
terrestrial must be absolutely insensible, for even when we are 
dealing with a small portion of terrestrial matter, the action of its 
molécules is sensibly independent of the state of other matter 
even at a visible distance. 

Hence the form of ^j, (r, /,/'...) ought to be such that for any 
small System d9Jdr dépends sensibly only on the molécules in the 
immédiate neighbourhood of m, This condition of exclusion can 
be easily fulfilled for molécules at sensible distances by making ^^ 
a function of the inverse powers of r, /, r".... We will now cite 
Saint- Venantes actual words : 

Mais cette ressource d'exclusion sensible est impuissante à l'égard 
des distances mutuelles de molécules appartenant en particulier à chacun 
de ces systèmes ou éléments non proches de celui dont on s'occupe* 
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Les distances mutuelles insensibles entre les molécules composant même 
chaque étoile auront une influence du même ordre sur la grandeur de 
cNfi/dr, ou sur Tint^nsité de Faction mutuelle des deux molécules m, m' 
d'un corps terrestre que les petites distances des molécules qui les avoisi- 
nent dans le même corps, tant qu'on n'aura pas imposé à la forme de la 
fonction ^i (r, r', r"...) une restriction ou particularisation plus grande 
(p. 72). 

The reader will indeed find it difficult to discover a form of 
function in which the influence of A upon B, shall be affected by 
the distance between C and D, and yet shall vanish when C and 
D are both distant from A and B. Its discovery, however, does 
not seem impossible, and when we regard the ether as producing 
the action between A and B by its state of stress, it seems by no 
means improbable that the approach of C and D may aflfect the 
action of A on B, 

If, however, we suppose that it is only the distances of A and 
B from G and D which influence the action of A on B, there is 
less dilSSculty in the matter. This case, of spécial importance, 
seems to hâve escaped Saint- Venantes notice. Thus let <^'(r) be a 
law of intermolecular action, which gives a zéro action for sensibly 
large values of r, and a strong répulsive action for ail values of 
r less than /S, so that r is usually > /S and fi/r a small quantity. 
Let/iz^yZ^, -3^3,...) be a function of the variables 2^^, ^j, z^,,,. which 
is practically independent of z^, when z^ is small. Then the 
foUowing form of ^^ is suitable: 

where in the variables of the function f^ n and s are to take ail 
values except p and q ; finally we must sum the expression for ail 
différent values of p and q, Since (/3/r)' is negligible, /' will not 
occur and thus d^Jdr^ will be independent of r^ when n and s are 
both différent from p and q ; so that Saint- Venant 's objection falls 
to the ground. 

But we are not even compelled to suppose the action oî A, B 
independent of the position of (7, D. Let us take q^, q^, q^,.,ss 
either aspect or internai position coordinates of the molécules, 
for the purposes of illustration one for each molécule will suffice. 
Then it seems extremely probable that the potential energy of 
the System, — as a resuit of the stress in the ether — ^involves the 
generalized velocities q^, q^ q^^ etc., so that we must write for ^P^ a 
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fîmctioii of q^, 9,, 9,-*-^» ^\ r"...In this case our équation will be of 
the form : 

—g— +2" "*" — 2^ "*" « ^**' '*' 9.» -n r , r ...) = oonst... {d), 

where a and 7 are certain constants. We should bave to apply the 
gênerai dynamical équations to détermine the F's and $'p. Thns 
the intermolecular force between m^ and m, might be a fonction of 
9,, which in its tnm might be found from die dynamical équations 
as a fonction of r' and r\ etc., distances, let us say, between m^ m^ 
etc., while r\ r^' would bave no direct influence on the action 
between m, and m^ : see Arts. 931*, 1529*. 

The point is of very great physical interest, as it really 
concems the direct application of the Second Law of Motion to 
the ultimate particles of bodies. Can we or can we not superpose 
the action oî C on A to that of B on A, or does the action of C 
on A, affect that of JS on ^ ? See the footnotes to our pp. 183 and 
185. 

[306.] The strong points of the rari-constant argument seem 
to me to lie in: (i) the probable insignificance of the indirect action 
of C as compared with the direct action of ^ on j8; (ii) the 
insuffidency of most of the experiments yet brought to bear 
against rari-constancy. 

Be this as it may, I still feel it impossible to accept the 
following statements of Saint-Venant as satisfactory : 

j'affirme hardiment, et tout le monde, j'en suis convaincii, pensera 
comme moi, qu'il faudra absolument adopter la forme ou la particulari- 
sation indiquée ci- dessus : 

♦. (r, r', /'...) =/(r) +/, (r ) +/, (r") + 

...Elle fait revenir à l'adoption, comme voulue ainsi par l'expérience 
même, de la loi des actions fonctions des seules distances où elles s*exer- 
centy et non des autres distances ; loi que le simple bon sens, aidé d'une 
observation générale des faits, a fait accepter pendant plus d'un siècle et 
demi Et je suis convaincu que Green lui-même y croyait sans s'en 
rendre compte. Je ne peux, en effet, interpréter d'une autre manière cet 
instinct de physicien et de géomètre, ce sentiment " que les forces, dans 
l'univers, sont disposées de manière à /aire, du mouvement perpétuel, 
une naturelle impossUnlité" Green, sans aucun doute, refuâût ainsi, 
à chaqtAe action moléculaire mutuelle en particulier, la possibilité con- 
traire... (pp. 72 and 73). 

I doubt whether Green had tboroughly seen the important 
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physical conséquences which flow from multi-constancy, but I do 
not see why he should hâve objected to two molécules having 
done work on their retum to the same distance at a différent point 
of the field. In § 12 (pp. 74-5) Saint- Venant recognises a dis- 
tinction between atomic actions and their résultant, or molecular 
action. At the same time, however, he holds that if the latter be 
indeed a function of aspect, it will not produce on the principle of 
averages any great inequality in the coelSScients of type \»xpp\ and 
l«y«y| . Notwithstanding thèse rari-constant views, he wisely adopts 
in the Glebsch for the equal coefficients of rari-constancy letters 
distinguished by a dash. 

[307.1 On pp. 75—84 (^ 13—16) Saint- Venant reproduces the 
resuîts 01 the memoirs of 1863 and 1878, or of the Leçons de Namer, p. 
808 et seq.: see our Arts. 151, and 198 (e). The results given in § 15 
are precisely those obtained by Neumann in 1834: see our Art. 796*. 
In the notation of our work, if a, 6, c are the direct-stretch, d, e, / 
the direct-slide and d\ e',/^ the cross-stretch coefficients, for a niateria] 
with three planes of elastic symmetry, then : 

(bc - d'^) _ (ca - e'^) ab ^P _ ad' - e'f ^ be' -fd' 

l/E, - IjEy - IjE, ' l/F^ - IjFy 

cf - d'e' 



VF, 



= A = 



a 


e' 


f 


e' 


b 


d' 


f 


d' 


c 



Further as a typical straîn-stress équation we hâve : 

8^ = XX JE g. — yyjF, — ^/Fy, 

so that l/Eggy - Ï/Fg, — l/Fy ctc. , are Rankine's thlipsinomic coef- 
ficients : see our Chapter XI. 

In addition we bave for the stretch-squeeze ratios équations of the 
type: 

[308.] In § 17 Saint- Venant deals with amorphic bodies, or 
those for which the following relations hold : 

2d + d' = Jbc, 2e + e' = Jm, 2f-hf = Jâh (i). 

If the quantities J (Jb — Je)', J (Je - Jaf, J (Ja — Jby are 
small we may write thèse relations : 

e%j , j' b+c o,/ c + a o/.,/v a + b .... 
2d + d =-—^, 2e + e=— 2", 2/+/=^— ...(u). 

See the memoirs of 1863 and 1868 ; or our Arts. 139, 142—4 
and 281. 
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Saint-Yenant holds that for a feeble degree of aeolotropy 
produced by permanent compressions as, for example, in drawn 
or rolled métal and in some kinds of stone the relations (i) or (ii) 
suffice. For wood however some other conditions must hold. For 
let us suppose : 

(a) The relations (ii) to hold with equal transverse elasticity (or 
a = 6) and rari-constancy then : 

3/*= a, 6e = c + a and c = 6ô-3/! 

We easily find from the formulae of Art. 307, that : 

whence rf^ = 9/4 - J J\^-2EJE^ 

or, in order that the stretch-squeeze ratio be real we must hâve EJEg, < 9. 
This resuit is contradicted by Hagen's experiments (see our Art. 
1229*). Hagen found : 

!15 for oak, 
22 -5 for beech, 
48 forpine, 
83 for fir. 

(6) The relations (i) to hold together with a = 6, d = e = d' = e\ 
It follows that 71^ = 1 ejf, EJE^ = e»//^, 

whence V^ = ïJ'^M« EJG = ^jËj¥^, 

Thèse expressions are never imaginary and give reasonable values 
for T/gp up to EJEga = 4. Affcer this ly». begins to take unsuitable values 
till for EgJEga = SOf we hâve rjgg^ so large as 2*236. 

Clebsch (p. 8, § 2) and at one time Saint- Venant (see our Art. 169 (d)) 
had held that 17 must necessarily be <J. This error the latter had 
recognised in the Appendice complémentaire to the Leçons de Navier, 
and he now adds : 

Cette opinion n'est fondée sur aucun fait ; il ne l'exprime même que pour 
les corps isotropes, et quelques expériences de Wertheim ont montré qu'aux 
approches de la rupture d'une tige métallique, c'est-à-dire au moment où sa 
matière est arrivée à un état très fibreux, comparable à celui des bois, une 
extension de plus diminue le volume ; en sorte que, sans pouvoir aller jusqu'à 
j;= 2*236, rien n'empêcherait de porter j; jusqu'à 1 pour les bois tendres (p. 89). 

Saint- Venant now seeks some correction of the amorphic formulae 
(i) which will give better results than this for 17^» when EJEg^ is large. 

[309.] He first proceeds on pp. 89 — 95 to détermine Neumann's 
stretch-modulus quartic ; he obtains it in the form : 



^T ^x ^y ^« J^l ^2 



^x^f^^-K^^-'K-'^ir (^)' 
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where c„ Cy, e, are the direction-coaines of the Une r, and 

1/^1 = l/(2<0 - l/F^ 

1/F, = l/(2e) - 1/F, 

l/F,= ll{2/)-l/F, 

This agrées with Neumann's resuit (see our Art. 799*) if we note 
that his ^ay -^o -^6» ^ey ^a» ^h ^^^ really cro^^-stretches and therefore 
of négative sign^ 

Bytaking x = c^\/Wry y = Cy\jE^, z = Cg^B„ 

we hâve a surface of the fourth order, whose ray measures ^Br ^ *^® 
same direction. 

[310.] In § 21 (pp. 95 — 8), Saint- Venant enters upon a lengthy 
calculation of the maxima and nûnima values oîEior différent directions. 
If three relations of the type 

F,= JÂ^y (iv) 

holdy then (iii) reduces to an ellipsoid and we hâve the ellipsoidal 
distribution of elasticity. This gives only three maxima and minima for 
E^, Saint- Venant seeks conditions under which there shall only be 
three maxima for the surface (iii) when the relations of type (iv) are 
not fulfilledj in other words, he seeks when there will be, as he expresses 
it, a va/riatùm simple et graduelle des élasticités, 
The conditions are 

(1) that Fi lie between Uy and Eg, and two others of the same type ; 

(2) that the three expressions whose type is 

(IjE, - Il F,) (l/E, - l/F,) + (1/^, - 1/F,) (Il F, - IjF,), 
shall not ail be of the same sign. 

[311.] In § 22 Saint- Venant shows that the three ellipsoidal condi 

tions of type F^ = jEr^Ey are identical with the three of type 2f-\-f = Jah, 

d e f 
provided either -, = — = ^ , or again that rari-constancy is assumed to 

hold. 

[312.1 He next seeks for some non-ellipsoidal distribution which 
shaU satisfy the conditions for vacation simple of our Art. 310. He 
takes as a probable solution : (1) rari-constancy, and (2) two of the 
ellipsoidal relations, ie. he writes : 

a = 3ef/d, h = S/d/e, 

and searches for a value of n, where 

c = Sde/(/n), 

1 Unfortanately the wrong signs are gîven in Art. 796* to ail the quantitîes 
M, N, P. If thèse are oorrected, a négative sign must be inserted ia the second 
table of Art. 795* before the l/2?"s. The value of l/E^ in Art. 799* is then accurate. 
I regret that this slip of Netnnann's escaped me. 

S.-V. 14 
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whîch shall saiisfy those conditions. Afber some rather complex 
analysis the necessary and suffîcient conditions are found to reduce to 

9 + 12 EJE^ - ^81 4- 144 ÉJÈ] , 
2 + iEJÊ„ 

^ ^^ 12-^9EJE,--JIUEJE,+ S1(EJÉ; ^' 

where we suppose Eg> Ego> Ey, 

Saint-Yenant then gives à table of the limiting values of n and of 

Vm= j -f= VTftlTs" ' ^ ^^^^ varions values of EJEgg from 1 to 80 
and also for oc . 

The values of ty^B are now found to be possible, provided a suitable 
value of n be chosen. What shall this be ? 

[dis.] The empirical formula for n 

l/« = 1 + ^ W^,- 1).. (v), 

is suggested on p. 104. On p. lOÔ Saint- Venant tabulâtes the values of 
n and ty^ for the parameter E^E„ (= 1 to 80) when y has the numerical 
values 9 and 22 '22. Thèse values for y are chosen because, for E^/Eg. = 80, 
they give respectively î7^ = about 2/3 and 1. The Table also contains 
the corresponding values of Eg/e (= E/fi with transverse isotropy). Thèse 
values vary on the first supposition (y = 9) from 2*5 to 78*2, and on the 
second (y = 22*22) from 2-5 to 52*67. The ratio E/fi can thus be very 
great, but for EJEgg very great, this does not seem at aU improbable, at 
least we hâve at présent no experiments to contradict it. As for the 
value of y we need not confine it to 9 or 22*22, but in gênerai we may 
take it from 7 or 8 to 30 (p. 108). I^ov^ pensons qu^on ne cov/rra guère 
risque de se Promper en faisant y = 16 (p. 108). 

As Saint- Venant observes there is a great need of new experiments 
to détermine E^^ and Eç^ (by flexure), /i (by torsion) and i; (= — «aj/*«> by 
délicate measurements of the transverse dimensions of bars under trac- 
tion). 

[314.] In default of experiment we may finally adopt as formulae 
most probably sufficient for elastic problems concerning amorphic 
aeolotropic solids, such as stone, wood, and the metals employed in the 
construction of bridges and machines : 

^ 3e/ 



xx= ~j- Sça +fsy + esg, '5^ = dcTyg 
yp =/*» + 8y + aSg, zx = ea-ggg 



e 

Me 



Tz — eSrg'^' dsy + ^3;^ 8g, xi =/o'xy 



(vi), 
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'vrhere at each point yz, sut, xy are three rectaiigular planes of elastic 

sjmmetiy and z is the direction of greatest elastic résistance, generally 

* longitudinal/ that is, in the case of wood in the direction of the fibre, 

or in a métal bar in the direction of the prismatic axis. In a métal 

plate it will be perpendicular generally to the plane of the plate. 

The quantity n is to be determined by Equation (v), where y may 

be taken =16, when we hâve no further expérimental data to suggest a 

better valua 

j^ fi _ ti 
Since J^^ = -7 -9 — > î* ^ obvions that three torsional experiments 

and one tractional experiment will give c?, e^f and n, or ail the constants 
of the stress-strain relations (vi). 

Indeed we may write the value of 7z 

and so get rid of n altogether. 

For the case of transverse isotropy, îî Eg = E, €1=^6 = fjL, f— y!, we 
hâve: 



« = /l («a, + 8y) + LE+ ^-J 8g S = /xVay 



(Vii). 



Hère fi and B are easy to détermine experimentally, but fi far 
more difficult. 

Saint- Venant gives the following empirical formida for /i which he 
considers very probably exact enough in practice : 



i-^-^Q-S) c")- 



When y of (v) is taken = 9, then )8=:^,or — =5+--^, 

„ „ „ =22-22,then^ = 2,or^=i + 2 J. 

For thèse values of )3, the corresponding values of /x'/fi and ilJE 
diflfer by only 1/16, from those obtained from équation (v). 

We hâve reproduced thèse results because they supply, although to 
some extent empirically, the most probable formulae yet suggested 
for technical materials. Such formidae hâve been much needed, and 
Saint- Venant) as usual, has been the iirst to recognise the wants of 
practice. 

[315.] A note of Saint- Venant to § 22 (see pp. 142 — 5) deals 
briefly with the history of the flexure and torsion of prisms. It 
contributes nothing to the section on the same subject in the 
Historique Abrégé, We pass on to the longer note attached to 
§ 28 which occupies pp. 174 — 90. 

14—2 
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[816.] This note is concemed with the applicability of Saînt- 

Venant's torsion and flexure solutions to such cases as occnr in 

practice. The first four sections (pp. 174 — 7) reproduce arguments 

already given in the memoir on Torsion or the Leçons de Navier 

for the approximate elastic équivalence of statically equipoUent 

loads : see our Arts. 8, 9 and 170. The remaining sections 

(^ 5 — 17) seek arguments in faveur of the legitimacy of the 

assumptions 

«àc=:S =«y = (a), 

taken by Saint- Venant as the basis of his solutions. In other 
words, is it legitimate to assume that for ail practical loadings 
there is little or no mutual action parallel to the prismatic 
cross-section between adjacent longitudinal fibres? 

After referring to the labours of Poisson and Cauchy on the 
subject of rods (see our Arts. 466* and 618*) as involving arbitrary 
assumptions only true for rods of length great as compared with 
the linear dimensions of the cross-section, Saint- Venant enquires 
whèther the investigations of Kirchhoff give any better validity to 
the assumptions (a). He points out that Kirchhoff proves only 
the possibility, not the necessity of thèse questionable relations 
(p. 181) : see my footnote, p. 266. 

[317]. Saint- Venant next tums to Boussinesq's memoirs of 
1871 and 1879: see later our discussion of that author's researches. 
Saint- Venant applies the method of those memoirs to the simple 
case of a bar of homogeneous material with three planes of elastic 
symmetry. 

Instead of setting out from the assumptions (a) our author 
supposes the foUowing conditions to hold, z being the direction of 
the prismatic axis : 

Thèse are described as fort approchées, quand elies ne sont 
pas rigoureuses. 

From the conditions (6) the conditions (a) are deduced by the 
principle of elastic work. The proof holds only for rods, i.e. prisms 
the length of which is great as compared with the linear dimen- 
sions of the cross-section; the cross-section may, however, be 
supposed to vary slightly, and the terminal load as well as the 
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distribution of body force are perfectly gênerai, provided only the 
body force on any élément of length of the rod does not exceed 
tbe surface stresses or the loads on the terminal cross-sections of 
the élément. 

[318.] Wemay ask: whether the conditions (b) do not assume 
as much as conditions (a) ? We reproduce the arguments by which 
Saint- Venant reaches (6). It does not seem to me that the 
condition cPsJdz* = would be true when the flexure was due to 
hmkling, which in the case of a long rod does not seem excluded 
by the load distributions referred to : see our Art. 911*. 

Prenons pour axe des Zy en chaque endroit, la ligne des centres de 
gravité des sections transversales, et les axes des a?, y, rectangulaires 
entre eux et à cette ligne sur une des sections. Dans une quelconque 
des portions dont nous parlons, que nous appelons longues parce qu'elles 
sont supposées l'être beaucoup par rapport aux dimensions transversales, 
il est facile de reconnaître que les composantes de tension et les 
dilatations ou glissements «, o-, varient d'une manière incomparablement 
moins rapide dans le sens longitudinal z que dans les sens x et y; de 
sorte que, si nous exceptons de petites portions de tige avoisinant les 
extrémités, où se trouvent les points d'application des forces locales ou 
discontinues, les dérivées de ces déformations «, o-, par rapport à z seront, 
de nécessité, considérablement moindres que ce que sont ou peuvent être 
leurs dérivées par rapport à x et ky. En effet, pour o-^j, par exemple, 
da-ggjdz sera de Tordre de grandeiu* du quotient, par la longueur de la tige 
ou de la longue portion de la tige considérée, de cette déformation a-gggf 
ou de la différence des valeurs qu'elle a aux extrémités;, tandis que 
dcTggJdx pourra être de l'ordre de grandeur du quotient de (7«b par la 
demi-épaisseur, qui n'est, disons-nous, qu'une fort petite fraction de la 
longueur. Autrement dit, si pour fixer les idées nous divisons la tige, 
par la pensée, en tronçons dont la longueur soit de l'ordre de grandeur 
de la dimension transversale moyenne, les s, or auront des valeurs 
extrêmement peu différentes en deux points homologues des bases de 
chaque tronçon, tandis qu'ils poiuront avoir, du centre au périmètre des 
sections, des différences de valeur aussi considérables que d'une extré- 
mité à l'autre de la tige. Nous pouvons donc comme approximation, 
déterminer la loi de variation des déformations «, c, transversalement, 
ou en fonction de x et y, comme si lev/ra dérivées pa/r rapport à z étaient 
nulles. Cette hypothèse, ou ce point de départ, n'est que comme une 
traduction analytique de l'énoncé de la question même qui nous occupe, 
et qui est de déterminer ce qui se passe dans une tige allongée et très 
mince sollicitée de la manière continue que nous venons de supposer 
(pp. 184—6). 

This reasoning does not appear to me whoUy satisfactory, and 
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can at best only apply to rods and not the prisins of Saint- Venant's 
probleras. It may, however, still be the method 

la meilleure et la plus complète qui en ait été théoriquement donnée 
(p. 190). 

Perhaps on the whole the appeal to experiment referred to in 
our Arts. 8 — 10 is more satisfactory. 

[319.] In a note pp. 195 — 7 Saint- Venant proves for the case 
of flexure the results 

lzxdcû = ^ jxz xdw ; I ^ dœ = -j- l zz ydeo, 

where <s: is an axis in direction of the prismatic axis, and œ, y are 
any rectangular axes in the cross-section of which c2û) is an élément 
of area. Thèse formulae express analytically : 

ce théorème connu et très utile, que Vefort trcmcJumt, pour une 
section quelconque, ou la force tangentielle totale dans une direction 
transversale aussi quelconque^ est égale à la dérivée, par rapport à la 
coordonnée longitudinale, du moTnent de flexion autour d'une droite 
tracée sui* la section perpendiculairement à cette direction (p. 197). 

See pp. 389 — 9 etc. of the Leçons de Navier, 

[320.] The foUowing Note, pp. 210—20, reproduces only 
portions of the great or the subsidiary memoirs on Torsion : see 
our Arts. 1^ 285 and 291 ; and the Note, pp. 240 — 2, some résulta 
from Chapter XI. of the Torsion : see our Art. 49. 

The Note finale du § 37 (pp. 252—82) corrects Clebsch's 
erroneous assumption of a stress-limit by the proper stretch- 
eonditions. Its contents are extracted from the memoir on Torsion 
and the Leçons de Navier : see our Arts. 5, (6) — (/), and 180. 

[321.] We may refer to one or two points in this last Note : 

(a) Saint- Venant takes two simple cases for an isotropic material 
and compares the stress and stretch-conditions for safe loading. First 
take the case when only the stresses xx, xz, xy hâve values differing from 
zéro, we easily find from the équation of our Art. 53, Oase (i), that we 
must hâve 

^0 = or > (1 - 1;) ^/2 + (1 + ty) V^VÎT^N^, 
while Olebsch obtains from the stress condition 

^0 = or > xxl2 + JxP/4: + xp^ + xz\ 
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là the second case suppose the traction xx zéro, thed we liave : 
f rom the stretch condition, 

Jxy" + ^^ = or < Tol{l +7^), 
from the stress condition, 

When the shears are zéro the conditions agrée. As a rule aafety is 
on the aide of the stretcIi-condUion, 

(b) Some remarks confirmatory of Poncelet's theory of rupture 
(better elastic failwre) under compression by transverse stretch are 
given on p. 270 and may be cited^. The theory leads, as we hâve 
seeo, in isotropic material to the relation ^o/2'q' = 1/i7 : see our Arts. 
164, and 175. 

1^. Les petits prismes de pierre dure, lors de leur écrasement, se séparent 
d'abord en aiguilles verticales, ce qui prouve bien une extension dans le sens 
transversal. 

2^. Lors de l'écrasement des bois par compression dans le sens de leurs 
fibres, celles-ci se séparent d'abord, et ensuite ploient sans résistance. 

3^. Les petits cylindres de fonte douce ou malléables, écrasés, se gercent 
sur les bords de manière à former une rosette, ce qui prouve qu'il y a eu, tout 
autour, rupture par dilatation transversale vers la circonférence. 

4^. Dans beaucoup d'expériences de rupture de pièces de fonte par flexion, 
il s'est détaché latéralement une sorte de coin du côté devenu concave ou 
comprimé. 

5^. La puissante machine de M. Blanchard, de Boston, à courber les 
pièces de bois, contenues de manière à ne pouvoir se dilater du côté convexe 
ni se boursoufler latéralement du côté concave, comprime violemment ce 
dernier côté sans le désorganiser aucunement. 

6*. Le rapport des coefi&cients T( et T-^ de rupture immédiate par écrase- 
ment et par traction, ou des forces capables de produire, pour une base = 1, 
ces deux sortes d'efiet, a été trouvé le plus souvent, pour la fonte, entre 4 : 1 
et 6 : 1 ; et il devait, en effet, excéder l/i; qui est 4 pour les corps isotropes. 
Car lorsqu'on opère la compression d'un prisme court, entre deux plans durs 
où ses bases s'appliquent, celles-ci sont empêchées de se dilater, en sorte que 
le renflement latéral n'acquiert toute sa grandeur que vers le milieu de la 
.hauteur du prisme. 

Saint- Venant remarks that the^limits T^^ T^ must be based 
directly on experiment ; but experiment only gives such limita as 

1 Professer A. B. W. Kennedy has kindly made some experiments for me on latéral 
stretch in v^hiôh three short cast-iron prisms placed end to end were subjected to 
oontractive load. The load terminais of the outer prisms were found to hâve 
expanded somewhat, but not to the same extent as their other terminal sections or 
those of the mid-prism. Bupture took place by portions of the end prisms shearing 
ofif. The mid-prism was then eut open longitudinally and acid appUed to the faoe, 
the openings thns brought to sight were more or less longitudinal, but not very 
definite. Indeed the condition marked rather a plastic than a ruptural change. 
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the 2\ and T^ of immédiate rupture. A constant ratio between 
T^ and T^ is usually assumed : 

rapport qu'on prend généralement d'nn dixième en France, d'après l'exem- 
ple des colonnes le^^res aune anciemie église d'Angers, mais que des ingénieurs 
anglais portent à un sixième (p. 271). 

(c) We maj note that Saint- Venant on pp. 274 — 5 in repeatîng 
case 3® of Art 122 of the TorsUm-, see onr Art 53, Oase (iii), now 
replaces the sjiy and fji^ of the notation of that article hj their mecm^ 
ao that he appears to hâve been dissatisfied with the value adopted in 
the memoir. He does not, however, work ont the vaine of ij, of our 
Art. 53, Case (ii) (= rfi of his notation). 

(d) A very good example of Saint- Venant' s fidl-poînt method 
is given on pp. 279 — 82 (§ 17). It brings ont well the influence which 
want of isotropy and slide hâve on the condition for safety. 

Let us take the case of a beam of length l, of cross-section a>, and of 
transverse elastic isotropy denoted by JE, fi, and -q. Suppose it built-in 
at one end and loaded with P at the other, or of lei^gth 21 with a 
load 2P in the centre. Then if k be the swing-radius of the section 
about the neutral axis and h the distance from that axis of the ^Lrthest 
'fibre', we see that the f ail-point will be at the built-in section which 
remaios plana Hère the maximum stretch and the uniform slide are 
given by : 

Whence the condition of our Art 53, (i), becomes with slightly 
modified notation : 



m \-riPlh 



yc-f')'O'HO'(S)'. 



sinoe So/fi = 2T^IE by our Art 5, (d). 

In the case of the rectangular cross section 6 x c, with c parallel to the 
load-plane, we bave ic* = c'/12, o) = 6c, h = c/2 and the condition becomes : 



2', = or> 



or. 



m 6Pi 



{^^ihiéym <-)' 



if the second term under the radical is, as usual, small. 

Saint- Venant now introduces the foUowing suggestive table deter- 
mined by the method of our Arts. 312^, z being the direction of 
the prismatic axis : 
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For 



Whenoe 



EJE^=1 


V5 


2 


6 


10 


16 


20 


40 
•80 
36 

100 
6 


80 


17= -26 


•30 


•34 


•48 


•60 


•66 


•70 


•86 


Elfi=2'5 


3 


3-8 


6^6 


11 


16 


18 


66 


12(1 + 71) À 


1-331 


2011 


4^973 


11^816 


20^667 


28^026 


318^27 


l+'n\12fxj 


•048 


•076 


•204 


•626 


•947 


1-323 


16-36 



Now the value giveu hy the old theory was 

Whence we see that for certain kinds of wood when JFg/^a. = 80, for 
short lengths only double of the diameter, the value of F obtained from 
the old theory may be doyhh what is given by the true theory. Indeed 
thèse numbers are most suggestive and valuable for the problem of 
flexure. 

[322.] To Clebsch's §§ 39—46 dealing with thick plates, 
Saint- Venant contributes two long notes. The first occupies pp. 
337 — 367 and treats of varions rigorovs solutions for the bending 
of plates by an analysis which for simplicity compares favorably 
with that of Olebsch. Indeed we hâve hère the most complète 
account yet given of the bending of thick circular plates, and as 
usual Saint- Venant keeps in view practical cases. The results are 
ail given in terms of the 5-constant formulae (see our Art. 282, (2)), 
or for a material with transverse isotropy on the multi-constant 
hjrpothesis. Many of the results are new and the method seems 
to me novel ; some of the formulae are apparently due to Saint- 
Venant's old pupil M. Boussinesq, who investigated the matter at 
his request. The foUowing problems are investigated : (i) case of 
simple cylindrical flexure; (ii) case of combined cylindrical flexure; 
(iii) cases of shearing load on the latéral sides of a plate ; (iv) 
gênerai case of circular plate with a great variety of spécial cases 
of contour and load conditions. 

[323.] Case of simple cylindrical fiexwre. Let 2€ be the thîckness 
of the plate; let the axis of % be perpendicular to the initial plane of the 
plate; and let those of a;, y^ lie in the plane of the plate. Suppose the 
plate to be infinité in the direction of y, but of any length in the direction 
o£ X, Then consider the foUowing shâts, where p is a constant : 



16 = — 



xz 



v = 0, «'=^(«'4«^) «• 
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We find at once : 

«« = -«/p, «, = 0, «.= ë^.l (ii). 

Substitute in the formulas of Art. 117, (a) and (6), and yre hâve : 

y« = «r = ^ = j ^ = 0^ 



={?-(v./^}i> î^={?-/jl 



Hère the quantity 2/+/' - (P/c corresponds for the case of plates to the 
stretch-modulus in the simple flexure of a bar. We shall dénote it by ff, 

where in the case o£ isotropy, H = 'V'^ ^ . 

We easily see that (iii) satisfy the body-stress équations. 
The load reduces to 

p 

over the sides perpendicular to a?, and we can see that this gives a 
couple round the axis of y for each élément 2€8y of the side=Jlfy8y, 
where 

We can eut away a portion of the plate by planes perpendicular to the 
axis of y if we impose a load at each point of the new sides given by 

Obviously 1/p must be very small, and the plate then takes a 
cylindrical curvature of radius p. 

[324.] Case of two combined cylindrical Jleocwres, In § 3 Saint- 
Yenant ârst combines two solutions such as that of our Art. 323, the 
value of p being the same for both. He transfers to cylindrical coordi- 
nates r, ^, and thus obtains with the notation of our p. 79 the residts : 

u=-tzIp, i; = 0, M^=^r«/2+-»»j^p| 

:^^ = o, ;;^ = î$ = -2(i5r-/)«/p J 

This is the case of spherical curvature. The proper distribution of 
sîde load must be obtained by compounding rr and ^, the shears being 
ail zéro. The corresponding total couples are 

Mr = M^^-'-z ^ , (v). 



XX 
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Saint- Venant remarks : 

Ils ont un intérêt pratique bien que l'application, au contour, de forces 
normales distribuées comme l'exigent les expressions ci-dessus rr, $$ soit 
irréalisable; car si à leur place, il y a [see our Arts. 8 and 170] tout auprès 
des bords d'tme plaque mince, d'autres forces appliquées par exemple sur les 
faces supérieure et inférieure de manière à n avoir pas de résultante et à 
produire des couples dont les moments fléchissants aient par unité de longueur 
la valeur (v), la plaque soit rectangle, soit circulaire, éprouvera très approxi- 
mativement la déformation sphérique indiquée, partotU sauf de très petites 
zones auprès des bords, par les raisons que nous avons données précédemment 
en traitant des tiges (p. 343). 

[325.] The second case of combined flexure given by Saint- Venant 
is obtained by taking for u and v two expressions like that given for 
simple cylindrical flexure, with p diflferent ; we hâve at once : 

u^-xz/p, v = -yzlp', w = x'/(2p) + y'/{2p') + {llp+llp')^^, 

_ ^ _ „ _ /H H-y\ _ /S-2f H\ 

= PZ = ZX = XP = \Jj XX =—[ + r— \Zy pp =— [ + —,]Z, 

\P P / \ P P/ 

Hère the curvature is elliptic or hyperbolic according as p and p' are 
of the same or différent signs. If p = ^p' : 

le feuillet moyen devient une de ces surfaces à coiu'bures principales égales 
et opposées, appelées arvticlastigues par, MM. Thomson et Tait dans leur grand 
A Treatise of Natwal PhUoèophy^ de 1867, dont un seul exemplaire existe en 
France, et dont il n'a encore été réédité que le premier volume (p. 344). 

As is well-known the distinguished scientists gave up in their 
second édition the idea of proceeding further. How Saint-Veuant 
formed his conclusion as to the existence of a smi exemplaire^ we 
cannot say, as with few exceptions Erench scientists refrain when 
citing from giving exact références to the sources of their information. 

••• [326.] Fiâtes subjected laieraUy to shea/ring load. Saint- Venant 
first takes the case of a rectangular plate injmitdy long in the direction 
of y but bounded in the direction of x by the planes 05 = ± a. 

Let Phy be the total shearing-load parallel to z, on the strip ^^dy^ 
then we hâve for a section of the plate by a plane at distance x from the 
origin: 

1 ^dz = P; j ^zdz = P (a^x). 

Boussinesq had found at Saint- Venant's request the following 
suitable values for the shifbs : 



SP 



r / A c?' aTl 3P/Z «»\ 






. 3P raa? a? d' 



(vi). 
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Hence we find for the stresses : 

_ SPz, , _ 3P 



** = — 



2c» 
_ ff' 2/ 3Pz 






yy =- 



(a-o;) 



.(vii). 



i5r 2c» 

The détection of the central plane is given by the cubical parabola 

Pa^ /3 œ" 1 œ»^ 



«;a = 



/3 œ" 1 »»\ , .... 

(2â»"2âO <^^)- 



2JÏC» 

This agrées with the case of a rod of length 2a and depth 2€, terminally 
supported and loaded with 2P at the centre if the plate-modulus H be 
replaced by the stretch-modulus E, 

[327.] We can eut out a definite portion of the plate by planes 
perpendicular to y y if we impose the tractive loads given by Ji of 
équations (vii). 

Suppose we try to combine two sets of solutions such as (vi) of the 
previous Article, giving the plate now a flexure parallel to y. Then we 
find, if Q corresponding to P, and 6 to a, from (viii) : 

_ __3_ ( Paa^ + Qhf Pa? + Qy^ \ 

*^^"2^c»v 2 6 ;• 

Hence although we combine this with a solution of the form given 
in Art. 325, we can make only the square not the cubic tenus in x and 
y vanish. In other words for a; = ifc a, together with y = any value from 
h to —6, and for yz=j^by together with x= any value from a to — a, we 
cannot make w^ = 0. Thus the contour of the mid-plane of the rectangu- 
lar plate cannot be treated Si&Jixed. 

Le problème de la flexion de la plaque rectangulaire posée de niveau tout 
autour ne peut probablement recevoir que des solutions approximatives.... 
(p. 346). 

[328.] Problem of the thick drcular plate. This can be solved 
accurately for flexure whatever the thickness, if the plate be sym- 
metrically loaded in ail directions round its axis of figure by forces 
applied to its cylindrical boundary. Just as in the case of torsion or 
flexure, thèse forces will be supposed distributed in a definite manner, 
but the résultant shearing force and couple about the tangent to the 
contour of the mid plane will be arbitrary. In practical applications 
we must appeal to the principle of the elastic équivalence of statically 
equipollent load-systems : see our Art. 8. We shall suppose that there 
is no tendency to extension in the plate and that it is bounded by two 
coaxial cylinders of radii r and r^ (r^ > r^), 

We shall find that tne magnitude of the central shift can be 
determined for any load whatever, not necessarily symmetrical. 
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[329.] The gênerai solution, Let 2c be the thickness; P the 
shearing load parallel to the axis per unît of length of contour of the 
plate ; Q = ^iraP the total shearing load on the whole latéral area 
2wa X 2€ of the plate ; M,, the moment of the couple, per unit of length, 
on a vertical strip of the cjlindrical surface of radius r about the 
tangent to the contour of the mid-plane ; M^^ will then dénote the 
corresponding load couple on the outer boanding cylinder. We shall 
suppose the mid-circle of the inner cylindrical boundary fixed. 

The strains are given in the footnote to our p. 79, except that on 
account of the symmetry we put t? = 0, and the variation with regard to 
<^ zéro for ail quantities. The stresses then become on the hypothesis of 
elastic isotropy in the plane of the plate [see Art. 117 (6)] : 

îr = (2/+/') u^ -hfujr 4- d'wg, 7^ = e{ug + w^)' 

U-=^fUr^r{,%f-\-f)u\r-¥â!w^, ;Î = ^ = \ (i). 

'Iz =ct (ur + u/r) + cWg 

Further we hâve J/L = / rr zdz. 



=/-.' " 



The body stress-equations reduce to : 

drr d'rz rr — ^ ^^ drx dzz 1er ,... 

dr dz r ' dr dz r ~ ^ ^' 

The surface or load conditions are : 

for 2$ = >k €, «» = r? = for ail values of r\ 

for r = rj, / îr(3fe = 0, I rzdz = F, l (iii). 

[330.] Saint- Venantes mode of solution is the following. He 

assumes r« to be of the form -3-5 . ^^^. (c^- n^), and also that, ^ = 

throughout the plate. He thus satisfies the load conditions. 

Thèse assumptions of the semi-inverse method were undoubtedly sug- 
gested by équations (vii) of our Art. 326. 

The second body-stress équation at once gives us/" (r) = ; 

SP r 
80 that ,T=j^^ (.»-«') (iv). 

Straight-forward substitution, rememberingl^ =0, or Wg= j—\ 

c r dr 

leads to the following form of the first body-stress équation (u) : 

d /\d {ru)\ _ iz 
dr \r dr ) ~ Ir^ 



where /= 



3Pr, 



,(vi). 
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Integrating we find, if ^ be an arbitrary conôtant : 

1 d(ru) /4. , , . 2\ c , . 

Integrating again we hâve : 

u=j {2r log (r/r,) - r} + — ^j + T^ 

w = - - |-j- log (r/r;) - 3| +X W 

Hère B is another arbitrary constant and x» ^ arbitrary fnnctions of 
r and 2 respectively. 

3P r 

Now we hâve fz=e{Ug + w^ = jj ~ (^ ~ ^) ; substituting for u and 

i^ from (yi) we find the foUowing relation between x and ^ : 

Saint- Venant remarks that we can satisfy this relation in several 
ways (p. 350), but the proper method seems to me to equate either side 
multiplied by r to the same constant. He takes this constant to he zéro. 
If this constant be retained, however, it only alters the value of the 
constant B in the expressions for the shifts we are about to give, and so 
may be neglected. We ought to add a constant C to the value of 
X (r) ; but this leads to a term in w = Cjr^' or in rr = -%fC' jr^^ which, not 
containing an odd power of z, would prevent us from fulfilling the 
condition 

'rrdz = for T = r^, 

— « 

Substituting the values obtained by intégration for <^ and x ^ (vi), 
we hâve : 

rz 1 f« , r M 7? 2i7/, 7^\\ Bz 

t. = -^ + ^{2r.log--r. + -3-^ + --(^c^.-3J} + - 



/ 



> ...(vii). 



The values of »t and M^ may then be easily deduced. Saint- Venant 
gives expressions for them on pp. 351 — 2, By putting r = ri, we 
obtain: 

-.-¥^^^r-=^-¥4 « 

where y" is given by : 

iè(f-f)^>' <-). 

and may be neglected when c/r^ is small. 
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If P or 1/7 = and we put B = Q, this value of i/,,, agrées with that 
of Mf ia équation (v) of our Art. 324. We sbaU then write for 
simplification 



3 M, 



and we find 



1 1 I f-ffy' f B 
A-p* I U-f H-fr^ 



(^)- 



Substituting this value of ^ in équations (vii) we note the foUowing 

final results given on p. 354 and attributed by Saint- Venant to Bous- 
sinesq (* qvA M, Bovsfdnesq a cherchées et trouvées à ma prière^) : 

^ = „ + .|^(21og^-^2^) + --3-|.-^(c^.-3)} 

Bz f Brz 



«7= - 
P 



=^(^^)4{-(^?-)(•ïf---o} 

_ „, r / B /t' cF A 
_(7-£log--g^._,(2+-.»j. 

+ }[2(^-/)logI-^y'(5;-l)] 



--="{-y ■ ' 



where 



1 
/ 



3Fr 



8^€ 



. . . (xi). 



For the vertical shift and shift-fluxion of the mid-plane we hâve when 
B=C = 0: 



w. 



dWa 






(xii). 



Thèse very important results can be applied to a great number of 
spécial examples. They include the solutions of Poisson given for thin 
circular plates, and varions other particular cases (as of isotropy, etc.) 
treated by diverse writers : see our Arts. 494* — 504* \ 

• [331.] Spécial cases. 

(a) Suppose the plate not to be wrvmdwr^ but to rest on the rim of 
a dise of radius Tq in such a manner that its bending is not interfered 

1 To obtain Saint-Venant's notation we must replace, u, w by oapitals, H by a^, 
I by fl, rj by a, and p by B., 



224 SAINT-VENANT. [831 

with (§ 14). The plate may now be dealt with as consisting of an 'inner 
dise' and *outer annulus.' Then evidently dw^jéhr^O when r=0 because 
the tangent plane to the mid-section at 2; = 0, r >■ 0, must be horizontal ; 
further round the ring r-r^ the shearing stress must vanish for the 
inner dise which can thus only be acted upon by couples and will take 
a spherical curvature (1/po) ^ ûi our Art. 324. Thus for the inner dise 

and for the conditions at r = ro 

^«-^' dr-p,^ ^^^- 3 Po • 

Three équations to détermine the three constants po, B and C (p is 
known from i/i-J of the problem are then obtainable by putting r = r© 
in the équations (xi) which hold for the outer annulus. Saint-Yenant 
finds : 



B = 



-(2r.»--yV,»)logj!}, 



... (xiii), 



Po 
whence the values of u, and wîot r>rQ<r^, can be at once found. 

The solutions obtained by Saint-Yenant in this first case are, 
as he himself observes, hardly satisfactory except for the case of a 
very thin plate. What he does is to make the vertical shifts of 
the mid-plane zéro for the dise and the annulus when r = r^; then 
the slopes of the tangent planes for both are equated, and finally 
the total couples along the same circle r = r^. In the solutions he 
gives for the shifts the u and w for the annulus are not equal to 
the u and w for the dise when r^r^, except for the mid-plane. 
In particular u when r = r^ is a function of z only for the dise, but 
of £:• as well for the annulus. In other words we hâve theoretical 
séparation of the material at r = rQ. Thus the solutions are at 
best only approximate, and cannot be considered to hold at ail in 
the neighbourhood of the rim itself. But shall we assume they 
hold accurately at points not in the neighbourhood of this rim ? 
If the stresses acting at this rim were really confined to a line, 
they would certainly produce permanent altérations in the 
material; are we then justified in assuming that equating the 
vertical shifts and the tangent plane slopes (w and dw/dr) for 
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>• = ro will give us the beat values of the constants ? I am înclined 
to doubt at least the presumed equality of the tangent-plane 
slopes : see our Art. 1572*, and p. 23 of the Leçons de Navier, 
The results become of course exact when we may neglect e*. 

Î332.] (6) Suppose the centre of the plate to rest upon a fixed 
e of very small radins (p. 357). Then équations (xii) give the total 
deâection 8 by putting r=^r^: 

1p^ \^H^- 2H-2f ^" ^' 

3 M 
where (2 = 2irr.P, l/p = -^--g^. 

Sub-cases are : 

(i) M^ = 0, or l/p = 0; this is the simple case of only shearing load 
on the cylindrical sides. Such might happen if the mid-plane contour 
were fixed to a ring. 

(ii) The cylindrical faces of the plate are fixed (see our footnote 
p. 231) and a normal load Q applied at the centre by means of a circle 
of very small radius. Hère dw^/dr of équation (xii) must be zéro for 
r = r. or: 

1 g l-/ 

Thisgives if^^=Ç(l-^), 

and 8= '"^^ 



(iii) Elastic isotropy (p. 358, § 16). We hâve only to put 

/=e = fiy d'=f = \ c = 2/Lt + X, 

2//^ 4^\ €» 16/x+17X €' 

[333.] (c) Saint-Yenant now retums to the case of a complète 
plate resting on a circular rim (of radius Vq) as given in our Art 331, 
(a), and détermines the deflections when the contour (of radius r J is 
(i) fixed, (ii) built-in (see his p. 360). 

[334.] (d) In § 18 we hâve the remark that the force exerted on 
the ring r = ro must be equal and opposite to the force exerted on the 
ring r = rj, or it must equal Prjr^ per unit of length of the arc. Thus 

a-v. 15 
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the solutions of (o) are applicable to the case of a plate either fixed or 
built-in at its contour and loaded with Q uniformly distributed round 
the ring r = Vq. The deflections obtained by Saint- Venant are (p. 362) : 

(i) Mid-plane contour simply supported or fixed 



8= ^^ 






(ii) Oylindrical face built-in 

^ 32irJ7€»r r,^ W ^J^r,^)' 

For the reasons giyen in my Art. 331, I am doubtful as to the 
validity of thèse results except in the case wlien we may neglect -y'. 

[335.] (e) In § 19, p. 362, Saint- Venant explains how we may 
treat the problem of a thick circular plate subjected to any symmetrical 
load continuous or discontinuons on a plane face. We hiave in the 
case of a continuous load to substitute <l> (tq) 2TTr^dr^ for Q in the 
équations of (d) and integrate between the limits and Vq, to find the 
total deflection. If we integrate from to r^, we shall obtain the 
deflection of the centre below any ring r, and so the form of the surface 
taken by the mid-plane. Saint- Venant seems to think this process 
more rigorous than that for thin plates dépendent on Làgrange's 
équation and used by Poisson : see our Arts. 284*, 496* — 504*. But 
I cannot get over the diffîculty suggested in my Art. 331. The results 
are not true for the ring in considération unless y^ may be . neglected, 
but Saint- Venant practically di vides his whole plate up into such 
rings, when thus integrating. It appears to me possible that he may 
thus be really introducing an important sum of small errors. 

In § 21, p. 365, he treats by this method the case of a thick plate 
uniformly loaded and finds from the results in (d) : 






where Q is the total load. 

Thèse results^ first given by Boussinesq, agrée in the case of uni-con- 
stant isotropy and neglect of y' with those of Poisson : see our Art 502*. 

[336.] (/) This case is the most gênerai possible and is thus 
stated by Samt-Venant : 

Mais, lorsqu'on se propose d^ avoir seulement la flèche centrale, sans chercher 
la forme que prend la plaque en ses divers points, ime remarque bien simple 
montre que les expressions en r^ et r^ sumsent au calcul de cette flèche pour 
toutes les distributions possibles, même non symétriques, même discontinues 
et irrégulières, des charges que supporte la plaque soutenue en haut (p. 363). 
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We note that if wé hâve à single load P at any point of a rim- 
supported plate, it must produce the same central deflection as if it 
were at any other point at the same distance front the centre, Hence by 
the principle of super-position of displacements in the case of elastic 
strain, a load P at an isolated point distant r from the centre, must 
produce the same central deflection as if it were uniformly distributed ■ 
round the ring of radius r. Thus the formulae of (d) hold if the load 
Q be concentrated at a distance r^ from the centre. This resuit seèms 
first to hâve been stated by Lévy in a memoir of 1877, although it was 
involved in the results of § 76 of Clebsch's treatise. 

[337.] Saint- Venant concludes this Note on thick plates with 
the foUowing words : 

Nous avons démontré, dans la présente Note, comme on a vu, nos 
formules d'une manière rigoureuse, ou sans annulations de termes. 
Leur parfaite rigueur est subordonnée, il est vrai, comme est celle de 
toutes les formules ci-dessus d'extension, flexion, torsion des tiges, à ce 
que les forces ou les réactions d'appuis et d'encastrements agissent 
exclusivement sur une certaine surface qui est, pour les plaques, leur 
cylindre contournant, en s'y distribuant des manières qui sont exprimées 
en 2; par les formules du deuxième et du troisième degré donnant rzetrry 
et spécifiées pour r = r^. Mais, ainsi que nous avons eu bien des fois 
occasion de le dire, elles donnent des résultats très suffisamment 
approchés quel que soit le mode d'application et de distribution si la 
plaque est peu épaisse; et, en tous cas, notre analyse actuelle, outre 
qu'elle tient compte de termes (ceux en y^ ou ^/ti^) dont il n'est nulle 
question dans l'analyse connue, a l'avantage de ne donner que les 
résultats oïl tout a été mis en compte dès le commencement ou sans 
suppressions faites de prime abord, et dont on n'aperçoit pas a priori la 
portée et le degré d'influence sur les résultats lorsqu'on en opère de 
ce genre {p. 367). 

But does this paragraph explain ail the assumptions ? I 
think not : see our Art. 331. 

[338.] The second Note inserted by Saint-Venant in Clebsçh's 
third chapter is due to Boussinesq. It is a résumé of the results 
obtained by the latter in a séries of memoirs during the years 
1878 — 9, and afterwards published separately under the title: 
Recherches sur Vapplication des potentiels à la théorie de V équilibre 
intérieur des solides élastiques ; see our detailed âccount of this 
important work below. The Note itself is entitled : Sur V équilibre 
des corps massifs sollicités en un point superficiel ou intérieur. It 
occupies pp. 374 — 406; an addition occupies pp. 405* — 407*; 
while some considération, also due to Boussinesq, of Cerruti's 

15—2 



228 SAINT-VENANT. [339 — 340 

Memoir of 1882 on the same subject, will he found on pp. 
881—8 {Complément à la Note finale du § 46). As thèse con- 
tributions are not due to Saint- Venant we postpone the discussion 
of their contents until we are dealing with the spécial researches 
of Boussinesq and CerrutL 

[839.] The next important addition of Saint- Venant is the 
Note finale du § 60. It is entitled : Théorie de Vimpulsion longi- 
tudinale d'une barre élastique par un corps massif qui vient heurter 
une de ses deux extrémités ; et de la résistance de la matière de la barre 
à t«w pareil choc ; it occupies pp. 480 a — 480 gg. The numerical 
results of this note together with their graphical représentation will 
be considered in our account of the Memoir of 1883 : see our 
Arts. 401—7. 



[340.] The first seven sections (pp. 480 a — 480 k) give an 
account of the varions tentative stages in the history of the 
theory. We bave first two theorems of Young, which as first 
approximations may be cited. Let the bar be of weight P, 
density p, section o), length l and stretch-modulus E; \et Q be 
the weight and V the velocity of the body which strikes it at the 
free end, the other end being fixed. 

Then if u be the total shift of the free end, g gravitational 
accélération, and we suppose the stretch uniformly distributed, we 
bave from the principle of work : 

(i) Bar horizontal : 

^=9. Yl or if Wo= S- be the statical shift, 

2« p 2 , Jbiù 

u=-VjûJg. 
(iî) Bar vertical : 

Let uïl = TJE the greatest safe stretch within the elastic limit, 
then in Case (i) : 

2 \e) ~ 2g ' 

Jj^ow — — is the work necessary to destroy the efficiency of the bar, 
2g 

or its resilience. Hence the resilience of a bar varies as its volume coi, 
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multîplied by ^ , a quantity depending only on îts elasticity. In 

this form of Young's theorem, the quantity T/jB has been termed by 
Tredgold the modulvs of reailience : see our Arts. 999* and 982* and 
Vol. I., p. 875. 

[341.] The next stage in the history of longitudinal impact 
was due to Navier (see our Arts. 272* — 4*). He expressed the 
complète analytical solution of the problem for the case of the 
horizontal bar in a Fourier's séries. Poncelet added to this 
solution the effect of gravity and the statical action of the weight, 
supposed to strike the bar in a vertical position : see our Art. 990*. 
Neither Navier nor Poncelet developed this analytical solution, 
except for the spécial case of PjQ being very small when the 
results agrée with those of the preceding article. Saint- Venant 
undertook this development, so far as ascertaining the éhift is 
concemed, in 1865 and 1868 (see our Arts. 200 and 201) for 
certain common values of P/Q, i.e. J, J, 1, 2, 4. He found it 
possible to détermine the shift of the end struck, but the séries 
gave no prospect, however far the numerical calculations were 
carried, of ascertaining the maximum stretch or squeeze (p. 480 g). 
It became necessary then to find a solution in finite terms. The 
form of thèse finite terms seems to hâve been suggested by 
Saint- Venantes course of memoirs lasting from 1865 — 1882 on 
the impact of two bars : see our Arts. 203 and 221. The next 
stage was Boussinesq's solution in terms of a single exponential 
for the shift at a time not greater than 2Z/a : see our Art. 403 
and the account later of his paper of 1882. Later in the same 
year two oflficers of the French marine artillery, Sébert and 
Hugoniot, obtained an exponential solution in finite terms for a 
vibrating bar fixed at one end and subjected at the other to a 
force varying with the time. This solution really covers that of 
Boussinesq, who hearing only of the method of Sébert and Hugo- 
niot, sent to Saint-Venant in the summer vacation of 1882 a direct 
and complète solution of the problem of longitudinal impact 
Judging from the communications of M. Hugoniot to Saint- Venant 
(see pp. 480 j — 480 k) the merit of the solution must be divided 
between the two naval oflficers and the professer of Lille. 

The reader will find an account of Boussinesq's solution in the 
chapter devoted to that elastician. 
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[342.] The next insertion of Saint- Venant is the Note finale 
du § 61. It occupies no less than 138 pages (pp. 490 — 627) and 
contains the complète theory of the transverse impulse of bars, 
including results of Saint-Venant's not hitherto published: see our 
Arts. 104^5, 200-1, and Notice n. p. 20, 2*. The Note is entitled : 
De V Impulsion transversale des barres élastiques^ et de leur vibration 
avec le corps qui les aura mises en mouvement. Détermination de 
leur flexion ainsi que des conditions de leur résistance vive ou 
dyna/miqve. 

[343.] The first 61 sections (pp. 490—697) are devoted to 

the analytical and numerical solution of varions problems of bars 

vibrating transversely with a load attached : 

ces pièces sont supposées vibrer non pas seules comme le supposent 
les solutions données par Clebsch, mais wnies avec le corps étranger dont 
l'impulsion, ou brusque, ou graduée, les a &it sortir de leur état 
d'équilibre ; car c'est pendant cette union, ne durâtHelle que le temps 
d'une demi-période oscillatoire, que les déplacements relatifs des parties 
de ces pièces atteignent leur maximum et qu'elles courent le plus grand 
danger de rupture ou d'énervation dont les calculs de résistance ont 
pour objet de les sauver (p. 490). 

Saint-Yenant's method is simply to solve in 'normal' fonctions 

or coordinates the équation : 

^(^-«■S)-l($:«)-» • ■•». 

where u is the transverse shifb of the point in the axis at distance 
z from one end of the bar, pjg is the mass per unit length of the 
bar and of any permanent load at the same point, g the body 
accélération (usually only gravity) on the same length, and E<ût^ 
with our usual notation the rigidity, which may vary &om point 
to point The bar is supposed to be loaded and to reçoive dis- 
placement in a plane which passes through a principal axis of 
each cross-section. The terminal and initial conditions détermine 
the constants of the normal functions while the conditions at the 
impelled point sélect the normal functions required and détermine 
the notes. 

[344.] The process of solution and the calculation of the 
dynamical deflection are generally long, even if we keep only one 
term of the séries, but : 

cette expression simple de la flèche dynamique peut, comme je Tai 
reconnu dans une multitude d'exemples, être identiquement obtenue 
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sans poser d'équations différentielles, en s'aidant d'une hjpoihèse plau- 
sible sur les rapports mutuels des déplacements, et en y appliquant 
d'une manière tout élémentaire, le théorème des vitesses virtuelles ou 
celui des pertes brusques de force vive ; en sorte que rien n^empêchera 
d'introduire dans les cours, même industriels, cette méthode que j'appelle 
de defuuxiièTïye (xpproayimation, tenant suffisamment compte de Vinertie des 
systèmes heurtés, et d'en substituer l'enseignement général à celui qui y 
est quelquefois donné, pour deux cas particuliers, de la méthode dans 
laquelle, en abstrayant tout à fait ou en supposant infiniment petite la 
masse de ces systèmes, on s'éloigne générâlement beaucoup de la 
réalité et des faits (p. 491). 

The hypothèse plausible which Saint-Venant makes is precisely 
that of Cox (see his p. 584, § 46) and his results, pp. 584 — 597, 
are those of Cox (see our Arts. 1435-7*), or those I had obtained 
by Cox's method before examining Saint- Venantes work (see Vol. I. 
pp. 894 — 6). Thus the merit of this elementary treatment of the 
problem is entirely Cox's, but Saint- Venantes work, taking first 
into account the vibratory terms is really the justification of the 
hypothesis. I am somewhat surprised that Cox*s paper escaped 
Saint- Venant, as he is usually very careful in his historical notices, 
and he had certainly read Stokes' papers in the volumes of the 
Cambridge Transactions, — 

The Note terminâtes with a considération of Willis's problem 
and a discussion of the numerical results of the Iron Commissioners* 
Report: see our Arts. 1276*, 1406* and 1417*. 

[345.] I propose to describe in one case Saint- Venantes method 
of solution, and then to record the other problems with which he 
has dealt in this Note. The foUowing conditions are easily seen 
to hold : 

(i) at a iree end : 

Bending moment = Hidi^ T1 " ^ > shear = — — j Eiai^ '^J-^* 

(ii) at a fixed end^ : i^ = 0, Eiùi^ -^ = 0. (We retain the Eiùiâ in 
both cases as (ok' may be the vanishing factor in certain Systems.) 

(iii) at a built-in end : w = 0, -7- = 0. 

1 At a fixed end the tenninal direction is free ; the word mpported should also 
be interpreted as équivalent to fiaed, i.e. allo^ng only of shearing force, but this in 
either sensé : see footnote Vol. i., p. 52. 
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(iv) At the joîn of two ban : 

au du. „ ^<Pu - mdhij 

(v) At the join of two bars where there is a weight of mass Q/g 
we miist bave : 

Q(Pu d /„ idhi\ d ( ^ ^dhi,\ ^ 

togetber witb tbe relations (iv) : see Saint- Yenant's pp. 494-5. 

[346.] Let us apply thèse results to the simple case of a prismatic 
bar supported terminally and struck by a weight Q with velocity F at 
its mid-point. Let the length of the bar be 2Z, its weight P, and 
T^^PPK^gEiûi^). We shall suppose the bar so placed that the impact 
is horizontal, or g may be put zéro. Equation (i) of Art. 343, thus 
becomes : 

^^^^^=<^ W' 

together with the conditions : 

w = 0, ^=0,when« = (ii), 

^d^u PP â^u du ^ . j ,...v 

'^^-•^ ^' T,-0,..henz=l (xu). 

Take as a particular intégral : 

z^Z^ 1^ « ^» ^ V "*'^«^^® vj • 
Wefind rïi^Z^^l^-=^ . 

The solution of this équation takes the well-known form first given 
by Euler, (see our Art. 52*) : 

^^ = (7 sin -y- + (7 j cos -^ + C7a sinh -y- + C, cosh -p . 

To satisfy (ii) and the second of (iii) we must take 

^ ^ ^ ^ ^ COS Wl 

* " cosh m 

Further u = when ^ =: 0, therefore we hâve finally u of the form 



u= S-â-4^^^sin — 
m' T 



where ^^_ ya^{m%\l) siiih{mz/l) 



ces m cosh 7n 



(iv), 
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and the first of conditions (iii) gives us the équation for m 

m (tan m - tanh m) = 2P/Q (v), 

which may be termed the characteristic transcendental équation for m. 

Of this équation m, — w, mj^\y —mj- 1 are ail roots if m is a 
root, but they give rise to the same Z^ so that we need only take the 
real and positive roots. 

[347.] It remains to détermine A^, When t = Oy\etù = \ff (z), then 

^A^Z^ = xl;{z)„: (i). 

Multiply both sides by Z^f and we bave ; 

^A^Z^Z^, = ^{z)Z^, (ii). 

Fut z = lf multiply by Q and add this to the intégral of équation 

p 
(ii) above with regard to ^jdz from « = to 2^, and we find : 

As Saint- Venant remarks this is really an intégration of équation 
(ii) with regard to dq, where q = total weight of beam and load = -P+ Ç. 
Now Saint- Venant shews by straightforward intégration that 

ri ^i p 
1 Z^Z^.dz = ,^ (iii), 

or remembering the values of Z^{1), Z^ip^y we hâve, save when m = m* ; 

2 J^ J^ Z^Z^. dz + qZJJ)ZJJ) = JJ Z^^. (^ = 0. 

Thus we find : 

'i^.î z^.i,{z)âzVqzjj)^{j)' 

\- ^^^^ (iv), 

which may be written in the form : 

A^J±^ (V). 

io ^*^ 

[348.] Now anses a question as to the value we ought to give to 
^ («). Saint-Venant puts ^ («) = except z = l, when ^{I)= V. Thus 
he obtains after some obvions réductions : 



i: 



•A.» — 



m p /.« 



QV^M 



j iz^jk+QZ^jf) 
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On evaluating this expression we find 

A„ = ^J. ^ (vi). 

m (sec'm - seoh'm) + -pr- 

Equations (vi) of this Article with (iv) and (v) of Art. 346 give the 
complète solution. 

Is now this choice of initial velocities a proper one ) Saint- Venant 
has defended it in the Comptes rendus f T. lxi. 1865, p. 43, against an 
objection raised to it. He says that if a small portion of the bar reçoive 
an initial velocity, ^^ will be nearly constant for this portion ; accord- 
ingly équation (v) of the preceding Article gives us for the numerator of 
A^, the expression ^fJJ) j^{z)d^ where ^(%) is zéro except over this 
small portion, where it has a value slightly less than V. But he 
remarks that the momentum possessed by this small portion and the 

eight Q ought to be exactly - F, or I ^(«) -ï = - F. 



Wi 



[349.] We will now indicate the varions problems which are 
dealt with analytically by Saint- Venant. 

(a) In §§ 7-14 he treats as a gênerai problem the cases when the 
bar is net prismatic (Le. the rigidity E(ùi^ varies), when its ends are 
fixed in différent fashions, when there are varions bars or when one 
bar with a varying load forms the complète System. He shews that 
supposing the functions Z^ can be found which satisfy the équation : 






d9?\ ds^ ) g 

then the intégral J^m^m'^i = ^> 

where q represents the total weight of the System and the intégration 
extends &om one end to the other of the System ; m and m' are two 
unequal roots of the charâcteristic équation in m which arises from 
the terminal and load conditions ^p. 506). 

The coefficients of the time f unction ii^i ni"' sin m'^ + Bn, ^os m*^ 
will be determined by équations similar to (v) of our Art. 347 ; A^ 
depending only on the initial velocities, JB^ only on the initial dis- 
placements (p. 507). 

The value of the denominator of thèse coefficients. Le. JZ^m^ ^^^^ ^ 
obtained by the diffhrentiation with regard to m of a certain onction 
of Zjg^ and its fluxions with regard to z (p. 508). Compare Lord 
Rayleigh's Theory of Sornid, VoL i., pp. 209-10. , 

[350.] (&) The next spécial example given by Saint- Venant is 
that of a doubly built-in beam struck at the mid-point. He fînds : 
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_tT ^ ^ (1 - cos m cosh m) (cos m - coshm) (sinm -f sinlim) ^ . mH 
w — VtZ — i . u ' ' z>,»sin — , 

(1 - coB m coshm)^ + ^ (cos m - cosh m)^ 

sinh -j — sin -=- cosh -= — cos -=- 

where ^„= ji L^— _L— _i, 

^ coshm — cos m sinhm + sinm 

and the characteristîc équation is : 

m (1 — cos m cosh m) P . 

sin m cosh m + cos m sinh m Q ' 
See pp. 511 — 3. 

[351.] (c) When one end of the bar, for this particolar case 
supposed o£ length l, is built-in and the other is stnick we hâve : 

-^ ,^ 2 (sin m cosh m - cos m sinh m) (sin m + sinh m) (cos wi 4- cosh m) 
(sin w cosh m - cos m sinh m)' + 77 (sin m + sinh m)* 

T 

, mi2; m« . . mz . m» 

cosh -= — cos -y- sinh -^ — sin -=- 

^_ 6 V » V 

** cosh m + cos m sinh m + sin w ' 

and for this case : t'" = -^ — a , 

and the characteristic équation is : 

sin m cosh m - cos m sinh m F ^ 

1 + cos m cosh m Ç * 

See pp. 513 — 4. 

[352.] (d) Suppose the bar of length 2l = a-hb and the blow to be 
given àt a distance a'ffôin one end, then if 7^ be as in Art. 346 : 

2^=FTS-'*f"Bin— ,.from« = Otoa, 

mr T 

. mib . tnz . , mh . . tnz 
srn -^ sm -j- smh -r- smh -j- 

^ sin m COS m sinh m coshm ' 

and, u' = FtS — f * sin — , f rom «' = to 6, 

. ma . w»' . - ma . , m«' 
sm -j- sin -j- sinh -^ smh -j- 

where ^m = i — . 1 1 • 

sin m cos m sinh m cosh m 
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In both cases 

4 1 



m 



â2 (a) iP ' (w^®reobviously^„(a) = -^„(ô)), 
dm ir?Q 



and the characteristic équation is : 

'"f^J^ = -Q • 

See pp. 514— 7\ 

The résulta giyen in our Arta 349 — 352 correspond with the 
vnJt/roductwn of vHyrcUary terms to the solutions obtained by Oox*s 
method in Art. 1437* and pp. 894 — 895, c (i), c (ii) and (b) respec- 
tivelj of our lirst volume. I hâve gone through Saint- Venantes 
analysis but not worked out independentlj his results. 

[353.1 We hâve next several cases in which the bar would not be 
immoveable if it were rigid, i.e. the bar is free or pivoted. Hère the 
solution will hâve an algebraic part as well as a transcendental. This 
part can sometimes be obtained by retaining the root m = 0, which has 
been divided out of the cha/rcbcteriatic équation ; but as a rule it is better 
to treat it separately as arising from the kinetic conditions of the 
problem and détermine it by geneitJ dynamical principles such as 
the principle of momentum. I will briefly indioate Saint- Yenant's 
treatment in the following example : 

(e). A prismatic bar is struck transversely at its two terminais by 
bodies of weight q and Q moving with velocities v and V respectively. 
The length of the bar is l and its weight P ; the origin is taken at the 
end at which q strikes the bar. As before let us take 

PP 
q-\-P-i-Q = q, „ % ='r'\ as in Case (c) Axt. 351. 

Wehavethen: t'«^ + ^*^ = (i). 

dhù 
For the free ends, ;^=^> when » = 0or/ (ii); 



d^u PP /d^u' 






(ui); 



w = 0, for < = ; du/dt = v when « = 0, =V when « = Z, and equal zéro for 
ail other values of z at the epoch t = 0. 

1 Saint- Venant has a for our l, h for our a and bi for our 6, El for our Ewk^, with 
other slight différences. I bave altered his notation to agrée with that of our first 
volume. 



363] SAINT-VENANT. 237 

Saînt-Yenant assumes a solution of the form: 

«= (C + CT- 1) <+ S^„4„^8in^. 

By the principle of linear momentum we hâve : 
and by that of the moment of momentum about the point z = 0, 

«"-««(SL^fJ-f'^ <">■ 

as équations Connecting the velocities before and after the blow. New 
Saint- Venant so chooses G and C that the cdgehroÂc part of u, na/mely 

le + (7 jjty ahall aa^/y équations (iv) owc? (v) mdependently of the 

trigoTiomeiriceU terms, We easil y find : 



-?l7{i**^.X2«^ W 



We can now détermine the function Z^ from the équations (i) to 
(iii) as if the algebraic portion of u had no existence, for the latter dis- 
appears entirely from thèse équations. Saint- Venant finds : 

'^m=(coshm-cosm)( smh--y-+sin-y- j— (sinhm--sinm)( cosh-y- +cos -y- j 

2mq / , , , mz . , . mz\ . ..v 

+ — ~ (sinmsinh -y- + sinh wsin -^-J (vu;, 

wîth the characteristic équation : 

f\ \ fa 

1 - cos m cosh w + m -p (sin m cosh m — coa m sinh m) 



2^^ 



m' sin m sinh m = (^^)- 



Inîtially C + (?' + ^A^Z^ = i^(«), say, 

multiplying by Z^dx{ we hâve as the coefficients of G and G* respeo- 
tively, 



fz^dqsqZ^(0)-i-QZ^{l)-^jj'z^dz 



+ ^/ Z^jdz 



(îx). 
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By fltndg^tforward intégration we can ahew tliat both' thèse 
expreanons = — x {the fonction of m to the left of eqnation (vili)}} 
and theie£oTe both = 0. 

We hâve thns UC-^C y] Z^dq = Of or, the algebrade pari has no 

influence on the détermination of the Yalne c/t A^^ which aooordinglj 
equala: 






as before. Saint-Yenant gives on p. 525 the lengthj expressions for 
the numerator and denominator of ihis qnantity. Equation (vii) ^yes 

ns easily the namerator and ail bat the expression I Z*^dz in the 

value of the denominator. The yalne of thîs intégral I find to be : 

•^ P*-!— (sinmooshm— cosmsinhm)(l -C08mooshm)+(sinhm— sinm)^V 

+2Pg{6sinfn8inhm(l — coemooshm)+m(co8h m — cos m) (sinh m — sin m)} 

•f ^{2fi»'(sinh^— sin'/») + émsin m sinh m (sîn m cosh m — sinh m cos m)} . 

Tbere is one point, however, which we must notice, namely, that 
équations (iv) and (v) hâve only been proved for the algebraic portions 
of the solution, but they must hold generally. Substituting the full 
value of tt, we find that thèse équations will still be satisfied, if : 

But thèse équations are satisfied for each Z^ of the sum by reason of 
équations (ix). 

I do not think this point is explicitly brought ont by Saint- 
Yenant, although in a long footnote pp. 521 — 4, he proves a more 
gênerai proposition, namely : 

On peut donc, dans les problèmes, de mouvement des barres ou tiges 
élastiques libres ou pivotantes autour de points ou d'axes fixes, établir 9épar4- 
ment la partie algébrique ou de solidification, et la partie transcendante ou 
vibratoire, de leur mouvement. Et même on peut généralement^ ce qui est 
encore mieux, ne s'occuper que de celle-ci, qui seule intéresse le problème de 
la résistance de la matière, sans craindre que la non-prise en considération de 
celle-là sait tme cause cPerrev/F (p. 524). 

That is, the principles of kinetics will hold for the algebraic and 
transcendental parta of the solution separately as we hâve seen in the 
above example. 
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[354.] Saint-Yenant on pp. 525 — 6 treats two spécial cases of the 
problem in Art. 353. 

(î) If we put g' = we get the case of a free bar struck transversely 
at oue end. The solution given in the article referred to easily reduces 
to: 

3 j- — 1 (sin m cosh m — cos m sinh ni) Z^ sin — 7- 

« = 2 ^F«+2Ft'S j5 2L- — , 

4 + ^ (sinmcoshm— cosmsinhm)'+ ^ (sinhw-sinm)' 

where Z^ 

s (cosh m- cos m) ( Binh -j- + sin -y- j — (smhm-Binm) ( cosh -^ + cos -r- j ; 

the characteristic équation being : 

p 

m (sin m cosh m - cos w sinh wi) + 7^ (1 — cos »/i cosh m) = 0. 

(ii) If we put V = 0, and g' = 00 , we hâve the case of a bar fixed or 
pivoted at one end and struck at the other. 
We find 

sin (mz/l) sinh (mz/l) 

«/^ TT. «TT/^ 1 sinm sinhm . mH 



1 + PKSQ) ^^^^^^'^m* i* 

'^ ^^ 1 + ôTi (cosec'm - cosech'm) 



/ 9 

T 



the characteristic équation being : 

cot m - coth m = 2m Q/P^ 
On pp. 526 — 30 are given varioUs vérifications of thèse results. 

[355.] Saint- Venant on p. 530" (§ 24) passes to the considéra- 
tion of ImpiUsions graduelles ou tranquilles. Under this term he 
includes problems involving the eflfect of the weights of both the 
striking body and the bar during the blow, or involving the 
constrained movement of a portion of the bar. For example, 
if a horizontal bar be struck vertically we hâve to solve the 
équation (i) of Art. 343, with g put =g, 1 will briefly indicate 
Saint- Venantes method in the following problem : A horizontal bar 
terminally supported, to the mid-point ofwhich is attached a weight 
Q', receives a blow at the same point from a body of weight Q 
falling vertically with velodty V. To détermine the transverse shift. 

[356.1 Let 21 be the length, F the weight of the bar, PfiK^gEiûic')^!^, 
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We hâve to solve the équation 

'*U-^)^^&«=^ <^>' 

subject to the terminal conditions : 

w = 0, -r^ = when « = : -=- =0 when z = l (ii), 

Saint-Venant takes ussu^-hU where t^ is independent of the time 
and chosen so that the gravitetional tenns disappear from équations (i) 
and (iii) i.e. : 

-i^T» + Z*^ = Oj -g^(Q+(ï) = PP^, when z^l. 

Thus^ehave ^=^(.-0-^^, 
and integrating having regard to équations (ii), we find 



**» "* 48J?a>K» 



H-(?)'*G)'}**^iS-'{lî-KD"}-« 



The équations for U can now be easily solved, we deduce : 



. mz . , mz 
,. j,. sin-p sinh^- 



î7=SZ„^^,ii«sin^ +^„co8^j where Z„ = 



COS97» coshfi» ' 

and the characterîstic équation is: 

m (tan m - tanh w) = 2P/(Ç + Ç') (v). 

In order to détermine B^ and A^ we hâve, if ^ {z) and ^ {z) be 
respectively the initial shift and velocity corresponding to U^ 

_ fif>{z)Z^dq _ Ji^z) Z^dq 

^«- JZ'^dq ' ^~ JZ'^dq ' 

Now, Ut^ = the initial value of w — «^ , 

Ûf^ = iihe initial value of û — û^. 

Further the initial value of «^ is the deflection due to the bar^s 
own weight P and the load Q' attached. 



Hence we hâve : Ï7^=_ ^^ || * - ^ 0)'} . 



Further «^ = 0, or Û^^ = V for the weight Q, whose abscissa is l, 
but for ail other points U^^ = 0. 
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Saint- Venant then proceeds to calculate A^ and 5^, and ultimately 
finds : 



Q ^ 4 i 

U = U + y:: ^, 2, —3^ 

^ Q + Q w' 



. mz . ^ mz 
sin -j- smh -=- 

cos m cosh m 

sec^m - sech^m + 2PI{m' {Q + Q')} 



-^Frsin ^cos — \ (vi). 



Equations (iv), (v) and (vi) form the complète analytical solution of 
the problem. See pp. 531 — 5. 

[357.] Saint- Venant now treats other problems of graduai 
impulse, or as I should prefer to term it non-impulsive resilience. 
For example : 

(a) A vertical bar of weight P terminally fixed and having a 
weight Q attached to its mid-point, is acted upon at that point by 
a constant horizontal force q, See pp. 535 — 8. 

(6) The same bar îs acted upon at its mid-point by a horizontal 
force q= some ftinctîon/(^) of the time. Hère Saint-Venant for 
his method of treatment appeals to the memoir of Duhamel cited 
in our Art. 903*. The solution contains an intégral of the form 

r cos — {t- €)/ (e) de, See pp. 538—40. 

(c) The same bar is subjected to a sudden small but after- 
wards invariable horizontal displacement a of its mid-point. See 
pp. 540—2. 

(d) The same bar is subjected to a small horizontal displace- 
ment a of its mid-point which is a function of the time : a — F (t), 
See pp. 642—3. 

On pp. 543 — 7 Saint- Venant indicates another method of 
treating problems in non-impulsive resilience. For this he 
appeals to Phillips' memoir of 1864 : see our account of it later. 

[358.] The next problem investigated is a more important 
one and is thus stated : Balancier de machine à vapeur oscillant 
autour dune situation horizontale; sa flexion, sa vibration et sa 
résistance quand il est soumis à l'action et à Vimpulsion graduelle 
de forces périodiquement variables é exerçant S'ur ses extrémités par 
des bielles restant sensiblement verticales. 

S.-V. 1(> 
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I will indicate the method adopted by Saint-Yenant. He 
supposes the arms of the beam each equal {, and that the forces 
applied to each extremity niay be répresented by a periodic term 
of the fonn 2Q cos Ht which practicaily acts pérpendicular to the 
beam. He justifies this assumption in the foUowing manner : 

Quant à la forme à assigner aux expressions des efforts verticaux a et Qi 
exercés par les bielles, observons que si, du côté gauche, Ton appelle ~$i 
l'effort opérateur qu'exerce, tangentiellement à sa circonférence, une roue 
montée sur Tarbre du volant, et d'un rayon égal à la longueur r| de la manivelle, 
effort qui est rendu sensiblement constant lorsque le volant a un moment 
d'inertie de grandeur suffisante, et si Q est la vitesse angulaire de la manivelle,' 
on doit prendre, le temps t étant supposé compté à partir de l'instant où 
celle-ci est horizontale, 

qi= -2Qi cos Qt. 

En effet q^ devra avoir son maximum négatif pour l'angle Qt=Oj son 
maximum positif pour Qt =ir: il devra être nul aux points morts, où Qt =7r/2 
et 3fr/2 ; enfin comme l'espace parcouru verticalement par le bouton de la 
manivelle pendant le temps dt est Qr^ dt cos Qt, le travail de la force q^ pendant 

le parcours d'une demi-circonférence est r^ / " q^ cos Qt d {Qt) ; intégrale 

qui, si l'on y fait g'i = - 2§j cos Qt est justement égale à - Ç^ irrj, c'est-à-dire au 
travail de la force tangentielle constante - Çi ; en sorte que l'expression posée 
pour q^ est bien ce qu'il faut pour que cette force verticale entretienne le 
mouvement du mécanisme en fournissant, à la fin de chaque période, le travail 
opérateiu* qui a été dépensé pendant sa durée (p. 549). 

If we accept thèse values for the forces acting on the beam we cail. 
easily state the analytical conditions of the problem. 

Fortherightarm: t" cPw/c?^ + Ww/(£«* = 0, '\ 
with dhi/dz" := &ïid Bfùi^ dr^u/ds^ + q = 0, when2; = ^J ^^^' 

For the left arm : r^dNijdt^ + M\ldz^^ =0, | 
with dhijdz,^ = and EtùK^ d^ujdz,^ + ?, = 0, when z^ = l) ^^^^' 

When . « = «1 = 0, we must hâve w = Wj = 0| .... 

dujdz = - dujdz^ and d^ujds? = dSiJdz^ f 

The initial conditions will be of the following kind: 
When t = 0, u = (l> («), du/dt = i/r(a), u^ = <^i(«i), dujdt = }frj^z^^..(\\). 
We put also : g = 2Ç cos Q,t, q^ = 2Q^ cos O^, 

O = w7t where t* = FPI{2g£(ùi^). 

Now Saint- Venant takes w = t? + 27; u^^v^ + U^, and chooses v and v^ 
so that q and q^ shall disappear from the équations (i) and (ii), and shall 
separately satisfy ail the conditions but (iv). Substituting u and u^ in 
the équations (i) to (iii) we find they remain the same with the suppres- 
sion of q and q^ , that is : d^Ujds? and d^UJdz^ vanish for z~l and z^ = l 
respectively. 
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The solutioiis for TJ and TJ^ take the usual forms in Z^ functions as 
coefficients in a séries of circular functions of m^^/r, the characteristic 
équation being now 

1 + cos 7» cosh 7» = (v). 

This is the well-known équation of Bemoulli and Euler: see our Arts. 
49* 64* and the footnote Vol. i. p. 50. 

It is obvions that v and v^ will be single terms in circular functions 

of O^ or — < the phaue of the forced vibration, while TJ and CT will 

m' 
contain séries in terms of — t where m satisfies équation (v), or gives a 

T 

free vibration. We hâve then to détermine the constants A^ and B^ so as 
to satisfy the relations (iv), or so that TJ- 4>{z) - 1?, dTIjdt = \f/{z) - dvjdtf 
when < = 0, with similar values for the quantities with subscript unity. 
The solution is thus completed. (pp. 547 — 553.) 

[359.] The reader will remark on examining Saint- Venantes 
résulta, that if n be nearly = m, or the fly wheel rotate with nearly 
a natural period of the rod vibration, the displaeement due to that 
natural vibration will become excessive and the danger of the 
beam breaking will be great. This will occur when 






Let p = number of révolutions of the fly wheel per second, 
= n/27r. Then there will be great danger when : 






^"gî-' w 



Saint-Venant in a footnote gives the following first 8 values 
of m*: 

3-557, 6170, 199-8, 417, 712*9, 1088-3, 15421, 20751; 

hence, since slackening speed would be dangerous, if j) had a value 
lying between those obtained from (vi) by substituting any two 
values of m", we hâve the safe maximum number of rotations per 
second of the fly wheel given by 

3-557 / 2gE<ù^ 
^ ^ 27r V PV" ' 

This seems to me an important condition \ I am not aware 

^ A similar condition onght also to be satisfied between the number of rotations 
of the fly wheel and the least free period of stretch vibrations in the Connecting rod 
of an ordinary engine. 

16—2 
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whether it has been previously noticed, or how far the dimensions 
of the beams of ordinary beam-engines ensure ils fulfilment. 
We can throw it into a simpler form. Let /= the deflection of 
either extremity of the beam subject only to its own weight, then 

[360.] Saint- Venant does not draw any numerical conclusions 
from his results, which seem to me to suggest several points of 
importance, but only remarks finally : 

Nous n'insisterons pas sur la solution, dont nous croyons avoir posé 
les bases, de ce problème complexe et délicat, solution qui, une fois 
développée, fournira la connaissance des plus grandes dilatations à con- 
tenir dans de justes limites, en réglant les dimensions de cet organe de 
mécanisme, soumis à des forces toujours variables, le faisant fléchir et 
vibrer alternativement dans deux sens opposés (p. 553). 

[361.] We now pass to that portion of Saint- Venantes work 
which is peculiarly characteristic of the man, namely to the practic- 
ally important numerical calculation of the results given in the 
previous articles. This occupies pp. 553 — 576 (^ 32 — 42). The 
appalling amount of work that lies behind the numbers given can 
only be appreciated by those who bave attempted similar calcula- 
tions. The graphical représentation of the results, although the 
plates bave been long engraved, has not yet been published (see 
footnote p. 557)*. The plaster model referred to in our Art. 105 
will be found, however, of considérable service as ofiFering a concise 
picture of the whole motion in a particular and most important 
case. 

[362.] Saint- Venant treats in §§ 32 — 5 the problem of the 
doubly supported bar centrally struck : see our Arts. 104 and 

^ I mnch regret that it has been settled that thèse plates shall not be published, 
Saint-Venant at a date later than the footnote of 1883 having expressed an opinion 
tiiat the curves ought to be plotted ont for more fréquent vidues of tjr and zjl^ as 
weU as for a wider range of the ratio P/Q. It is to be hoped, having regard to the 
practical importance of the problem, that some one will be found willmg to undertake 
the labour of the requisite numerical calculations. 
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346 — 8. He begins by tabulating the first seven values of m 
obtained from the characteristic équation : 

m (tan m — tanh m) = 2P/Q, 
when P/Q is very small, equals ^, i, J, 1, 2, or is very great 
(p. 554). 

Then for the three cases P/Q = J, 1 and 2 he has calculated 
up to six terms in m the value of the amplitudes in u/{Vt) for 
each component harmonie at the points z/l = '2, '4, '6, 8, and 1. 
He has thus been able to trace the curves having the several 
terms of u/( Vt) for ordinate and t/r for abscissa. Corresponding 
ordinates added together gave the total deflection for various 
values of z/l plotted to a time base. Thèse curves were traced 
from t/r — 05 to 2*25, except in the third case (P/Q = 2) when 
they were only taken to ^/t = 1*9. Unfortunately we hâve not 
thèse curves to examine, but the following remarks of Saint- 
Venant sufBciently characterise the physical nature of the impulse: 

Ces cinq courbes partant du même point (t^ = 0, ^ = 0) ne reviennent, 
au bout de ces temps, couper Taxe des abscisses w/(Ft) = 0, qu'en des 
points légèrement différents les uns des antres, ce qui montre qu'à aucun 
instant la barre ne retourne exactement à son état primitif. Ces courbes, 
représentant la loi et la suite du mouvement de chacun des cinq points, 
sont fort sinueuses ; cela vient de ce que le mouvement résulte de la 
superposition de vibrations ayant des durées et des amplitudes de moins 
en moins grandes, dont chacune a son rebond bien avant celui de 
l'oscillation principale provenant du premier terme du 2 ou de la valeur 
ttIq de m. 

Toutes ces courbes serpentantes sont, pour t = 0, ou à Torigine, 
tangentes à Taxe des abscisses, avec lequel, même, elles se confondent 
dans de très petites étendues, pai'ce que Fébranlement ne se transmet 
pas instantanément du point milieu aux points d'appui. 

Il y a exception, bien entendu, pour les courbes relatives k z^L 
La tangente y fait un angle demi-droit avec l'axe ; et cela devait être, 
car, à l'instant initia], les vitesses ne sont nulles qu'en exceptant le 
point milieu qui reçoit le choc, et où du/dt = V; ce qui donne bien 1 pour 
la tangente trigonométrique, quotient d {uj Vr) par d (t/r), de l'angle fait 
avec l'axe des abscisses par le premier élément de la courbe représentative 
du mouvement du point milieu. 

Ces courbes, pour des points proches des appuis, s'élèvent même 
au-dessus de l'axe w = des abscisses, c'est-à-dire que, par une sorte de 
réaction ou de rebond qui suit de près un affaissement imperceptible, 
les u sont négatifs. (See pp. 557 and 889.) 

The last remark should be compared with that of Stokes' in 
another case of resilience : see our Art. 1282*. 
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[363.] In § 33 Saint- Venant describes how he bas traced tbe 
form taken by tbe rod at différent intervals of time from ^='1t 
up to ^ = 2*25t. From tbese curves be bas deduced by grapbical 
measurement tbe maximum curvatures and tbe times at wbich 
tbey occur. I reproduce some of bis results in tbe accompanying 
tabla 

Resilience of a simple-supported beam, struck transversely. 



WhenP/Q = 


1/4 
1-091 Vt 


1/2 


1 
•477 Vt 


2 


4 


Maximum deflection 
at abont t= 


•739 Vt 


•297 Vt 


•167 Vt 


1-92 T 


1-34 r 


l-18r 


•82 r 


•78 r 


Maximum ouryatnre 


— 


2-60 Fr/P 


1-76 Fr/P 


1^30 Fr/P 


— 


at abont t= 


— 


}l-26r( 
1-65 r( 


l-20r 


11 r| 





It will be noted tbat tbe instant of maximum deflection and 
tbat of maximum curvature do not coincide. Saint- Venant 
remarks tbat at eacb instant of time tbe maximum curvature 
is not central, altbougb tbe maximum of tbe maxima for tbe 
various times as above tabulated is central. 

Tbe maximum stretcb at any instant = h/R, wbere h is tbe 
distance of tbe ' outer fibre ' from tbe neutral axis and 1/R is tbe 
curvature ; tbis must be less tban TJE, wbere T^ gives tbe fail- 
limit : see our Art. 173. Hence our condition for non-failure is 

TJE>h^Vr/l\ 



or 






PP 



where 'r' = g~p — '' ^^^ ^ must be put equal to 260, 175 or 1"30 

according as P/Q equal J, 1 or 2. 

Saint- Venant throws this into a slightly différent form. By 
substituting t and squaring we find : 

Hère T^jE is tbe modulus of resilience, 2lœ is tbe volume of 
tbe beam, K^jh* is in gênerai a number independent of tbe linear 
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dimensions of the cross-sectîon, i.e. the same for ail similar beams, 

€ 10 
and ô = z^ p » ^^^ so takes the values '04928, '05442, and '04933 

for the three cases respect! vely, so that for an approximation we 
might take 6= 15 for thèse cases. This constancy of € would give 
Young's Theorem which was established by neglecting the inertia 
of the bar (e = ^), but, as Saint- Venant rightly observes, suflScient 
cases hâve not yet been calculated to allow a safe empirical 
formula to be proposed. 

The reader should note, however, the contents of our Art. 
371 (iv) as modifying the above results. 

[364.] Sorae remarks of Saint- Venant on p. 627 bearing on 
the results of the previous article are so suggestive for directions 
of further physical research that we cite them hère in the hope 
that some one may ultimately.be induced to undertake the needful 
investigations : 

Plusieurs questions, du reste, se présentent, dont l'analyse ne peut 
encore tirer, des faits actuellement connus, une solution suffisante. 

V. Doitron (comme ont fait les auteurs qui ont traité les problèmes 
de résistance vive par première approsdmation) regarder la limite Tq/H 
des dilatations statiques ou permanentes non dangereuses des fibres, 
comme s'appliquant aux dilatations dynamiques ne durant qu'une 
fraction de seconde, et qu'un même choc ne produit qu'une seule fois 
dans toute leur grandeur ; ou bien peut-on, sans péril, en adopter une 
moins élevée. 

2^ Doit-on, dans le calcul (numérique ou graphique) de la plus 
grande courbure, ajouter, comme nous avons fait [Art. 363], à ce qui 
vient de la vibration principale et visible, donnée par le premier terme, 
en mo, du 2, ce que fournissent passagèrement les vibrations secondaires, 
tertiaires, etc., représentées par les autres termes, et dont la durée 
périodique est incomparablement plus petite ; ou bien peut-on négliger, 
comme sans danger, les surcroîts de dilatations de fibres qu'elles pro- 
duisent par instants; ce qui reviendrait à s'en tenir aux valeurs^ de 
1/p, en les afiectant, tout au plus, de coefficients de sécurité ou de 
pi^écaution^ étrangers au calcul des vibrations accessoires ? 

3°. Y a-t-il, de la part des vibrations élastiques de peu de durée et 
d'amplitude, et vu le seul fait de leur fréquente répétition, une sorte 
particulière de danger, comme serait celui de détruire le nerf du fer 
forgé ou laminé, en le disposant, comme le feraient de fortes vibrations 

^ Saint- Venant hère gives a référence to the équations he has given on p. 626, 
oonnecting staticcd corvature with statical deâection. 
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calorifiques ou une sorte de fusion, à revenir de l'état fibreux ou à 
particules entrelacées, à Tétat cristallin ou grenu ? 

Des expériences, dont il est difiîcile de tracer le programme, mais où 
pourra jouer un rôle essentiel le mesurage de ces déformations persis- 
tantes regardées comme annonçant des commencements d'éuervation et 
de désagrégation, seront nécessaires pour renseigner là-dessus la théorie 
qui devra, quels qu'en soient les résultats, se bien garder d'abdiquer son 
rôle et de renoncer aux considérations et patients calculs dont nous 
avons, à l'instar de nos maîtres, tâché de donner quelques spécimens. 

The experiments on repeated load to which we shall refer later 
in this volume hâve thrown light on some at least of Saint- Venantes 
problems. 

[365.] Saint- Venant passes in § 35 to the problem of our Art. 355 

witn Q' = 0. He remarks that the maximum value of the second part 

of u (Equation vi) treated as consisting only of the first term will be 

reached when 

mH m^ Vt 
tan — = -^ . 

He thus deduces for the time-terms' bracket the value 

Hence the total deflectionyproduced by the blow is given by: 
f= maximum of w - initial deflection due to weight of beam, 

»^o + 2# (sec^^^o - sechX) 

Hère Wq is the first root of the characteristic Equation (v) of 
Art. 356, or since Ç' = 0, of the Equation of Art. 362. Saint- Venant 
calculâtes on p. 562 the value of the coefficient of the radical and 
finds it has almost exactly for values of P/Ç=i, |, 1, 2, 4 the same 
value, namely Q/{3F), as when FjQ is extremely small. 

Hence /=/. + Jf^TfJ, 

wherey« is the statical deflection and 

/.= ^Vr (i) 

is the dynamical deflection of Art. 363 to a first approximation. 

If 7=0, we hâve non-impulsive resilience, and f=2f, a theorem 
of Young's. 

[366.] In the next sections (§§ 36 — 7), Saint- Venant shews 
that the solution obtained on the hypothesis of Cox, that the form 
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of the beam is at each instant of the impact the same as it would 
be under the same statical central deflection, gives a close approxi- 
mation to the maximum dynamic deflection. Now Cox has shewn 
that 



/-^-"('^hD 



(see our Vol. i. p. 894, (6) with proper change of notation). 

Equating this to /^ = -^^ Vr (see Art. 365, Eqn. (i)), we hâve 



m. 



=f/('-»0> 



which is Saint- Venantes second approximation to the value of m^ 
It appears from his work that Oox's resuit for the central maximum 
deflection is accurate when we neglect m^ (p. 668). 

On p. 570 we hâve the maximum deflections calculated for the 
five typical cases : 



p/«= 


1/4 


1/2 


1 


2 


4 
•167 


Vt 


by Saint- Venantes séries, 


1^091 


•739 


•477 


•297 


by Cox's formula, or 


1-0904 


•7876 


•4737 


•2908 


•1683 


' Vf('*«S 



We see that at any rate for thèse cases Coœ*sformvia gives the 
deflection with ail the accuracy needful in p^actice. 

[367.] Saint- Venant next proceeds to a second approximation 
in other cases of resilience, i.e. he investigates the values of 7 the 
mass-coefuyient of resilience^ see our Vol. L, p. 894 (6). 

His § 40, 2° = our Vol. i., p. 895, c. (i). 
§40,3^= „ „ p. 895, c. (ii). 
§ 40, 4° = „ „ p. 894, Eqn. (i). 

For the case referred to in our Art. 355, 



» 



91 



'"e+Q'/v^'*'** Q+er 



m, = 
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The case given in our VoL I., p. 896, (iii), Saint- Venant does 
not appear to hâve considered. 

In a foatnote he remarks that the second approximation will 
be far from exact in cases like those of Arts. 353 and 354 where 
the bar is free or pivoted at one point only. 

[368.] Saint- Venant next proceeds to obtain Cox's formula 
by an elementary method. In a long footnote he gives the history 
and a proof of the principle of virtual shifts as applied to impulsive 
forces (pp. 577 — 82). His method is more gênerai and simpler 
than Cox's, and as it gives a gênerai expression for the value of 
the mass-coeflScient 7, we indicate it hère : see his pp. 578 — 87 : 

Let V be the iintial impact- velocity of the weight Q ; let V^ be the 
final impact velocity, or the velocity attained by Q when the beam 
begins to bend, let v^ be the velocity of any point of the beam 
immediately after the impact,, so that v, = V^ at the mid-point. Take 
the shifts at the instant when the beuding effect begins as the virtual 
shifts, then: 

(?r-fp,)r,*-/f.,...*-o, 

the intégral eittending along the length of the beam. Dividing by 
ÇFj^ -— , we hâve 

» l+yPjQ 



where ^^ ^tJ ^\ 



(i)- 



The détermination of y thus dépends entirely on the relation we 
choose between v^ and V^. Cox^s assumption is that : the relation between 
the statical shifts at the centre and any other point holds continuously 
during the motion. Thus if w = U^<l>(z) be the relation, 

ù « Û,<f>{z), or t?j = Fj<^(«). 

This gives y = /{<AWÇ (ii). 

New the total kinetic energy of the system after impact must be 

g 2 *J2 _.g 2g V * ^ Qj ' -Zg /V^^ç)- 
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This must be equal to the maximum strain-energy ofthe System, 
which is always o£ the f orm a/^ x*^^ , a being a constant depending on 
the beam and f^, the maximum deflection. Thus we arrive at 

-^"'""s/afil^y-m ^- 

This is Cox's formula: see our Arts. 1435* — 7* and Vol. i., pp. 
894—6. 

If yâ be the statical deflection due to Ç, Ç = a/i and 



^-^x/ 



•^' (iv). 



«0 



9(}+yPIQ) 

[369.] Saint- Venant adds to Cox*s treatment the considération of 
the approximate i>eriodic time. 

The body moved Lias the *reduced total mass* ^, and the résistance 

to motion is au^, where Uq va the central shift at time t, 

Hence we hâve -t£ = - o.u^ = — ^i w^j 

or u^ = A^vïi(Pt-¥B\ where P = ^% ^^ pig - 

But when < = 0, Wq = and û^ = V^. 
Thus finally 

[370.] (a) On pp. 687 — 589 the values of 7 are obtaîned 
by Cox's method for the examples referred to in our Art. 367. 

(6) On pp. 589 — 90 we hâve the case of a beam whose length 
exceeds the distance between the two points of support symmetric- 
ally placed. If P be the weight of beam in the span and P' of 
the total projecting portions we fînd 

7 = H+I (5)'- 

(c) On pp. 590 — 594 Saint- Venant treats the important case 
of resîlience for the "solid of equal résistance," i.e. when the cross- 
sections are rectangles of equal breadths and of heights given by 
parabolic ordinates. He deals with this problem by two methods 
and finds in both cases that 7 = ||. He remarks in a footnote 
that the end sections which are of course in practice not of zéro 
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height, must be calculated by the methods of the memoir on 

âexure : see our Art. 69. But the addition of this material only 

. ^ j . ^ ^ ^ ^, , /heiffht of end-section \^ 

introduces into 7 a term of the order . ,.^ — ^ — tj ^ — 

' \height ot mid-section/ 

which is negligible. 

(d) On pp. 595 — 597 Saint- Venant deduces the resuit of our 
Art. 365 by Cox's method. 

[371.] Leaving on one side for a moment Saint-Venant's 
§§ 52 — 55 we observe the foUowing points in the concluding pages 
of this long Note : 

(i) pp. 620 — 623. An examination of the results of the Iron 
Commissioners* Report and Hodgkinson's experiments: see our 
Arts. 943* and 1409 — 10*. This amounts to little more than 
the remark that Hodgkinson's ^ is almost equal to the theoretical 
value ^ of 7, and the statement that the values of the modulus 
obtained by applying the resilience formulae to 67 experiments 
agrée suflSciently well among themselves. 

(ii) Saint- Venant remarks that/^ = F 4/— .j pj^ can be 

applied to a variety of cases of impact, as those of carriage springs, 

etc.; the value of 7 being known -^Le. |(w) -p-\ > 

we hâve assumed vJV^ to hâve the ratio of the corresponding 
statical deflections (p. 624). At the same time the method of 
vibrations involving the transcendental séries ought to be used to 
control this resuit wherever it is possible (p. 625). 

« 

(iii) ITie valûmes obtained by Goxs method for the mcudmurri 
curvature cmd so for the maximum stretch are not &ufficiently exact, 
and we must hâve recourse to the transcendental séries or the 
numbers given in our Art. 363. Thus in the case of a simply 
supported beam centrally struck we should hâve by Cox's method 
\jp =z 2fJP, but the values deduced from the Table in our Art. 

363 give 

[1183] fil 

3/2>/i' X 1 1-252 > according as P/Q = 1 1 

[l-486j [2, 

Saint- Venant gives an empirical formula for thèse three cases 



so soon as 
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on p. 627, but a better form (error < r^) is given in the Change- 
ments et Additions p. 895, namely r 



Vp = n/3 



1 rw^ 



JE(ùkHSJ 2g 

This gives the same condition of resilience as the e = J of our 
Art. 363. 

It is noteworthy that in reality Young's Theorem is much 
more nearly fulfiUed than would appear from the application of 
Cox*8 method : see our Vol. i., p. 896. 

(iv) A second interesting point is raised in the Changements et 
Additions p. 896. Saint- Venant remarks that the formulae given 
are based upon the supposition that the disturbance due to the 
blow has had time to be reflected several times from the points of 
support before the moment of maximum flexure. They cease to 
be applicable when the bar is very long, and Q a very small weight 
with a very great velocity of impact : 

En effet, préalablement à toute propagation, une flexion brus- 
quement produite à l'endroit du choc peut engendrer des dilatations 
dangereuses, dépendant de la seule vitesse V et nullement du poids 
heurtant Q, 

Let il = velocity of propagation of sound along the rod, or 



Iî" = 



PK^UogY 



Vt V 
We easily deduce -yr = q" > where t' = PVI{2gEœK^). 

The corresponding maximum values of the stretches are by 
Art. 363 : ' 



For 


m=\ 


PIQ=i 


PIQ=2 


«0 = 


K 


1-76 - - 
JC 


1.30îr 
fc 



Now Boussinesq has shewn that the stretch produced in the 
élément struck at the fîrst instant of the blow has for magnitude, 
whatever be the relation between P and Q : 

_hV 



S«r lie y-rjt 3. iLt Ciwffis ««iitatf 1S^± j. ÎM4. cr 



1 
FrcoL iTjM^ »^r:gii ^T^asâicff I L&t^^ aoà^ I r«e3? 

it ▼«▼ zc'kL -hï-h» tbe hkls^ whli:. ••^•i-i iLa*^ i» at^ 

FA 
U m 

^3721] We moÂt dov ret^an lo piJL -5?7 — 619 of Saînt- 
Veoai^t'i o>xe vLk-h ve bare osritîcd ak>¥CL T^eT deai with 
Waiii PrMem or the resHence of a b:riz»iL^ beam scbjected to 
a tnreV.ing VjoAz «ee oar Artz^ 1417* — 1422*. We sLalI indiide 
mvler oor diico»>n tfae memaâs of PtkiZips* aix! Benaudot' 
tiecaxuK; tfa^fl^ wrixen bare made mistakes in theîr analT^s. wliîch 
hare beeo rectlûed bv Saint- YeDant. With Sahït-Yenant's addidons 
aiMl rectiikatioxis we shall tfaus be able to gÎTe the leader a more 
Cf/uqAeîe iriev of the adranœ made bj the problem sânœ the 
memfÀr of Stokes: «e oor Arts. 1276* — ^1291* 

[373,] We win fifst gire the équations Im- the complète proUem as 
fvopoari'ied bj Fhijli{ML Let P be the woght, 21 the kngth, £m^ 
ih^ rij^iitj of the beam, u the shîft to the right and «. to the left of 
the trardliog kiad Q f distant x = r< from the right-hand terminal) of 
pointu distant z and z, from rig^ and left-hand ends ol the beam. We 
shall suppose the beam simplj supported. 



1 CaUml de la rétigUimu de» poutre» droite» telle» qme le» jHmts, eie. »om» Faetiam 
d'une charge en witmcemeni, Ammale» de» uuuetj t. til^ pp. 467 — 506, 1855. 

* Etude de Vtnjtmemu de» charge» cm WÊtmremtemt rmr la rérUtamee de» pomi» 
métallique» h pouire» droite». Ammale» de» pomt» et cham»»ée», t. i. 4* série, pp. 



3741 



SAINT-VENANT. 



265^ 



Then for the beam we hâve 



E. 



(ÛK 



EiM^ 






21 



P^ (Pu 



É g'da^ 



'^21" 2lg de~ 21 g dx ' 



(i), 



tt = 0, and -7-3" = when « = 
Wj = 0, and — J = when «^ = 



(»); 



and for the conditions at the load : 



(«).-(»,)...o, (*)_.(^)^^=„, (S)_-fÈ'l -o...» 



\dz^J^^x 



together with : 



No gênerai solution has yet been found for thèse équations. ; But 
omitting the condition of initial zéro velodtiesit is possible to satisfy ail 
the other Equations (i) to (iv) by algebraic expressions in z and as, when 
we ueglect in successive approximations successive powers of a certain 
quantity which' is small in ail practical applications. Further, it is 
possible to add vibratory parts to the algebraic solution which satisfy 
very approximately the initial conditions (pp. 599 and 891). 

[374.] Saint- Venantes method of solution differs from that of 
Stokes and includes the effect of the inertia of the beam. We will 
indicate its stages. 

\8t Approximation, Let us neglect the tenns in F' in Equations (i) 
to (iv), or find only the statical ahifts for the load Q at a point x, 
We hâve : —, 



07 _^ 



< = « 



UlEmii 
X 



8ffg-4fe« + 8* 



niEioiê 
2nd Apprommatiôn. 



[(4.-«.),-,.].P«^^>V 



.(V). 



-^ , or )8 is tàe same as Stokes* fi of our Art 1278* 

(where c is written for our présent Z), then in practice 1/p is always 
< 1/12 or even than 1/20 and is the small quantity of our approxima- 
tions. In thé above équations we shall replace 



FV 



1 3P 



and 



911 hv 11 
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Let OB assume 



tt = »'+gi7, U^~U^' + ■J^U^, 



? 



substitute and neglect f g j . We find from Equations (i) by dividing 
ont by l/p : 









.... (vi). 



xz. 



Equations (ii) now become : 



cPU 
U^O, and -jp- = when « = 0, 

ÎTj = 0, and -r-^* = when «. =0 



rf2f^« 



.(vii). 



Integrating (vi) we hâve 

3Px 



U= 



3Px r»' 






^» " SMCOK» 



{5-4^^'ïi^^.^l 



(viii). 



(ix). 



Thèse satisfy équations (vii). 

It remains to détermine C, 2>, Cj, />,, by Equations (iii) and (iv). 

But they become: 

Further, (iv) may be written 

U^'A-o, \^«iV«,^i Ei^^gd^ 2Zc?ar'' 
Now y = Wi when « = aJi, or after a short réduction 



dlococ ^ 
Since 0;^ = 2^ - a, we hâve : ^ ^ — 2 (Z - a?) = jc^ - », and thus find 



21 da? Ei^K^ r^ 



K«^î)}- 
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Hence 






b(©..'^w-'-?(«^f)) 



j^(2J-6& + 3#)tj|^(-2fe + ^ 



...(x). 



This resuit does not agrée with Saint- Venantes on p. 606 (Equation 
{t^) but it will do with that in the Errata, p. 900, if the coefficients of 
the brackets of the latter are inverted. 

From the third Equation of (ix) and from (x) we easily fi nd with 
the help of (viii) the foUowing équations to détermine (7, C^ , 



a? 



X, 



SQl 



^ +C = -^ + C,; x,C + xG, = '-2lxx,^ ^ (2Z» - 3«c J . . . (xi). 

This differs in the sign of the bracket in the second équation from 
Saint- Venantes Equation (x^) on p. 606. 
Solving (xi) we hâve 



(xii). 



C^-^{x-^6x^)-^^{2P-3xx,) 
0, = -'^{x,-^ôx)^§{2l^-^3xx^) 



[375.] We can easily test thèse results. The bending-moment 

cPu (Pu' E,o^<PU 

Put z = l, and x = x^ = ly and we find 

«-f(-^)4'('*j?) (•«'> 

This is Saint- Venantes resuit («g) on p. 607. 

It gives the bending moment at the centre when the train is passing 
that point. If we put P = or neglect the weight of the beam, we 
hâve Stokes' resuit. Phillips finds by overlooking several terms and 
by means of a longer analysis 3/(4/3) in the second bracket. 

[376.] We are now in a position to find D and D^ and so détermine 
the deflection at any point. From Equations (ix) I hâve calculated the 
following value for D : 

D =^ {x^x(ôSa^+Sx^^+92xx;)+7ai^} + ^(3xx^^2P)x{x+2x;)...{xiu). 

Equations (xii) and (xiii) détermine (7, D, and so U from (viii). 
S.-V. 17 
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Adding ^U \^ u' oi (v) we obtain the complète solution to thîs degree 

of approximation. We maj write down the complète value thus 
obtained, u^ being obviously glven bj interchanging x^ with x and z^ 
with z: 

+ ^{a;,a;(68a^+8a,»+92aaî,)+7a^}+ ^|(3a»,-2Z«)ar(aî+2aî,)1....(xiv»). 

This embraces both Saint- Yenant's forma (o)) and {la), p. 615 ^, and 
I hâve tested them, and find they agrée with this resuit. 

If 05 = 05^ = « = ^ we find : 

QP /^ 1\ 5PZ» /, 27 1 



0^s)-^48iâ;;?0^2-5â) <"")• 



6iE^(UK» V /?/ 48^(uk2 V 25/3, 

If we put P = 0, we obtain Stokes' resnlt : see our Art. 1287*. Tt 
will be observed that thèse expressions for the bending-moment and 
the defiection hâve been reached tuUhout any aasumption as to the valtie 
of the ratio QjP. 

[377.] We may make some remarks on the above results. 
Phillips first gave the complète équations for the problem and 
included the efïect of the inçrtia of the beam (i.e. the terms in P). 
He obtained erroneous coefl&cients, however, for the terms in 1/^8. 
The correct values were first obtained by Saint- Venant, and bis 
process is much shorter than Phillips'. In § 54 (pp. 609 — 612) 
Saint- Venant gives an elementary proof of the value of the 
bending moment in our équation (xiii'). He does not make use 
of the gênerai differential équations, but calculâtes and sums the 
parts of the bending moment due to statical loading, to the 

' centrifugal force ' of the travelling load f - — ) , and to the 

97~^^ /77*) ^^ ®^^^ élément dz of the beam. The 

parts due to the last two influences are of the first order in 1//8 and 
80 we use in them the statical values for 1/p, the curvature, and u. 
We may ask whether the expressions in Equations (xiii^) and 
(xiv^) give the maxima values of M and u. 



mass 
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In the value of M the part afFected by Q bas its maximum 
when 2: = its greatest value x\ further, the principal portion of 

the same part \-^ ^ y bas its maximum when œ = L Again 

p 2Z — ^ 
the principal portion of the part in P, namely -r- z — , has its 

maximum for z = l, The other parts of the expression for M are 
always much less and thus will give only an influence of the 
second order on the maximum values of z and a:, i.e. their influence 
will not be sensible on the value of the maximum moment (p. 607). 
It is also easy to see that the maximum deflection is the mid-point 
deflection at the instant of transit of the load over the mid- 
point. 

Throughout bis discussion of the problem Saint- Venant does 
justice to Stokes' memoir ; it will be observed that he frequently 
adopts Stokes' methods, but the extension of the results to any 
ratio of QjP is in itself no small advance. 

[378.] We shall now shew how the results obtained in (xiv*) 
must be modified in order that the condition for initial zero- 
velocity in the parts of the beam may be satisfied. This involves 
the introduction of periodic terms. Stokes had introduced such a 
periodic term on the assumption that QjP was small (see our 
Art. 1289*). Phillips had endeavoured to measure the magnitude 
of the periodic terms which would enable us to dispose of the 
finite initial velocities which the above solution pre-supposes ; he 
found that thèse terms were much smaller than the principal 
algebraic terms (Saint- Venant, pp. 613 — 614), but this does not 
prove that we may neglect them as compared with the terms in 
1//8. Saint- Venant adopting Stokes' approximate method, but 
without bis assumption of the smallness of Q/P, introduces a 
periodic term which allows approximately (to the order 1/^) for 
the zéro initial velocities of the beam. 

[379.] It will be remembered that Stokes' method consists in 
replacing each force acting on the beam by a uniformly distributed force 
which produces the same mean deflection as wouid be produced by the 
actaal force taken alone (see our Art. 1288*). By this method he arrives 
at the following équation : 

15^a)K^ 155 V^éCv Q f V^ (P{vX) \ 
PP ""^126 ^ 6^~ P 1 g da^ J ^^^' 

17—2 
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where _| = 6 ^ , 

and the deflectîon at ^ is given by 

thus determinîng what is represented bj v. 

The équation (i) shews that v is of the same order as QjP, and 
Stokes solves it on the supposition that QjP is so small that quantities 
of the order {QfP) x v may be neglected, i.e. he omits the last term of 
the bracket on the right-hand side. Saint- Venant, however, seeks a 
value of V by approximations in which powers of IjP are neglected, in 
other words, he makea no assumptions as to the vabie of the ratio QjP except 
that P/Q ia not to he eostremely large. In most practical cases Q and P 
will not be very far from equality, and the exception is accordingly 
legitimate. If we take 

we hâve the small quantities in terms of which Saint- Venant solves the 
équation (i). 

It will be found that r/2l = l/q, where q is the constant of Stokes' 
investigation : see our Art. 1290*. 

PP 
We may note that Si of Stokes = ^^ — r , 

and /l' of Saint- Venant = -^-5-=; — A . 



{■ 



V = 



[380.] The solution found by Saint- Venant is given by : 

QP_/ ^^X 1 6fa-3ar'-2P \ 
16^(UK»V da^'^p P ) 

See his p. 615 e. 

Substituting for v in équation (ii) of Art. 379 we hâve u. For the 
central-deâection as the load passes we find 

= 125 _e^ / 1\ bPP f 155 1\ 
^' " 128 6^a>K« \ p)'^ 48^(0x2 V "^ 336 p) 



2bP 



^^Eiûiê 



[^{^-ï)^^à^M^ 



> ...(iv). 



The algebraic terms as might be supposed owing to the method of 
approximation, are not exactly the same as in (xiv**). The factor \^^ 
înstead of 1 is not, however, important, while the factor \^ instead of 
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f^ occurs only in terms involving Ijp, Saint- Venant concludes that 
the algebraic terms given by the first method are the correct ones, and 
that we may add to them the expression 






[^0-|)^lî£lr^^ 



in order to approximately account for the periodic terms. This resuit 
and (iv) differ from those of Saint- Venant (a ) p. 615 h and (8') p. 615 i 
but seem to me to give the correct value oïui, 

The corresponding part to be subtracted from the bending-moment 
at the centre as the load passes it is 

This' again diifers from Saint- Venantes results (^) p. 615h and (c') 
p. 615 j. By a misprint wbich has escaped correction he bas the 
fraction || where I hâve fj. 

[381.] The last extension of the problem which we shall cocsider 
hère is that of Renaudot, who does not deal with the case of an isolated 
oad (as a locomotive) but with that of a continuons load (as a train of 
trucks or carriagea) crossing the bridge. Let p be the weight per 
foot-run of the girder, p' that of the travelling load the head of which 
is distant x= Vt from the right haiid terminal. In this case équations 
(i) of our Art. 373, are replaced, on the supposition that the train is 
longer than bridge, by 

E.^-^-ip^p') = -P^^^-P--, (X). 

dhi^ p (Pv^ pV^(Pui .... 

Hère w is the shift of the élément (p^g) dz of the train on the bridge, 
and z is to be put iu w equal to Vt less the constant distance between 
the given élément and the head of the train. Thus while the z in 
(Puldt^ is not a function of <, that in d^wjd^ is to be treated as a 
f unction of ^, or since a? = F^ we may write : 

dt^ ~ \da? dxdz dz^)' 

Thus the first équation becomes : 

., ^d*u . ,, pV^d^'û p'V^ (d^u „ c^w (Pu] ,...^ 
^a,K^^>(;,+^) = -^_-Y|_ + 2^^^^-^^,}...(m). 

Starting from équations (ii) and (iii) with the necessary terminal 
conditions for each portion of the girder, we may proceed as in our Arts. 
373 — 376 to détermine first the statical and then the first dynamical 
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approximation. The maximum bending-moment will be greatest when 
the load just covers the wliole girder. It is then given by 

5 1\ ^ 1 »'Z»P 



M,^P-^p(l^l~^),where^ = 



Similarly we may dedace the bending-moment when the train is 
headed by a locomotive of weight Q foUowed by a train of weight p' per 
foot-run. In order to obtain the position of the maximum bending- 
moment, it will, as in Art. 377, be suffîcient to find the values of z 
and X which give the maximum moment for the statical approximation. 
Thèse are 

and they must be substituted in the second approximation involving the 

terms in 1//3 and 1//8' (see pp. 616—618). 

(Pu 
Benaudot neglects the term 2 in équation (iii) as of small 

CkC (m/% 

importance. He arrives at a wrong value, Le. ( 1 + q/y )> ^^^ ^^® bracket 
in the value of the bending-moment. 

[382.] Saint- Venant rernarks that Phillips has also treated 
the case of a travelling load crossing a beam dovhly built-in. His 
solution is, however, erroneous, as has been pointed eut both by 
Bresse and Saint- Venant, nor would it be of much value to correct 
his results, for built-in ends (encastrements) never produce their full 
efïect, and such altemating motions as occur with travelling loads 
in bridges soon deprive such ends of nearly ail their efifect (see 
p. 619 and our Arts. 733* and 188). 

There is also a référence on p. 619 to Bresse*s exact solution for the 
case of a bridge acro.«s which a very long train is continuously moving 
with velocity F, so that the bridge takes up a permanent form. In 
this case équation (iii) of Art. 381 becomes 

d7^ ^^ ^' g ds?' 

and we can find an exact solution. It gives for the maximum bending- 
moment 

M,:^P±P'P. 2^' {sec JÎJ^' - 1}, where j-, =^, 



or. 



^1 =^"2^ ^(^"^12 ¥') *pp^^™a*^®iy- 



This resuit is less than that of our Art. 381, or we see that the 
dangerous instant is that in which the train just covers the whole 
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bridge. It is then producing impulsive changes in the elastic line of 
the bridge, and not a steady form of the elastic line as in the case 
of a very long train imagined to be continuously crossing. 

[383.] We now reach Saint- Venants last contribution to the 
annotated Clebsch, namely, the Note finale du § 73, pp. 689 — 752. 
It is entitled : Théorie de la flexion et des autres petites déforma- 
tions des plaques élastiques planes minces, tirée directement des 
équations différentielles générales de Véquilihre d'élasticité des 
solides. 

The Note consista of four essentially distinct parts: (i) a 
déduction of the gênerai elastic body-shift équations for thin plates ; 
(ii) a full discussion of the contour conditions, and the controversy 
with regard to them ; (iii) the solutions for statical equilibrium of 
thin circular plates ; and (iv) a reproduction with extensions of 
Naviers results obtained in the memoir of 1820, and hitherto only 
published in extract : see our Arts. 258* — 64*. I propose to deal- 
somewhat at length with this Note as it forms distinctly the best 
treatment hitherto given for thin plates. Saint- Venant adopts 
Boussinesq's method (see the memoirs of 1871 and 1879 in the 
Chapter devoted to that elastician) but with certain important 
modifications. He describes Clebsch's investigation, notwithstand- 
ing that it starts with unnecessary simplifications, as "obscure, 
indirect and very complex." I think the terms are fuUy warranted. 

[384.] Let the mid-plane of the plate be taken as that of 2 = and 
let its faces be « = ± c. We shall endeavour to dednce from the three 
body-stress équations, a single équation involving only the stresses ^, 
ySy xi and given quantities. Let the body-stress équations be 

dxx dpx dzx -- -V 



dx dy dz 



dx dy dz 

dxz dyz dzz „ - 

dx dy dz 



.(i). 



Adding the third of thèse équations to the diflferentials of the first 
two with regard respectively to x and y, such differentials before 
addition being multiplied by «, we find 

fûPi^î « ûP^ cPÎ?1 d id , ^. d , ^. ^\ (dX dY\ 
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Integrating this from z = + €toz = — €, 

where 



+ ^[€{(^)+.+(^)-.}]-(iiî)» 



and Z'=r'zdz, X"=r\Xdz, r'^T^Yclz; 

tbe subscripts dénote as usual that the stresses are to be gîven tbeir 
values at the surfaces » = ± c. 

AU tbe terms in the expression <f> (xy) are thus known quantities. 

[385.] The question of what further assumptions we shall make 
now arises. Tbose usually made are tbe following : 

P. ^ = 0. (This is made even bjBoussinesq and Lévy, the raost 
récent writers on the aubject.) 

2". «aj = z/p, 8y = z/p', where p and p are tbe two curvatures of tbe 
plate at ita mid-plane for tbe point x, y, It foUows that : 






(iv). 



where m?© is the normal sbift of tbe point 05, y of tbe mid-plane. 

Using tbe stress-strain relations for three planes of elastic symmetry 
(see our Art. 117 (a)), we easily find from V and 2" : 

?? = (/'- de' le) s„+{b- d'^/e) Syi ' dxdy ~ ^ cb?df "'^ '' 

Substitiiting in (ii) and integrating we bave the équation : 

(«-.'7c)'^^'.2(2/./-.V/c)^î^.(6-<i'7c)'^^'=l,^(a^)...(v). 

This becomes in tbe case of elastic isotropy parallel to tbe mid- 
plane : 



te^^;^«=2:^3<^(«^) (VI), 



where H= a-e'^jc^ tbe plate-modulus of our Art. 323. 

This is tbe équation obtained by Lagrange, Poisson and Caucby : 
see our Arts. 284*, 484* and 640*. 
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[386.] On pp. 696—700 (§§ 4—5) Saint- Venant considéra what 
are the arguments in faveur of the assumptions P and 2® of the 
previous Article. He remarks that owing to the thinness of the plate, 
the normal or z variations of both the stresses and the stiuins must be 
large as compared with the longitudinal variations. Hence as a firat 
approximation, we hâve the fluxions with regard to x and y of both 
stress and strain components more and more nearly zéro as the plate 
is taken thinner and thinner. It is suffîcient however to assume that 
those of xxy xy and yy are zéro or small. The body stress équations 
then give ; 

^ + X=0, ^-fr=0. 
dz dz 

Thus the stresses zx, 7y on intégration will be of the order c, or as 
Saint- Venant puts it : 

Si on les intègre par rapport à la petite coordonnée z on voit que les 
composantes zx, zy n'ont de valeurs, à Pintérieur d'un tronçon ou élément de 
plaque, que celles qu'elles peuvent avoir sur une des deux bases, plus ce qui 
vient des forces A y B, agissant sur sa masse. Ces forces locales n'ont qu'une 
influence insignifiante qui n'est presque rien en comparaison de ce qui vient à 
la fois de toutes les forces agissant sur le reste de la plaque ainsi que sur ses 
bords par les réactions des appuis ou autrement, et dont les effets accumulés 
se transmettent au tronçon à travers ses quatre faces latérales, ce qui s'ap- 
plique surtout aux composantes agissant horizontalement (pp. 697 — 8). 

The third body stress équation, however, shows that zàs is very small 
as compared with zxy zy because thèse quantities occur with latéral 
va/nation^ hence zz is doubly small as compared with ivr, xy and yy, 
Thus we may take ^ = as ail writers hâve hitherto done. 

[387.] This argument is not, perhaps, quite convincing. It would 
seem at flrat sight better to assume zx to he very approximately a 
function ofx^ y only. The expressions then for xx^ xy, yy would contain 
together with the terms linear in z, terms not involving z, but functions 
of X, y only. Thèse terms disappear when we substitute them in 
équation (ii) and integrate between 2; = + c and — c. But hère a new 
dijficulty arises ; suppose the surface of the plate « = + € subjected to a 
load 'zz=^x{x, y). This will make no change in the first three terms of 
équation (ii) of Art. 384 although we cannot suppose zz = 0, but it will 
lead to a difficulty with regard to the expression ^ (xy), 

This expression contains terms of the form (^)+« and (««)-, ; the former 
= X (x, y) and the latter is zéro. Hence it follows that zz must vary with z 
from + c to — €. Saint- Venant (p. 699) says we must take {zz)+^ = x {x, y) 
and put (^)_, = 0, but this seems to me to destroy the basis of his 
approximation. Possibly, foUowing the hint he gives on p. 700, the 
true method is to consider that, when the dimensions of a body are very 
small in any sensé, then a surface-load in the same sensé will give 
the same strains perpendicular to that sensé as the intégral of a hody- 
force also in that sensé. Thus the flexure-equations for a beam are 
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deduced on the assnmption that there îs no latéral stress^ jet we do 
net hesitate to use them for beams subject to continaous latéral load^. 
I conclude then that it is beat to put Tz always zéro (and not a definite 
value as Saint- Venant does on p. 699) and assume, wLen plates hâve a 
surface distribution of load, that the resuit of such load so far as the 
shifts of the points of the mid-plane are concerned can be represented 
by a body force, whose intégral between the faces is équivalent per unit 
area to the surface load. 

[388.] In §5 Saint- Venant shews that from the assumptions, or 
approximate values : 

dx, dy ' da?, daxh/y dy^ ^ '' 

(which are less restrictive than a-gg^ = o-^ « 0, and zz = 0) we can deduce 
results embracing those of our Art. 386, P and 2". 

Writing the first set of expressions at leugth we easily find that : 

dSfg d^w dSy __ ^ <Pw da-gfy ^ ^ dhu .^. 

^~"^* d^^^d^' "^""^^ ^^^' 

Whence we see by differentiating with regard to z that : 

cbP da^ ' cfo* dy^ ' du? dxdy 

Thus the second z fluxions of «^^ 8^ o-^y are zéro, or we may write Wq 
for w in (fi) ; it follows that we must hâve : 

a^^-z"^ 8-8'^z^ <T -cr« -2«^^ (y) 

where the zéro afBxed refers the quantity to the mid-plane. 
Saint- Venant remarks of the équations (y) : 

Elles montrent, comme conséquence cinématique des égalités posées (a), 
que les dilatations de petites droites matérielles horizontales de direction 
donnée varient linéairement le long de toutes les lignes primitivement verti- 
cales, des divers points desquelles ces petites horizontales auraient été tirées. 

Il convient de remarquer en passant que cela n'entraîne nullement, comme 
conséquence, que ces verticales resteront exactement droites et normales au 
feuillet moyen devenu courbe, car leurs petits intervalles horizontaux peuvent 
très bien croître linéairement avec z quoiqu'elles soient devenues courbes, si 
celles qui sont voisines affectent des inflexions pareilles, ainsi qu'il arrive pour 
les sections voisines, dans les tiges éprouvant Ui flexion dite inégale (p. 699 : 
see our Art. 325). 

It wiU be noted that this treatment brings out the real difficulties 
and assumptions of the problem, better than those which start by 

^ Sînce writing the above I bave obtaîned the fall solution for a simply 
supported beam continuously loaded on its upper surface, I find Q is of the sarne 
order as ^, where x is the direction of the axis of the beam, and z the direction of 
the load. 
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assuming the strain-energy to be a function of tbe curvatures and so 
deduce by Lagrange's, or other, metbod the fundamental équation of 
tbe plate : see Tbomson and Tait, § 639, or Lord Rayleigb's Soundf 
Vol. L, §214. 

I may remark tbat tbe équations (ii) and (iii) obtained in Art 384 
still bold if 2c tbe tbickness of tbe plate cbanges gradually witb x and y, 

[389.] Beturning to tbe body-stress équations of Art. 384, let us 
integrate tbe first two betweeu tbe limits ^c of z, We note first, 
bowever, since : 

^=("-7)*'''-(-^-t)*» 

by équations (y) of Art. 388, that 

similarly i xidz^^^xy^y and 1 yidz^^^yj^ 

wbere tbe affîxed ^ dénotes a mid-plane value. 

Hence from tbe intégration of tbe body-stress équations we obtain : 

xdoa 



' ...(i), 



) + (^)+.-(^)-. + X = 0, 



dy 



c 



wbere X' and Y' are tbe 
intégrais of X and Y 
across tbe plate. 



Substitute tbe values of tbe mid-plane stresses in terms of tbe mid- 
plane sbifts Uq, v^ and we bave : 



...(ii). 



Tbese équations reduce in tbe case of isotropy parallel to tbe plate 
to tbe simpler forms (p. 702) : 

wbere H is tbe plate-modulus of Art. 323. 

It will be noticed tbat tbese équations for tbe sbifts u^^ v^ are 
independent of tbat for Wq, or tbe transverse and longitudinal strain 
exercise no influence on eacb otber. Tbis bas already been remarked 
by Caucby and Poisson : see our Arts. 483* and 640*. 



...(iii), 
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[390.] In §§ 8 — 10 Saint- Venant considers the effect of great 
stresses parallel to the mid-plane on the normal shift Wq. Thus he 
obtains what may be called the terms due to the action of the plate as 
a transverse membrane. He finds that in the function <l>(xy) of 
équations (y) and (vi) of Art. 385 we must include the expression : 






dwQ , ,^y 



dy 

From the sum of this expression and Z' + (««)+, - (««)-« equated to 
zéro we deduce the équation for the transverse equilibrium of a 
membrane. In its présent form it bas been obtained on the supposition 
that 2c is constant; the altérations for 2c variable are indicated by 
Saint- Venant in a footnote, p. 704. 

[391.] In § 13 Saint- Venant commences his treatment of the 
contour conditions. Let a be the angle between the normal to 
the mid-plane contour at any point and the axis of a?, let P, Q, R 
be the components of the applied load parallel to the axes, and ds, 
dn éléments of the arc and normal of the mid-plane contour, 

We find at once : 
P = xx cos a-hpx sin a, Q^xp cos a + Jy sin a, Ii=xz cos a-¥pz sin a. 
Hence by équations (i) of Art. 389, we hâve : 

2c {^0 <^s a + pxQ sin a) = i Fdz =/*', 

2c ( xpq cos a + ppq sin a) = I Qdz = Q\ 

Substitute for the mid-plane stresses in terms of the shifts and we 
hâve : 

2. {[(/ - «M S' * (' - .^W S] ■'» -/($ . è) ■»"} = «■■ 

Thèse are the suffîcient and necessary contour conditions for longi- 
tudinal strain. When there is elastic isotropy parallel to the mid-plane 
they reduce to 

IL \dx dy/ duQ/dxJ Bina \dy dxj coa a) Q 

[392.] Saint- Venant next tums to the more controverted conditions 
involving the normal shift w^, He proceeds to calculate i/„ M^ and 
E', the first two symbols representing the moments round tangent 
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and normal respectively to the mid-plane contour for the load applied 

to the strip 2c x c?s, and R being the total shearîng load on tlie same 

strip. 

r+e 
Now Mg= j (P cos a + Ç sin a) zdz = F" cos a + Q" sîn a 

= — -«- {xx" cos^ a + 2xi" sin a cos a + pi" sin^ a}, 

where, r and p being any two directions, 

7p' x — =- j Tizdzy 

and as before, a single dash on the loads dénotes an intégration with 
regard to z from -f c to — c, and a double dash an intégration after 
multiplication by », between the same limits. Substitutiug from équa- 
tions (i) of Art. 389 for the stresses we fînd : 

Jf. = -¥([(-'»S'*(r-/.7c)'^-]c<.'at4/^«..c«. 
Or, for elastic isotropy parallel to the mid-plane : 

''■-4V-'M^*^^)*'f^^ «■ 

This first condition is not the subject of discussion but has been 
generally accepted. 

[393.] In a similar manner we find : 
M^ = Q' cos a- F' sin a, 

= -5- {sin a cos a {xx'-'yy") — (cos^ a — sin^a) xy'}, 


where 

or, = (a-f) (-rj— 'J~j) ^^^^ elastic isotropy parallel to the 

mid-plane. 

And again, xi"=2f 



dhoQ 



dz 



dxdy ' 

r+« /•+« /•+« 

Furfcher : ^ = I Edz = cos a 1 ^zxdz 4- sin a I 

= cosaL€{(^)+. + M.,} + Z -_(^-^+_jJ 

..i».[,|(S)*..(S)-.l.r--^(^*f:)], 



.(■ 
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reducing respectively to the differentials with regard to x and y o£ 
jT-^ + -7-J )» ^1^®D there is elastic iaotropy parallel to the mid-plane. 

Thèse résulta can be easily deduced by integrating zx and Çè from 
expressions of the form : 

.^ d \Z» xx) dxx 

dz dz 

^d(z.lèz^ fdaaè dxp y,\ 

dz \dx dy /' 

I hâve reproduoed the values of Mg^ M^ and R^ because they arc 
the most complète hitherto given and will be useful for référence 
hereafter. 

[394.] Saint- Venant adopta Thomson and Tait's 'reconcilia- 
tion ' (see our Art. 488*) and replaces the couples M^ by an 

additionai shear —5-^ added to R, In other words he equates the 

contour load to the couple M^ and the shear R + -r^ . 

He attributes this method of reconciling KirchhofF and Poisson 
to Boussinesq (p. 715). There are two points which arise in this 
reconciliation whîch deserve to be noted. The fîrst objection to 
the replacement of the couples M^ by a distributed shear is that 
referred to in our Art. 488*, namely that the KirchhofF contour 
conditions could not be used for the case of a dùcontinuous 
distribution of shearing force and normal couple. Saint- Venant 
replies to this : 

S'il y avait des forces extérieures isolées, appliquées en certains 
points de ce cylindre et faisant couples autour de ses normales, elles 
seraient capables d'y imprimer à la plaque, entre ces points, des torsions 
finies. Aucun auteur n'a supposé l'existence de pareilles forces, qui 
sont capables de produire des altérations permanentes de la contexture 
de la matière de la plaque si elles agissent avec une certaine intensité 
sur des portions excessivement petites de sa surface. Tous supposent 
que les forces se répartissent sur des surfaces d'étendue finie ; et nous 
ne considérerons même, ainsi qu'ils l'ont tous fait, que des forces 
agissant sur le cylindre contournant d'une manière continue et graduelle 
(p. 714). 
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The second objection is that due to M.Lévy (see ourArt. 397); 
he holds that when the couple if„ is due to vertical forces we can 
replace it by a shear distribution perpendicular to the plate, but 
that when it is due to horizontal forces this is not allowable. 
This point has been discussed at length by Boussinesq (see the 
Chapter we hâve devoted to that elastician), and Saint- Venant 
sums up his arguments in the foUowing words : 

Si ces couples sont formés par des forces horizontales tangentes au 
cylindre, agissant en sens opposés, les unes au-dessus, les autres au- 
dessous de la périphérie moyenne, et si la plaque est supposée avoir une 
épaisseur comparable aux deux autres dimensions, ces couples pourront 
conspirer pour produire certains effets d^ensemble dont uous ne nous 
occupons pas, tels qu'une infleodon imprimée à toutes les arêtes, et 
accompagnée de cette torsion générale autour d'un axe vertical dont il a 
été traité dans les chapitres relatifs aux tiges. Mais si la plaque est 
extrêmement mince, ces sortes de déformations sont négligeables. Les 
couples de forces horizontales dont il s'agit s'exerçant d'une manière 
continue sur les arêtes successives, ne produiront que ces torsions locales 
dont nous nous occupons ici; et leurs effets seront sensiblement les 
mêmes que ceux de couples de forces verticales de même moment, qu'on 
leur substituerait en faisant tourner ceux-là de 90 degrés, substitutions 
qui se font, comme on sait, dans la statique élémentaire des corps solides 
(p. 714). 

We may I think conclude that : 

V, The shift-equation ((vi) of Art. 385) for thin plates is only 
an approximation and dépends upon the assumptions that '^ = 
and that s^, Sy, a^ conta.in only the first power of z, as in Eqns. (7) 
of our Art. 388. Thèse assumptions are, however, probable and 
the approximation is close when the thickness of the plate is 
extremely small. 

2^ To the same degree of approximation the two boundary 
conditions of Kirchhoff are true for very thin plates. 

3**. When the plate has a thickness small but not indefinitely 
small compared with its other dimensions, the équation of Lagrange 
can under certain conditions still hold, but it is not then legitimate 
to replace the normal couple by a distribution of shearing-load. 

This latter conclusion is opposed to Saint- Venantes opinion on 
p. 720. He shews that if the foUowing conditions hold : 






dw^, dœdy, dy^ dûd', dœdy, dy da?, d^œdy, d?ydx, d^^ 
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we can still deduce Lagrange's équation, but thèse conditions 
allow of a definite but small thickness for the plate. He then 
States that EiFchhoff's contour conditions remain true. New it 
seems to me that we can no longer replace normal couples by 
vertical shearingJoads, for this will cause a différence in the strain 
of the plate to a distance into its material of the same order as its 
thickness, and this distance is no longer vanishingly small as 
compared with the other dimensions of the plate. 

[395.] Saint- Venant now proceeds to an interesting summary 
of other writers' treatment of the problem of thin plates. He 
notes that Poisson and Cauchy assume that the stresses can be 
expanded in powers of z giving convergent séries. From this 
assumption Saint- Venant deduces équations (7) of our Art. 388. 
He remarks of this assumption that it has never found sup- 
porters — elle ri est pus suffisamment fondée, et peut se trouver 
souvent en défaut I must notice, however, that Saint- Venant's 
own assumptions of our Art. 385 really lead to the expression of 
the stresses îî, xi and îî as linear functions of z, (see équations 
(iv^) of Art. 385 and (7) of Art. 388,) while from the first two body 
stress-equations we obtain by intégration for zx and pz quadratic 

functions of z together with terms — I Xdz and — I Ydz which 

will in the great majority of cases be linear in z, Thus Poisson's 
and Cauchy's assumption is only a too gênerai statement of the 
results reached by Saint- Venant himself. 

aie* //T^" 

[396.] Saint- Venant appears to think that the terms Z^ + ~j- + -r— 

which occur in the function <^ (pcfy) of his resuit (see équation (iii) of our 
Art. 384) do net agrée with the similar terms obtained by Poisson (see 
équation (9) of our Art. 484*) and Cauchy (see Equation (70) of our 
Ki\i. 640*). With proper transformation of symbols thèse are : 

Now Poisson and Cauchy assume forms such as : 

,\X" =^ 1 Xzdz = „- (-7—) ^- terms involving fifth and higher 
powers of €. 
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Sîmilarly : 

Z" = I Zd% = 2€-^o + -g- ( ^ ) + terms involvîng fifth and higher 
powers of c, 

^ dX** dT* ^ rr- ^^z^ ^rd fdX dTw \ 

+ terms involving fifth and higher powers of c, which may be neglected. 

Thus theîr assumption does not lead to an error in this point as 
Saint-Venant suggests. It seems to me also that Poisson and Cauchy's 
hypothesis is more valid than that of Clebsch and other writers who 
simpl y put «« = «? = S' = 0. 

[397.] At this point Saint- Venant notices Maurice Lévy's 
memoir of 1877 (see Journal de Liouville, 1877, pp. 219 — 306, or 
our discussion of the memoir later). Lëvy investigates what are 
the possible solutions for a prism with two free faces, when the 
shifts u, V, w are supposed capable of being expressed in a séries 
of ascending powers of z and the forces acting on the latéral sides 
of the prism hâve a given résultant load. It foUows that the 
stresses will now be given in ascending powers of z, and that there 
is no limitation as to thickness of the plate (or height of the 
prism). LéVy finds (1) that the powers of z in u, v, w and in ^, 
«y and yy cannot surpass the third, (2) that the stress 7è = 
throughout the prism, and (3) that the stresses 7z, yz contain only 
second powers of ^, which appear through the factor (e* — ^). 

It will be seen that thèse results of Lévy give the proper 
limitation to Cauchy and Poisson's hypothesis, and shew clearly 
its relation to Saint -Venant s assumptions. Saint -Venant on 
pp. 726 — 733 deals with another part of Lévy's memoir; namely, 
the term he has introduced into the values of the shifts u and v in 
order that the three surface conditions of Poisson may be satisfied 
for thin plates. This term is periodic in z, but Saint- Venant 
following Boussinesq rejects it as producing efifects only of the 
same order as those we are neglecting in our approximation. We 
shall retum to this point later when treating of Lëvy's memoir and 
bis controversy with Boussinesq. 

[398.] Saint- Venant now tums to the concrète application of 
the thin plate formulàe. He first deals with circular plates and 
obtains the following results ; 

S.-V. 18 



10« 



= 0, is detennined by r = a ^ ^^ ,or = -931 . a if J7//'= 8/3, 
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Let there be a ooifonn mirface load p per unit of area. 

(i) When the covdowr simply resta on a ring of Us oum radius a. 
Shift of mid-plane at radius r : 

-i^.[©'-'-^{(0'-'}]- 

(ii) When the contour is buUt-in. 

Further we find that : 

When the plaie is simply supportée : the line of inflection, given hj 

as in the case of uniconstant isotropj. 

When it is huiU4n : the line of inflexion is determined bj r = *5773. a, 

nj7~?y or 

= *6202 . a in the case of uniconstant isotropy. 

The maximum stretches in the two cases, given bj the greatest 

values of «,. = - « -—■ , are respectively : 

'' = -^ÏJ • Êsê{ = n^ ' ^^' uniccinstant isotropy) , 

^^'"Î^^V" i«xg ^ > ^^ uniconstant isotropy j . 

The conditions for the fail-limit are thus easily written down. 
Compare with thèse results those of Poisson in our Arts. 497* — 504*. 

[399.] The last pages of Saint-Yenant's Note are occupied with a 
reproduction and extension of Navier's memoîr on rectangular plates 
(pp. 740—52). 

Let us take the origin at one of the angles of the plate (sides o^ 
b, and a<.h) the sides being the axes. 

We hâve hère to solve the équation (vi) of our Art. 385, namely : 



(ê*^y«'<'=2i?*<"^>' 






j> 
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subject in tiie case of a sîmpl y supported edge to the conditions 

H--j-^-\-(H - 2f) -j-^ = 0, when a? «0 or a, for values of y from to b, 
dhu„ , „ ^ ^. «Pli?, 

u;o = ^ ^*^^ ^ points of the contour. 

The solution is easily found to be (p. 743) : 

. miras , wn-v 

where -4mn= -il ^<* / <3?j8 sin sin -^ ^ (a, j8). 

This resuit is applied to the calculation of the following spécial 
examples : 

Case (a). A uniformly distributed load p per unit of surface area. 

Hère: 

. tnfwx , n'vy 

«^ ««1 8m sin— r^ 

_ 24p *^ 1 a b 

the summations being for odd numbers m\ nf only. 

The maximum or central deflection /^ is very nearly given by the 
first term of this séries with x = a/2, y = 6/2, or we find 

2i(pab)aW 
'^'^'n^ff^ia'-^bj' 

The second term will, for a = 6, be only 1/76 of this. 

The maximum stretch 8^ is very nearly given by 

_ 24ay 
^' *" irWc» (a» + ô»)»^"*^* 

Case (b). An isolated central load = F. Hère : 

6P 2 S (- 1) 2 (- 1) 2 . Tn'ira; . w'irv 

«'^» = ATT 7 o S S ' <^ M ' ;» 1 ' sin sin —~ , 

° ir^Hab^ii (^ ^V « ^ 

W ^ ^/ 

where m' and n' are odd numbers only. 

%Pc^b* 



Hère, A = 



1»— 2 
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'400.^ We love gma a ^''S'^ sbogii cf ifaee to 
icir;ei::;!ai»tal w^ofk bcrjww il oocTasas k.:k& tkas k cf valse lo 
Irxh pLvsdot awl tecLa-^j^rt, and «e m^^CA gUh- bm^ 
to boch t&e bsïpmtamt aeiiim vtidi Soiai-V^ 
V> û^ arkiKCr of elafîLeîtj. Hk asoocaied CMaoft viZ Img 
tber <ta&'lai4 bcrA of rEfere&ee on onr icb^iect. bct il k pnwwHe 
tfaat d^ ptsnlu we bare hoe eoQectcd vill reach aonae to vhom ît 
nair iii<4 be 



[40L3 héterwàmatûm H Bepréaemtaiiom yrapkifm dm lai» dm 
dUc UmffUmdimal. Tfais menKÂr «as preaentcd to tiie Academ j oo 
in\j 16, 23, 30, aod Angust 6. 1883L It ^ipeared in the CowÊpIa 
ret^, T. XCTIL, 18^, i^ 127, 214, 281 and 353L An off-pnnt 
of it witli a Dote hj Bouaâneaq (CbatpCa rrmdms, T. xctil, 1883, 
pu 154; waa aftenraida pat togetber and lepaged. Tbîs off>print 
waa dixuûmted also as an appendix to the annoCaied CUadL 
(Mt refieifenees will be to the seciioms whîcfa aie the same in the 
C(rtnpie$ rendue and in the oSprint. 

Tbe memoir is due to Saint-Tenant in conjonction with 
IL Flamant the oo-trandator of the Cldmk and profe mtg at the 
Ecole des Ponts et ChauBées, PaiisL 

[402L] Afier a diori acooont as in the Cldmk ^see oor ArC 

841; of the évolution of the proUem the aath<xs refo' to the 

analjiiesÀ solatiun given by Bonasinesq (see the same article and 

Botissine«q'« AppUeaiicn des paUntieU à Tétude de réjmlibre,,, 

de$ êoUiee daetiquee, p. 508 et eeq.) and reprodnced by them on 

pp. 480 k— 480 gg of the ClebscL 

D'après cette Note (du § 60 de C^ebsch), le choc loDgitadinal 
s'seoofDplit smvsnt âes lois ayant des expreaBi<His analytiques dîfferraites, 
se succédant Fiine Fsiitre à des intervalles déterminés. 'Bar exemple, 
les dérivées des déplacements des divers points de la bsne varient^ d'un 
instant à Tantre, tantôt avec gradation continue, tantdt par bondt 
considérables doonant aux mouvemeats une empreinte périodique de 
rscquisition brusque de vitesse qui a été fidte au premier instant du 
choc par rélément heurté. 



Ljue x-l.or/j.xed éermnal 



M ne x^î 




Zinex=o 



To face p. 277. Art. 404. 



403 — 404] SAINT-VENANT. 277 

Il nous a donc paru utile de présenter ici aux regards, par une 
suite d'épurés ou de diagrammes, une peinture de ces singulières et 
remarquables lois, afin de les éclairer et d'en faire bien comprendre la 
nature et les intéressantes conséquences. (§1.) 

What then our authors aocomplish is the graphiccd représen- 
tation of the results of Boussinesq's analyticai solution which was 
obtained in terms of discontinuous functiona It is one of the 
many instances in which Saint- Venant has helped to make of 
practical value the results of most intricate analysis. He was 
ever conscious that till theoretical formulae are reduced to simple 
numbers, the task of the mathematician is very far indeed from 
completion. Only the final diagram or numerical table can fitly 
crown the analyticai labours of the mathematical physicist. 

By means of such graphical représentation we see at a glanée 
the chief laws of the phenomena investigated, and are able to 
détermine which approximate formulae we may fairly accept, 
which we must replace by others better adapted to represent the 
exact facts of the case. 

[403.] I reproduce the more important diagrams of the 
memoir as their practical value for engineers and technologists 
seems to me veiy considérable. 

The folio wing notation is adopted^ : 

l = lengrth, CD = cross-section, p = density, P = weight, E = stret ch-mo dulus, 

u = shif t (at distance x from impelled end) of the bar, a = J-E/py or the 
velocity of sound. One end of the bar is fixed, and we may suppose it 
placed horizontally and struck honzontally by a mass of weight Q with 
velocity F. If the bar be vertical the efiect produced by its weight 
must aJso be taken into account 

At the instant at which the blow ends, du/dx = 8„=0 for a; = 0, 
(see our Art 204) and the following numerical values are obtained : 

QjP < 1 '7283 the blow ends between the times t=2l/a and 4Z/a, 

e/P> 1-7283 < 4-1511 =4Z/aand 6//a, 

e/P> 4-1511 < 7-35 =6Z/a and 8Z/a. 

[404.] The first diagram which I reproduce gives the shifbs u 
for zéro, quarter, half and three-quarter span for times at/l = to 
at/l = 7*5. Along the horizontal axes at/l is measured, along the 

^ In the memoir the auihors use a for our l, 9 for onr w, and w for onr a. 
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vertical axis u = au/ (VI). Three curves are drawn for r=PIQ — l, 
i and i respectively, and having for scale 20 mm. for the unit of 
both at/l and u. 

The shifbs for the duration of the impulse are denoted by a 
heavy line ending in a small circle which marks the end of the 
impulse ; the shifts after the impulse are marked by dotted Unes, 
till they begin to repeat themselves when the lines become again 
heavy. 

Whenever at ^ x or at + x^2l is a multiple of 21 we note 
sudden changes in the slope (or the shift-velocity) of thèse curves ; 
the points where thèse changes occur are termed by the authors 
pointa de brisures. 

Les pieds des ordonnées de ces points de brisures sur les lignes 
horizontales d'abeisses marquées x — 1/4=^ x = 1/2, x = 31/ i se trouvent, ainsi, 
aux rencontres de ces trois horizontales avec les obliques joignant en 
deux sens opposés les points at/l = Oy 2, 4... de rhorizontale a; = du bas, 
avec ceux at/l = 1, 3, 5 . . .d'une horizontede x = l tracée au haut Celles de 
ces obliques qui montent de gauche à droite ont, en effet, pour équations 
ai — 05 = 0, 2Z, 4Z. . .et celles qui descendent ont at + x '- 21 = 0, 21, 4Z. . . .Ces 
lignes obliques figv/rent, en x et t, la marche de Vonde d'ébranlementy 
tant directe que réfléchie aux extrémités de la barre, ou ce que parcour- 
redt la tête de cette onde, si la barre vibrante était emportée perpendicu- 
lairement à sa longueur avec une vitesse a/l. Cela montre bien que les 
bonds et les brisures sont déterminés pcvr le passage de cette onde; et 
cela donne une raison sensible du binôme et du trinôme <U — xetat-hX'-2l 
que M. Boussinesq a fait figurer dans ses formules de déplacements, etc. 

(§8). 

We see that in ail cases the maximum shift is at the end which 
reçoives the impulse. 

[406.] The second diagram (Fig. 4 of the memoir) gives 
graphically the law of squeeze at the terminais and at ^, ^ and f 
span for the same values of P/Q, Hère the abscissae are at/l, and 
the ordinates d = {—8j a/V, or the squeezes redùced in the ratio 
of a to V. The scale of the abscissae is 20 mm. for at/l = 1 and of 
the ordinates 10 mm. for d! = 1. 

We note that in ail cases the maximum squeeze is at the fixed 
end. 

[406.] The third and fourth diagrams (figures 6 and 6 of the 
memoir) give : 
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(1) The maximum shifts cU the end stntck (t(m)« 

Hère the abscissa gives Q/F fram to 6, and the ordinate u^a/{ VI), the 
scale of the unit of both being equal to 20 mm. The heavy line i» given 
by the true theorj j the broken line is the parabola given hj the first 

approximation ^ -y* = a/ ^ ; the pointed line is the curve given by 
the second approximation ^-p = /-p ■ v, : compare our Arts. 943*, 



3e 
368, and the Historique Abrégé^ Levons de Navier^ fidotnote p. ccxxiii. 

We see at once that the HodgkinsoTv-Smnt'Venant approxim^ition 
gives the terminal shifts with very considérable accuracj/, cmd iruiy be 
adopted with safetyfor ail values of QjP > J. 

In the course of the calculations the foîlowing numerical résulta not 
indicated on the diagrûm are obtained : 

The maximum shift u^ is reached if 

Ç/P< 6-686 between ^ = 2//a and 4^/0, 

e/P> 6-686 < 13-816 „ ^ = 4//a and 6//a, 
QjP > 13-816 < 25-16 „ t = 6//a and 8//a. 

(2) The maocwnum squeezes (— Sç) at thefixed end, 

The three curves hâve for abscissae the values of QjP from to 
25*10; the upper heavj curve has for ordinates the exact values of 
{—s„)a/V where s„ is given its maximum value, ie. at the fixed end. 
The lower heavy curve is the parabola obtained by taking for ordinates 



<^=^(-0= V pi 



and the dotted curve by taking for ordinates 

For the abscissa-scale 5 mm. is taken for Q/P= 1, and for the 
ordinate scale 20 mm. for d=l, 

It will be seen that the true values differ immensely, from the values 

given by the old formula d^jQ/P. Thus that formula never suffices 
for finding the maximum squeeze*. 

1 It may be obtained as foUows: Sappose the shift uniformlj distributed 
and its maximum mean value =11;^^. Then work done ^^Etol (— ) =- ? — - 
when the maximum is reached. Hence 
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K, however, wetake 



d 



we get the dotted cunre of our fourth diagram, which from QjP > 5 
approaches closely to the true curve. Saint- Venant gives the following 
practical niles : 



{a) For Talues of QIP > 24 take d = a/^ + 1, 



-s/ï 



(h) > 5 and < 24 rf=^^ + MO. 

(c) Ç/P between and 5 ci = 2 (1 + e-^/Q), 

this latter being the exact formula. 

[407.] There are one or two other points in § 12 which we maj 
note: 

(1) The authors refer to the condition for cohésion permanente 
which is to be obtained from the maximum squeeze given by the résulta 
of Art 406 (2). 

Si les chocs ont eu pour tendance de raccourir, et i^U ne devait en réevlter que 
des compreseionSy ces mêmes quantités numériques - {dujdx)^ seraient à égaler 
à un nombre plus grand T'^jE, T\ étant la limite, toujours très au-dessus de 
T^y des forces comprimantes non dangereuses. Mais, comme nous avons vu 
que, dans la première période de la détente libre qui suit le choc, il se produit 
des dilatations égales aux compressions ayant précédé, le danger de désagréga- 
tion de la matière survit à la jonction, et la prudence conseille de traiter les 
compressions sur le même pied que les dilatations, ou d'égaler leurs valeurs 
numériques (see our Art 175) à la même limite TJ£ que si c'étaient des dila- 
tations. 

This does not seem to me the necessarily true condition for the 
safety of the structure. The real limit of Tqj hère, muet be tluU/or a 
repeated positive amd négative atrain, and if we are to give credence to 
Wôhler's experiments this is not the T^ for a fail-point in pure tractional 
expérimente. According to Wôhler the former is much less than the 
latter : see our account of his researches later. 

(2) In a footnote (§ 12) the authors remark that the négative 
traction must be such that it does not cause the bar to buckle. They 
add that no bar will buckle unless the load is > v^Emt^/Pf so that they 
treat the bar as a doubly pivoted strut (see Gorrigenda to our Vol. i., 
Art. 959**^). It seems just as probable that the bar would hâve one end 
built-in, in which case we might take double of the above load. The 
footuote then continues : 

L'on peut admettre analogiquement, et même, ce semble, comme un 
a/artioriy que cette barre d'un poids P, sollicitée par le choc comprimant d'un 
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corps Q tendant à y développer en un seul endroit, et comme maximum, une 
pression longitudinale éçale a E» ( - «„), s^ étant la valeur ci-après (see Art. 
406 (a)) ne fléchira pas si Ton a 



£l(Û 



lUH 



^ 



This résulta I think, extremelj doubtful, in particular when we take 
into aocount the want of accord between the Eulerian theory of struts 
and expérience: see our Arts. 957*— 961* 1255*— 1262*. The 
authors remark of the above condition that it is presque toujov/rs 
rempliey but I should be uneasj with regard to any structure where 
the above quantities had any approach to equality. 

(3) At the end of § 12 it is shewn by a process involving the 
détermination of mean values that the expression given in our Art. 406 
(a) is really a close approximation to the true resuit. This is also 
proved in Boussinesq's note attached to the memoir : see also the work 
of his referred to in our Art. 402, p. 544. 

[408.] Remarques relatives à la Note de M. Bertkot sur les 
actions entre les molécules des corps: Comptes rendue, 1884, T. 
xcix., pp. 5 — 7. 

Berthot in a memoir of 1884 (Comptes rendus, T. xcvui., 
p. 1570) had suggested the folio wing law of intermolecular force 

F{r) = Emm'^^, 

where m, m' are the masses of two molécules at distance r and 
K, r^ are constants. It is obvions that the force changes &om 
attraction to repulsion at r = r^. 

Saint-Venant remarks that in 1878 in a footnote to a memoir, 
Sur la constitution des aUymes (p. 37 : see our Art. 275), he had 
referred to a law of somewhat like form. 

In both cases the force tends to foUow the gravitational law 
when r is much greater than r^. Saint- Venant refers to the 
forms given by Poisson and Poncelet for representing inter- 
molecular force (see our Arts. 439* and 977*), but he holds that 
although such laws are suggestive, it is very unlikely that in the 
présent state of science we shall hit upon the correct one. He 

1 The memoir has -^^ for ▲/ ^ . I may note also the f ollowing errata : 

In équations (11), (12) and (13) the exponentials foUowing the eurUd brackets 
should be plaoed mside them. 

In équation (46) for first P/Q read Q/P. 
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observes that the disoovery of ite absolute form indeed is unneces» 
sary for the establishmeut of the formulae of elasticity, hjdraulics 
and electricity. 

[409.] Sur la flexion des prismes. Comptes rendus, T. en. 
1886, pp. 658—664 and pp. 719—722. This memoir by Besal 
professes to point out an error in Saint-Yenant's memoir on the 
flexion of prisms of 1856: see our Art 69. The writer notes 
that Saint-Venant fixes the direction of a rectilinear élément of 
the first face and not the direction of the first élément of the 
prismatic axis. He theu proceeds to assert that Saint-Venant 
has not taken account of the relation J7zda + P = 0: see our 
Art. 81. He endeavours to shew that this has led Saint- Venant 
to erroneous results in the case of the elliptic cross-section^ but 
he himself falls into an error in his algebra, and so gives the colour 
of an error to Saint-Venant s work. 

Boussinesq in a note in the same volume of the Comptes rendus, 
pp. 797 — 8, entitled : Observations relatives à une Note récente de 
M. Resal sur la flexion des prisme, points out Besal's algebraic 
error, and remarks that the différence between the terminal 
conditions of Saint-Venant and those proposed by Resal only 
produces a small rotation of the coordinate axes, and introduces 
no change into the expressions for the strains or stresses. 

Resal in a few words (p. 799) acknowledges his error. 

[410.] Saint- Venant died on January 6, 1886. The Président 
of the Academy on announcing his death at the meeting of the 
Academy on the llth used the foUowing words: 

La vieillesse de notre éminent confrère a été une vieillesse bénie. Il 
est mort plein de jours, sans infirmités, occupé jusqu'à sa dernière heure 
des problèmes qui lui étaient chers, appuyé pour le grand passage sur 
les espérances qui avaient soutenu Pascal et Newton (Comptes rendus^ 
T. on., 1886, p. 73). 

Short notices of his life appeared in the Comptes rendus, T. eu., 
pp. 141—7, 1886 by Phillips, and in Nature, Feb. 4, 1886 by the 
Editer of the présent volume. A fiiU and excellent account by 
Boussinesq and Flamant of his life and work, together with a 
complète bibliography of his contributions to science, was published 
in the Annales des Ponts et Chaussées for November, 1886. In 
presenting this paper to the Academy, Boussinesq said : 
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Nous avons tâché d'y rappeler, avec tous les détails que comportait 
rétendue matérielle de texte dont nous pouvions disposer, Texistence 
si bien remplie et les travaux les plus marquants du profond ingénieur- 
géomètre, notre maître à tous deux, qui a été une des gloires de l'Académie 
à notre époque et un modèle pour les travailleurs de tous les temps. 
{Comptes rendus^ T. oiv., 1887, p. 216.) 

A more popular account of Saint- Venantes life based chiefly on 
the notices in the Annales and Nature will be found in the 
Tahlettea biographiques; Dixième Année, 1888. 

[411.] Summary, In estimating the value of Saint- Venantes 
contributions to our subject, we hâve first of ail to note that he is 
essentially the founder of practical, or better, technical elasticity. 
In his whole treatment of the flexure, torsion and impact of beams 
he kept steadily in view the needs of practical engineers, and by 
means of numerical calculations and graphical représentations he 
presented his résulta in a form, wherein they could be grasped by 
minds less accustomed to mathematical analysis. At the same 
time he was no small master of analytical methods himself, and he 
undertook in addition purely numerical calculations before which 
the majority would stand aghast. His memoirs on the distributions 
of elasticity round a point and of homogeneity in a body opened 
up new directions for physical investigation, while his numerous 
discussions on the nature of molecular action hâve greatly assisted 
towards clearer conceptions of the points at issue. The hypothèses 
of modified molecular action and of polar molecular action may 
either or both be true, or false ; but we see now clearly that it is 
to the investigation of thèse hypothèses and not to the experiments 
of Oersted etc. nor to the viscous flaid and ether jelly arguments 
of the first supporters of raulti-constancy to which we must tum 
if we want to investigate the question of rari-constancy\ Saint- 
Venants foundation, on the basis of Tresca's investigations, of the 
new branch of theoretical science, which he has termed plasticO' 
dynamics, has not only direct value, but shews clearly the fallacy 
of those who would identify plastic solids and viscous fluids. The 
fundamental équations in the two cases differ in character: a 
différence which may be expressed in the words — ^the plastic solid 

1 This is well brought oui by the oomparison of Yoigt's récent memoir {G'ôttinger 
Abhandlungeny 1887) with those of the early supporters of multioonstanoy. 
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lequires a certain magnitude of stiess (shear), the Tiaoons flnid a 
certain magnitude of time fi»r any stress whatever, to permanently 
displace their partsL 

Not the least merit of Saini-Yenant's irork is the able hand of 
disciples he collected aroand him. His influence we shall find 
stroogly felt when iovestigating the work of Bonssinesq, Lëvy, 
Mathieu, Besal and Flamant He formed the Connecting link 
between the founders of elasticity and its modem school in 
France. 

The vigorous spirit, the striking mental freshness, the perfect 
bimess of his thought enabled him to penetrate to the basis of 
thiogs; the depth of his affection, his kindly foresight and 
considération, his rare personal dévotion attached to him ail who 
came in his way and stimulated them to renewed investigation 
(Flamant and Boussinesq : Notice sur la vie et les travaux de B. 
de 8t F., p. 27). 
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arches, G. et Â. p. 4; theoiy of 
oircular ribs, G. et A. p. 10 

Atomic Constitution of bodies, indivisi* 
bility of atoms, Berthelot and Saint- 
Venant on, 269 ; Boscovich andNewton 
on atoms, 269 ; Saint-Yenant^s long 
memoir on, 275 — 280 

AUnns: see also Intermolecular Action; 
Saint-Veuant^s arguments that they 
are without extension, 277 — 80 

Axes, feathered, strength of, 177 (c) 

Axes ofElasticity : see Elasticity, Axes of 

Babinet, his proof of velocity of pressurai 
or Sound wave, 219 

Bar : see Flexure of. Impact on, etc. 

Beam : see Rolling Load on. Torsion of, 
Flexure of. Impact on, etc. ; of strong- 
est cross-section, 176, 177 (b); form- 
ulée for stress-strain relation for, when 



stretch and squeeze moduli are un- 
equal, 178; rupture of, deduoed from 
empirioal relation between stress and 
strain, Saint-Venant's and Hodgkin* 
son's formulae, 178 

Beam- Engine, stress in beam, 358; 
danger of certain speeds of fly-wheel, 
359 

Bending-moment, safe limit of, for non- 
symmetrical loading, 14 ; in terms of 
shear, 319 

BemaulU-EuUrian formulae for flexure, 
71, 80 

Berthot, on law of intermolecular action, 
408 

Bertrand, reports on Saint-Venant's 
memoir on transverse impact, 104 

Binet, on elastio rods of double curva- 
ture, 155 

Blanchard, experiments on material 
under great pressure, 321 (5), 50 

Boiler, Cylindrical, proper dimensions 
for spherical ends of , 125 

BoUzmann, on longitudinal impact of 
bars, 203 

Boscovich, histheory of atoms,p. 185,280; 
deprived atom of extension, 269 

Boussinesq, proyes conditions of com- 
patibility for given System of strains, 
112; proves ellipsoïdal distribution 
for amorphic bodies subject to perma- 
nent strain, 230 ; points out error in 



^ This index will be incorporated in that for the entire second volume on its 
oompletion. 



286 



INDEX. 



Saint-Venant'B memoir of 1863, 238 ; 
on stability of loose earth, 242 ; Saint- 
YeDant's views on bis theoiy of light, 
265; analysis of his researches by 
Samt-Venant, 292 ; solves problem of 
longitudinal impact of bar in finite 
terms, 297, 401 — 2 ; his Tiews on thick 
plates, 322, p. 2^, 335 ; his application 
of potential to tbeory of elasticity, 
338 ; his détermination of local stretcfa 
prodnoed immediately by small weigfat 
with great velocity striking a bar 
transTersely, 371 (iy); his assnmp- 
tion in theoiy of thm plates, 385 ; lus 
controyersy on thin plate problem 
with Lévy, 397 ; corrects an error of 
Besal's with regard to flexore of 
prisms, 409 ; pabUshes with Flamant 
a life and bibliography of Saint- 

. Venant, 410 

Bresse f on elastic onrve of rods of double 
ourratnre, 491 ; his treatment of 
elastic rods oommended by Saint- 
Venant, 153 ; his formula for beams 
with varying stretch-modulus, 169 (e) ; 
gives an approximate treatment of 
sUde due to flexure, 183 (a) ; gives exact 
solution for long train continuously 
Crossing a bridge, 382; on the core, 
G. et A. p. 3 

Brilly points out error in Saint- Venantes 
memoir of 1863, 239 

Briot^ Saint- Venantes views on his theory 
of light, 265 

BriXf ou strength of railway-rails, C. et 
A. p. 11 ; on fail-points of uniformly 
loaded beams, C. et A. p. 12 

Buckling Load of struts under dead load, 
11; under impact, 407 (2), error in 
Vol. I. corrected, G. et A. p. 2 

Caoutchouc^erth.emï*B and Glapeyron's 
experiments oif, 192 

Cauchyt reports on Saint- Venantes Tor- 
sion memoir, 1 ; suggests variation of 
angle of torsion across cross-section 
of prism, 20; on torsion of prisms 
of rectangular cross-section, 25, 29 ; 
his erroneous method of dealing with 
flexure, 75, 316 ; his gênerai équations 
for stress in terms of strain, when 
there is initial stress, 129 ; criticism 
of his déduction of stress-strain rela- 
tion, 192 (a); conditions for double 
refraction, 195 ; error in his theory of 
impact of bars, 204; his ellipsoids, 
226; Saint- Venantes views on his 
theory of light, 265 ; on contour con- 
ditions for thin plate, 394 — 6 

Cernent, rupture of, 169 {c) 



CerruH, on application of potential to 
theory of elasticity, 338 

Clausius, discussion on his views as to 
elastic constants by Saint- Venant, 
193 ; on after strain etc., 197 

Clebschf uses wrong limit of safety, 
5(c); combines Saint- Venantes flex- 
ure and torsion problem s, 17 ; discos- 
sion on his views as to elastic con- 
stants by Saint- Venant, 193; as to 
torsion, 198(/); his treatise on elas- 
ticity translatai by Flamant and 
Saint- Venant and annotated by latter, 
298 ; his treatment of limit of safety, 
320 : and of thin plates, oriticised by 
Saint- Venant, 383 

Coefficient: see Elastic Coefficient; of 
cÇ^amic elasticity, 209, 217 

Coefficients, Homotatic, 136 

Collet-MeygreVs experiments refexred to, 
169 (e) 

Comhinaiion of 8 trains: see Strain, Corn- 
bined 

Compatibility of given System of strains, 
conditions for, 112, 190 (c) ; proved 
by Boussinesq, 112 

Constants, Elastic: see oXao EUistic Coef- 
ficients; controversy about, 68, 192, 
193, 196, 197 ; equality of cross-stretch 
and direct-slide, on rari-constant 
hypothesis, 73 

Coriolis, on longitudinal impact of bars, 
204 

Cornu, his experiments on elastic con- 
stants, 235, 269, 282, 284 

Coulomb, comparison of Saint- Venant 
and Goulomb's torsion-results, 19 

Cox, on impact, 165 ; his method of 
dealing with impact considered by 
Saint- Venant, 201 ; his hypothesis for 
transverse impact of bars, 344, 366, 
368—371 

Cross-stretch Coefficients, how effected by 
set, 194 

CrystalUsation, Confu^ed, 115, 192 (d) ; 
Gauchy's hypothesis as to, 192 {d) 

Cylindrical Coordinates, équations of 
elasticity in, p. 79 ftn. 

Cylindrical Shell subjected to surface 
pressures when its material has cylin- 
drical elastic distribution, 120; con- 
ditions for longitudinal or latéral 
failure, 122 ; when elastic distribution 
is ellipsoïdal, 122 

Desplaces, his experiments referred to, 
169 {e) 

Double Refraction: see also Light; as to 
pressurai wave, 101 ; Green^s theory, 
147, 193, 229 ; Saint-Venant on con- 
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ditioiiB for, 148—9, 164; Green's, 
Cauch/s and Saint-Venant's views, 
193—5 
Dtdeau, his expérimenta on torsion of 
bars of circular and square cross- 
seotion, 31, 191 

Ecuton and Amos, their experîment, 164 

Écrouissage defined, 169 (b) 

Eioêtic Coefficients, terminology for, p. 
77 ftn.; in any direction expressed 
Bvmbolically, 133 ; for a material with 
tnree planes of elastio synunetiy, 307 ; 
for amorphio bodies, 308; for eqaal 
transverse elastioity, 308 (a); wood 
does not admit of ellipsoidal condi- 
tions, 308 (a); expressions for, in terms 
of initial stress, 240 ; effect of initial 
stress on stretch-modulus, 241 ; for 
bodies possessing varions ^ypes of 
elastic symmetry, 281 — 2; for amor- 
phio bodies, 282 (8j; expérimental 
methods of determimng, 283 

Elastic Curve for rods of double curva- 
ture, 291 

Elastic Equations, unique solution of, 6, 
10 

Elastic Homogeneity, DistrilmHon of, 
symmetrical about three planes, 
117 (a) ; isotropic in tangent plane to 
surface of distribution, 117 {b); for 
amorphio body, 117 (c) ; for rari-con- 
stant amorphio body, 117 (d) ; ellip- 
soïdal distribution, 117 {c) : see also 
EUipsoidal Distrilmtion 

Elastic Line, when flexure is not small, 
172 ; elementary proofs of équation to, 
due to Poncelet, 188 ; at buÛt-in ends 
of beam or oantilever has abrupt 
ohange of slope, 188 

Elastic Modulus: see Stretch-Modvlus 

Elasticity, gênerai theoiy of, 4, 72, 190, 
224; linear, as distmguished £rom 
perfeot, p. 9 ftn. ; of cast, rolled and 
forged bodies, effeots of working on 
elastio homogeneity, 115; short his- 
tory of, by SJaint-Venant, 162; limit 

. of linear, 164 

Mlasticity, Axes of, 135, 137 (iii), 137 (vi); 
p. 96, ftn. 

Slasticity, Distribution of, round any 
point of a solid, 126, 127 et seq,, 135 ; 
symbolioal method of treating, 198 {e) 

Elasticity, General Equations of, in ourvi- 
linear coordinates, 118 ; in cylindrical 
ooordinates, p. 79 ftn.; in spherical 
coordinates, p. 79 ftn.; expressed 
Bymbolioally, 134 ; with initial stress, 
with large Aiïîta, 190 (c); hâve unique 
solution, 198 (b) ; deduoed from mole- 



oular considérations, 228; involving 
initial state of strain, 237 

Ellipsoidal Conditions, in terms of thlip- 
sinomic coefficients, 311 

Ellipsoidal Distribution, 198 («); adopted 
for drawn or rolled metals, stone, etc. , 
282 (8), 117 (c) ; for amorphio bodies, 
230; application of potentialof second 
kind to équations of elasticity when 
this distribution holds, 140, 235 ; re- 
dnces tasinomîc quartic to ellipsoid, 
139; holds for amorphio solids, for 
forged, drawn and rolled materiais, 
142; proof of this on rari-constant 
lines, 143; practically identical with 
Gauohy-Saint-yenant conditions for 
propagation of light, 149 ; applied to 
wood, 152; but does not hold, 308 [b) ; 
strain-energy for, 163 

Ellipsoids of Cauchy, 226 

Emerson^s Paradox, 174 

Energy, Conservation of, assumptions 
made in ordinary proofs of, 303 

Enervatian, defined, 169 (b) ; 175 

Equations of Elasticity: see Elasticity, 
General Equations of 

Euler, on problem of plate, 167 

Fail-Limit : see also Fail-Point, gênerai 
équation for, 5{d); expérimental dé- 
termination of relation between shear- 
ing and tractive, 185; in case of 
combined strain, 183; modified for- 
mula for, 321 {c) 

Fail-Point =Foncë[efB point dangereux, 
5 (e) ; in case of torsion it lies near- 
est to axis of prism, 23 ; relation to 
Yield-Point, 169 (g) ; for flexure, 173, 
177 (a) not necessary at point of great- 
est stress, C. et A. p. 9, (b) and (c) ; 
of feathered axis, 177 {e) ; for torsion, 
181 {e); for a oantilever, 321 [d) ; of 
uniformly loaded beam, G. et A. p. 
12 

Fatigue, of a material, 169 (g) 

Flamant, translates Clebsch with Saint- 
Venant, 298 ; writes memoir on longi- 
tudinal impact with Saint-Venant, 
401; on absolute strength, p. 117 
ftn.; publishes with Boussinesq a 
notioe of Saint- Venant, 410 

Flexure, some results for, given in 
Torsion Memoir, 12 ; when load plane 
is ooe of inertial symmetry of cross- 
sections of prism, 14 ; for prisms of 
rectangular and eÛiptic cross-sections, 
14; distortionof cross-sections, 15; of 
prisms, Saint- Venant 's chief memoir 
on, published, 69; list ofauthorsdealing 
with subject of, before Saint- Venant, 
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70 ; straigtfa of beams nndcr akew, 65 ; 
Bemonlli-Eiilemii fommlae for, 71, 
80; Poiason and Caoehy, emneom 
tbeofy ofl^ 75; gen«nl equalioiiB ut, 
Samt-Yenaai'a ftwampiionB, 77 — ^79, 
190 (d); int^gmiioii of genenl eqaM- 
iknis, 82—4; eaon of BemofiDi- 
Enleriaii tbeoiy, 80, 170; limhed 
nature of load-ajslem admitted by 
Saint-Venuit, 80-«l ; fonn of dis- 
torted eioai ■cctionB, 84, 93 and 
frontîspieee ; total defleetion, 84; 
tieatment of apedal cases, 85 ; eroas- 
seeiion an dl^se, 87, 90 (î) : a eirde, 
87, 90 (ii): a Calse eUipse, €0, 88: a 
reetang^ 03, 9^—6 ; ddleetûm when 
slide is taken înto aeooimt, 96; dis- 
tortûm of ooss-seetion, 97 ; of prism 
wiih any eross-section, 98; oompariaon 
of SÉÛnt-Venant's and tfae oïdinaiy 
tbeoi7offleziue,91; elementaiyproof 
of fonnnlae, 99 ; load not in plane of 
inertial symînetryof cross-section, 171; 
position of nentral Une and * dévia- 
tion,' 171 ; elastic line, when flezore 
not small, 172 ; rupture by, and fail- 
point in case of, 173; of beun of ffieat- 
est strength, 177 (h) ; when stretch- and 
sqneeze-moduli are uneqnal, 178 ; de- 
mentaiy discussion of, 179; combined 
with torsion, 180, 183; approximate 
methods for flexund slide, 183 (a); 
producing plasticity, 255; history of 
problem, 315 

FlùWf ol ductile solid, 233: see also 
PUuHeity 

Fly-whâel, of steam-engine, danger of 
certain speeds for, 359 and ftn. 

Fremel, his wave-surface, Gauchy-Saînt- 
Venant conditions for, 148 — 9 

FrietUm, RoUing^ ezplained on theory of 
elasticity, 156 

Galopin, on double-refraction, 154 
General Equations ot elasticity: see 

Elasticity y General Equations of 
Generalised HoolWs Law: see Éoohe*s 

Law 
Germain, Sophie, on problem of plate, 

167 

Glazebrook, critûnses Saint- Yenant's 
viewB on light, 147, 150 

Greev, Saint-Tenant acoepts his ré- 
duction of 36 to 21 constants, 116; on 
Initial stress, 130, 147 ; his conditions 
for propagation of light, 146; his 
theory of double refraction criticised, 
147, 193, 229, 265 ; eriticism of his dé- 
duction of stress-strain relation, 192 (a), 
193 ; on a possible modification of 



fonn for stnin-enogy, p. 903 fia.; 

finielion (stiain-energy) dedoeed 

from raii-eonÎBtaney by LagraDga's 



flaffli, his expérimenta on streldi- 
modnhis of wood, 153, 198 (e), 308 (a) 

Ham bmg er, on longitudinal impact of 
bars, 2(», 310, 314 

Hamgkiem, d is c ov ers Taainotnio Quart», 
136: Orihotatic EHipsoid, 137; dis- 
enssîon on his Tiews as to dastie 
constants by Saint-Yenant, 193; his 
ezperiments on impact, 317 

HamswÊomnger, on longitudinal impact 
of bars, 209 

Heat^ attempted explanation by trana- 
lationàl vibrations of moleeidee, 68; 
ezplanation of its effeet in jJîlâtSwg 
bodies, and the nature of coefficient 
of dilatation, 368; stretch due to 
thennal -vibration, 368 ; thennal effeet 
dépends on deriTstiTes of second order 
of fîmction gîving inteimoleeular 
action, 268 ; diagram of possible law 
of inteimoleeular action, p. 179; 
phenomena o^ aocounted for by 
moleeular translational vibration, 371 ; 
theory does not appear in acooidance 
with spectral phenomena, 271; dé- 
duction of pressure on surrounding 
envelope from tlûs theory, 273 ; Saint- 
Yenant rejeets kinetic theory of gases, 
273 

Hermite, reports on Saint- Yenant^s me- 
moir on transverse impact, 104 

Heterotatic Surface, 137 (▼) ; has no 
existence under rari-constancy, ibid. 

Hodgkinson, his ezperiments on stretch- 
modulus referred to, 169 (e) ; on 
Emerson's Paradox, 174; his expéri- 
mente on beam of strongest cross- 
section criticised by Sakit-Yenant, 
176 ; his empirical formula for longi- 
tudinal impact confirmed by Saint- 
Yenant's theory, 406 p) 

HoUow Prisms, torsion of : see Torsion 

Homogeneity, defined by Gauohy, 4 {tf) ; 
semi-polar distribution o^ 4 (17) ; dif- 
férent distributions of, defined, 114; 
spherical cylindrical, n-ic distribu- 
tions, 114—115 

Homotatic coefficients, 136 

Hooke's Law : see also Elasticity, Linear ; 
generalised, 4 U), 169 (d) ; reasons 
for, 192 (a); Morîn's experiments 
on, 198 (a) ; Saint-Yenant appeals for 
proof to rari-constancy, 237 ; deduo- 
tion of, 299 

Hopkins, his formulae for shear proved 
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hy Potier, Eleitz, Lévy and Saint- 
Venant, 270 
Hugoniot, on impact of elastic bar, 841 

Impact^ faistory of theory of, 165 
Impactf Longitudinal of Bar, 202, 203 ; 
history of problem, 204; Thomson 
and Tait's, Bankine's proofs of spécial 
problems, 205 ; of bars of same section 
and material, 207 — 8 ; comparison of 
Saint-Venant's results with Newton 's 
for sphères, 209; diagrams of com- 
pression, etc., pp. 141 — 2; Voigt and 
Hamburger's results disagree with 
Saint-Venant's theory, 210, 214; 
Yoigt's ** elastic couch," 214; of bars 
of différent cross-section and material, 
211 — 213; doration and termination 
of impact, 216 ; loss of kinetic energy, 
209, 217; Haughton's experiments, 
217; elementary proof of results, 218; 
of two bars, one very short or very 
stiff, 221 ; of two bars in the form of 
cône or pyramid, 223; of bars of 
différent matter, one free and the 
other with one terminal fixed, 295; 
solution for case of impelUng bar 
being very short or rigid, 296 ; solution 
in séries corresponding to that of 
Navier and Poncdet, 296 ; solution in 
finite terms, 297; of elastic bar, by 
rigid body, 339—341; history of 
problem, 340 — 1; Young's Theorems, 
340 ; contributions of Navier, Poucelet, 
Saint- Venant, Sébert, Hugoniot and 
Boussinesqto problem, 341; graphical 
représentation of, by Saint- Venant 
and Flamant, 401 — 407 ; Boussinesq's 
solution of the problem, 401 ; duration 
of blow, 403 ; shifts at varions points 
of bar, 405 ; stretches at varions points 
of bar, 405; maximum shifts and 
squeezes, 406; repeated impact, 407 (1) ; 
tendency of impelled bar to buckle, 
407 (2) 
Impact, Transverse of Bar, 63, 104, 200, 
■ 231, 342, 361; report on Saint- Ve- 
nantes memoir on, 104; relation of 
Saint- Venantes researches to those of 
Gox and Hodgkinson, 104 — 5, 107; 
analytical solutions for vibrations of 
bar with load attached, when a blow 
is given, 343 — 354; Cox's hypothesis 
for transverse impact, 344 ; transverse 
beam, struck horizontally, 346 — 348 ; 
functions required when beam is not 
prismatic, 349 ; beam doubly-built-in, 
850; cantilever receiving blow at free 
terminal, 351; non-central blow on 
doubly-supported beam, 352; case of 

S.-V. 



free bar with impulse at both ends, 
353; with impulse at one end, 355; 
carrying a load at its mid-point and 
load receiving blow, 855 — 6 ; nu- 
merical solutions for, case of doubly 
supported bar centrally struck, 362; 
représentation by plaster model, 361 ; 
nature of defleotion-curves, 362; de- 
flections tabulated, 863; maximum 
stretcb, 863 ; Young's theorem nearly 
satisfied, 363 (cf. Vol. i. p. 895); 
Saint-Venant's remarks on the direc- 
tions required in future expérimental 
research, 364; vertical impulse on 
horizontal beam, 365; hypothesis of 
Cox compared with theory which 
includes vibrations, 366; true for 
deflections, not for curvature, 366, 
371 (iii) ; mass-coefficient of resilience 
7 determined for a variety of impulses 
to bar, 867 — 8; gênerai value of 7, 
368; gênerai value of deffection in 
terms of 7, 368 ; approximate value 
of period of impulsive vibration, 369 ; 
beam projecting over points of support 
and struck at centre, 370 (b) ; *' solid 
of equal résistance" for central impact 
on beam, 370 (c); maximum stretch 
as deduced by Cox's method inexact, 
its true value for several cases, 871 (iii) ; 
stretch due to impact of small weight 
with great velocity, 371 (iv) 

Impulse, Gradtuil: see Impact and Resi- 
lience 

Impulsive Deflection, formula for, e.g. in 
case of carriage springs, 871 (ii) 

India Rubber: see Caoutchouc 

Inertia, moments of, for trapezia and 
triangles, 103 

Initial- Stress : see Stress, Initial 

Intermolectdar Action, as function of 
intermolecular distance, 169 (a) ; dia* 
gram of possible law of, p. 179 ; Newton 
treated it as central, 269; sums of, 
difficnlty in dealing with. Poisson and 
Navier's errors, 228; hypothesis of 
modified action and influence of aspect 
on, 276; Boscovichian theory does 
not admit of aspect, but does of 
modified action, p. 185 ; change of 
sign in, 276 ; modified action leads 
to multi-oonstancy, p. 185; Newton 
and ClausiuB consider it a function 
only of distance, 300 ; influence of 
aspect on, 302-306 ; argument against 
modified action £rom small influence 
of astral on terrestrial molécules, 305 ; 
forms for law of , suggested by Berthot 
and Saint- Venant, 408, Weyrauch on 
law of, C. et A. p. 1 

19 
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Iron^ torsion of prism of, with skin- 

cfaange of el&stioity, 186; rupture of, 

321 (6), 30 
Iron^ Cdsty rupture of, 169 (c); safe 

tractions for, 176 
IroTit Wroughty safe tractions for, 176^ 

or in plate, how effected by continuous 

Tibration, 364, 3» 
Iran Commissioners* Report^ 344, 371 (i) 
Isotropic Bodies, rarety of, 115 
Isotropyy defined, 4 (1;) ; its rarety, 4 (i) 

Jouravskiy on approximate treatment of 
slide due to flexure, 183 (a) 

Kant, Saint- Venantes criticism of his 

antimony, p. 187 ftn. 
Kennedy, A. B, W,, experiments on 

rupture by pressure, p. 215 ftn. 
KinematicSy elastic déformations treated 

kinematically, 294 
KinetiC'Energy, loss of by impact, 209, 

217 
Kirchhoffy adopts a suggestion of Saint- 

Venant's, 11 ; on problem of plate, 167 ; 

discussion on his views as to elastic 

constants by Saint<Venant,193,196 ; as 

to flexure of rods, 198 ; his assumptions 

in dealing with flexure problem, 316 ; 

on contour conditions for thin plate, 

394 

Lagrangey on elastic rods of double 
curvature, 156 

liaméj reports on Saint-Venant's Torsîon- 
Memoir, 1 ; gives expression for slide in 
any direction, 4 (5) ; uses wrong limit 
of safety, 5 (c); reports on Saint- 
Venant' s memoir on transverse im- 
pact, 104; Saint-Venant on his results 
for oylindrical boiier, 125; his views 
on propagation of light, 146; criticism 
of his déduction of stress-strain re- 
lation, 192 (a); his définition of 
stress, 225; Saint- Venant's views on 
his theory of light, 265 

Lamé and Glapeyrony conditions for rup- 
ture, 166 

Law8 of Motion, how far legitimately 
applicable to atoms, 276 and ftn., p. 
185 ftn., 305 

Lefort, Beport by Saint- Venant, Tresca 
and Besal on a memoir by, 266 

Lévyy on stability of loose earth, 242; 
establishes gênerai body-strees équa- 
tions of plastioity, 243, 215, 250; his 
gênerai équations of plasticity cor- 
rected by Saint- Venant, 263 — 4; his 
method of flnding central deflection 
for circular plate anyhow loaded, 336 ; 



his assumption in theory of thin 
plates, 385; on contour conditions 
for thin plate, 394; his views on 
plates criticised by Saint- Venant and 
Boussinesq, 394, 397 

Light: see also Double Refraction; re- 
lation to elastioity, 101; propagation 
of, when ether has initial stresses, 
145 — 6; theory of. Saint- Venant's 
paper on varions hypotiiesis as to, 
criticism of views of Cauchy, Green, 
Briot, Sarrau, Lamé and Boussinesq, 
265 

Live-Load: see Rolling-Load 

Load, équivalent statical Systems of, pro- 
duce same elastic strains, 8, 9, 21, 100 ; 
repeated, how effecting materials, 364 

Mariêy his history of mathematies, 162 
and ftn. 

Mariottey on stretch limit of safety, 5 (c) 

Mathieuy his discussion of potential of 
second kind, 235 

Matter, cannot be continuons, 278. 

Maxwell, discussion on his views as to 
elastic constants by Saint- Venant, 193, 
196; his views on stress-strain rela- 
tions, 227 

Membrane, équation for transverse shift 
of, 390 

Metals, generally amorphic and thus 
hâve eUipsoidal elasticlty, 144 ; drawn 
or roUed, elastic constants of, 282; 
stress formulae and elastic constants 
for, 314 

Metatatic Axes, treatment of, byBankine 
and Saint- Venant, 137 (vi) 

Modèle, in relief for torsion, p. 2, 60; 
for transverse impact of bars, 105, 
361; for vibrating string, 111 

Modified Action: see Jntermolecular Ac- 
tion 

Moduli, Elastic, in tenus of 36 constants, 
53 

Modulus foT Elastic Plate, 385 : see also 
Stretch Modulus, Slide-Modulus 

Moigno, Saint- Venant contributes chap- 
ters on elasticity to his Statique, 224 

Molécules: see also Intermolecular Ac- 
tion; translational vibrations of, used 
to explain heat, 68 ; size of according 
to Ampère, Becquerel, Babinet, Sir 
William Thomson, p. 184 

Moments of Inertia,Y&hi6a of, for triangles 
and trapezia, 103 

Multi-comttancy, remarks on, 4 (^), 192, 
193, 196, 197 ; results from hypothesis 
of modified action, p. 185 

Miittrich, his experiments on nodal linea 
of square plates, C. et A. p. 4 
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Navier, gives formula for value of stretch, 
(kJ in any direction, 4(8); bis lectures 
edited and annoted by Saint- Venant^ 
160; on summing intermolecular ac- 
tion, 228; on impact of elastic bar, 
341 ; bis memoir on rectangular tbin 
plates, 899 

Neumann, C«, discussion on bis views as 
to elastic constants by Saint- Venant, 
193; bis method of finding strain- 
energy, 229 

Neumann, K, first détermines stretab- 
modulus quartic, 151 ; remarks on tbis 
quartic, 309 ; error in Vol. i. about tbis 
quartic corrected^ p. 209 ftn. ; on longi- 
tudinal impact of bars, 203 

Neutral Line, distinguisbed from neutral 
axis, p. 114 ftn.; for âexure under 
asymmetrical loading, 171 

Newton^ bis experiments on impact, 209 ; 
bis proof of yelocity of sound, 219; 
treated intermolecultu: force as central, 
269 

Orthotatic Axes, 137 (iii) ; Green*s condi- 
tions for, in case of etber, p. 96 ftn. 

Orthotatic Ellipsoidàiscoyeredhj Haugb- 
ton, named by Bankine, 137 

Persyt on skew loading of beams, 65, €. 
et A. p. 9 

Phillipsy on impact, 165; bis solution 
of problem of rolling load, 372 — 3; 
error in bis analysis, 377 ; writes notice 
of Saint-Venant, 410 

PiezometeTt elasticity of, 115, 119, 121; 
in form of spberical sbell, 124; ex« 
periments on copper and brass, dis- 
cussed, 192 {b) 

Piobert, reports on Saint- Venantes Tor- 
sion memoir, 1 

PUuticity, 169 {b); flow of plastic solid 
tbrougb circular orifice, 233; coeffi- 
cients of résistance to plastic slide and 
stretcb equal, 236 ; name used in tbis 
vfork îorplastico'dynamicê f2iS; tran- 
sition from elasticity to, is tbere a 
middlestate? 244, 257; gênerai équa- 
tions of, 245, 246, 250; Tresca's ex- 
périmental laws of, 247 ; Saint- Venant 
deals witb uniplanar équations of, 248 ; 

. difficulty of solving équations of , 249 ; 
équations for cylindrical plastic flow, 
252; équations of uniplanar plastic 
flow reduce to discovery of an auxili- 
ary function, 253 ; surface conditions 
of, 254 ; due to torsion of rigbt-circular 
cylinder, 255 ; due to equal âexure of 
prism of rectangular section, 256; 
plastic pressure is transmitted as in 



fluids, 259; of a rigbt circular cylin- 
drical sbell subjected to internai and 
external pressure, 261; same sbell witb 
outer surface rigidly fixed. Saint- Ve- 
nant obtains results dififering from 
Tresca's, 262 ; Saint- Venant corrects a 
resuit of Lévy's for tbe gênerai équa- 
tions of, 252, 263 — 4; need of new 
experiments on, and metbod of making 
tbese, 267; insuffieiency of Tresca's 
mode of dealing witb tbeory of, 267 
Plastico-dynamics : see Piasticity 
Plate j torsion of, 29; rolled, is amor- 

pbic, 115 
PUiteiy ElaatiCy bistory of problem, 167 
Plates^ Thick, Saint- Venant and Bous- 
sinesq's researcbes, 322 — 337; rect- 
angiUar plates, simple cylindrical 
flexure, 323: double cylindrical flex- 
ure, 324 — 325; subjected laterally to 
sbearing load, 326; circular plates, 
symmetrical loading, 328, 335; sub- 
ject to latéral sbearing load, 329; 
circular annulus, 328 — 330; complète 
plate resting on rim of a dise, 331, 333 ; 
criticism of Saint- Venant's solution, 
331 ; circular plate centrally support- 
ed, deflection etc., 332; deflections for. 
complète plate yariously loaded, 334; 
complète plate, deflection of, for any 
System of loading, 335 — 6 ; Lévy's prin- 
ciple, 336; assumptions of tbeory, 337 
Plates, Thin, 383—399; Saint- Venant 's 
criticism of Clebscb's treatment, 383; 
déduction of gênerai équations, 384; 
assumptions necessary, 385; argu- 
ments in favour of assumptions, 386; 
criticism of tbese arguments, 387; 
furtber expression of tbe assumptions, 
388; advantage of tbis metbod of 
dealing witb problem over tbat wbicb 
assumes form of potential energy, 
388 ; criticism of Lord Rayleigb's, and 
Tbomson and Tait's mode of dealing 
witb problem, 388; équation for trans- 
yerse sbift, 385 ; équations for longi- 
tudinal sbifts, 389; contour-condi- 
tions, 391 — 394 ; Saint- Venant adopts 
Tbomson and Tait's reconciliation of 
Poisson and Eircbboff, 394; bis views 
on Lévy*s objections, 394, 397; re- 
marks on bis views, 394; Spécial 
Cases, circular plates, contour (i) 
rests on a ring or (ii) is built-in, 
uniform surface load, 398 (i) and (ii) ; 
rectangular plates, uniform load and 
isolated central load, 399 (a) and (b) 
Plates, Vibrations of, nodal lines of 
square plates determined by Mîittricb, 
C. et A. p. 4 
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PaisiOfit erroneous method of dealing 
with flexure, 76, 316 ; on problem of 
plate, 167 ; criticism of his déduction 
of stress-strain relation, 192 (a) ; error 
in his theory of impact of bars, 204 ; 
on Bumming intermolecular actions, 
228; on contour conditions for thin 
plate, 394—6 

Ponceletf reports ox> Saint-Venant's Tor- 
sion-Memoir, 1; reports on Saint- 
Yenant's memoir on transverse impact, 
104; on rupture 164, 169 (c); on 
elastic Une, 188 ; on impact of elastic 
bar, 341; bis Mécanique Industrielle 
C. et A. p. 10 

Potential, and potential function, history 
of origin of terms, 198 (c) ; of second 
kind in the solution of elastic équa- 
tions, 140, 235 

Potier, proves Hopkins' formula for sbear 
anew, 270 

PrUm, torsion of: see Torsion^ flexure 
of, see Flexure; see also Strain^ Corn- 
hined 

Railway Rail^ torsion of, 49 (c) ; absolute 
strengtb under flexure, C. et A. p. 11 

Rankine, his terminology for elastic co- 
efficients, p. 77 ftn. ; Saint-Venant on 
his paper on axes of elasticity, 136; 
on Tasinomic Quartic, 136 ; on Ortho- 
tatic Ellipsoid, 137 ; on Metatatic Axis, 
137 (vi) ; Saint-Venant uses his sym- 
bolic method, lli8; on longitudinal 
impact of bars, 206; on stability of 
loose earth, 242 

JRari-constan^y,' 68 : see also Constants, 
Elastic; a property of bodies of con- 
fused crystalliHation, 72; equality of 
cross-stretch, and direct-slide coeffi- 
cients on hypothesis of , 73 ; arguments 
in faveur of, 306 

Bayleigh, Lord, on thin plate problem, 
388 ; on normal functions of bar, 349 

Refraction, quasi-normal or pressurai 
wave, 150 

Regnault, explanation of anomalies in 
his piezometer expérimenta, 115, 119, 
121, 192 (b) 

Reihell, his experiments on wooden 
arches, C. et A. p. 6 

Renaiidot, on impact, 166 ; contributions 
to problem of rolling load, 372 ; deals 
with problem of continuons rolling 
load, 381 

RenniCt on Emerson's Paradox, 174 

Resal, on elastic curve of rods of double 
curvature, 291; on supposed error in 
Saint- Venantes flexure-theory, 409 

Re»ilience, 363 — 4: see also under Im- 



paet; history of theoiy of, 166; mo- 
dulus of, 340 (ii) 

Resilience, Transverse, of Bar. (Graduai 
Impulse,) Vertical bar carrying a 
weight at its mid-point and acted on 
by constant force, 367 (a) ; force some 
function of time, 367 (b); same bar 
Bubjected to sudden small shift of mid- 
point, 367 (c) ; small shift a function 
of time, 367 {d) ; beam of beam-engine 
subjected to periodic impulse, 368; 
on danger of certain speeds for fly- 
wheels of such engines, 369 ; mass-co- 
effioient of , in a variety of problems of 
impact, 367 — 70 ; a gênerai expression 
for its value, 368 ; for carriage springs, 
371 (ii) : see aUo under Impact 

Résistance, Solid of EquaU for cantilever, 
66, case (4); for beam, under impact, 
370 (c) 

Rigidity, flexural, of beam, C. et A. 
p. 8 (a) 

Rod, see also Beam; with axis in curve 
of double curvature, views of Saint- 
Venant, Poisson, Wantzel, Binet, La- 
grange and Bresse on elasticity of, 
163, 166 

Rolling-Load on beam or girder, 372; 
PhiUips' solution corrected by Saint- 
Venant, 373 — 76 ; bending-moment, 
376; deflection, 376; history of pro- 
blem, 372, 377; Saint- Venant takes 
account of periodic terms, 378 — 380 ; 
extension of problem to the case of 
continuons load by Benaudot, 381; 
Bresse on very long train crossing very 
short bridge, 382 

Roof'Trusses, history of, C. et A. p. 6 

Rupture: see also Strength, Absolute; 
and Safety, Limit of; conditions for, 

4 (7), 6 (a); gênerai conditions for, 

5 (d), 32; history of theory of, 164; 
Poncelet on, 164, 169 (c), 321 (6); 
conditions for, used by Lamé and 
Clapeyron, 166; by compression, 169 
(c) ; of cast iron, of cément, 169 (c) ; 
condition for, with skin-change of elas- 
ticity, 169 (/) ; for wooden prism with 
variation in stretch-modulus, 169 (/) ; 
behaviour of a material up to, 169 (g) ; 
by flexure, 173 ; relations between con- 
stants of instantaneous and ultimate, 
175 ; for flexure of beam with loading 
in plane of inertial asymmetry of 
cross- section, 177 (a) ; experiments by 
Blanchard, Kennedy and others on 
rupture by compression, 321 {b) and 
ftn. ; ratio of coefficients of, by pres- 
sure and tension, 321 (b) 6^ ; of arches, 
Ardant's formulae for, G. et A. p. 7 
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Safettfy Factor of, 1/10 in France aâd 
1/6 in England, 321 (6) 

Safety, Limit of, properly measnred by 
stretch and not traction, 6 (c); rela- 
tions between safe tensile and com- 
pressive stresses for wood, cast iron, 
wrought iron, 176; Olebscfa's assump- 
tion of stress limit, 820; oomparison 
of stress and stretch limits, the latter 
generally on the side of safety, 321 (a), 
321 (d) 

Saint' Venant, Mémoire and Notes: Chief 
memoir on Torsion of prisms (1855), 
1 — 61 ; note on flexure of prisms, 
(1854), 62; notes on tranverse impact 
of bars (1864), 63, (1857) 104—7, 
(1865), 200; chief memoir on flexure 
of prisms (1856), 69 — 100; notes on 
theory of Ught (1856), 101, (1863) 154, 
(1872) 265; notes on yelooity of 
Sound (1856), 102, (1867) 202; note 
on moments of inertia (1856), 103 ; 
notes on torsion (1858), 109, 110, 
(1864) 157, (1879) 291; note on vi- 
brating cord (1860), 111; note on con- 
ditions of compatibility (1861), 112; 
note' on number of unequal elastio 
coefficients (1861), 113; memoir on 
diverse kinds of elastic homogeneity 
(1860), 114—126 ; memoir on distri- 
bution of elasticity round a point 
(1863), 126—152; notes on elastio 
Une of rods of double curvature (1863), 
153, 155; memoir on roUing friction 
(1864), 156 ; note on strain-energy due 
to torsion (1864), 157; notes on kine- 
matics of strain (1864), 169, (1680) 
294; annotated édition of Navier's 
Leçons (1857—64), 160—199 ; note on 
loss of energy by impact (1866), 201, 
202; memoir on longitudinal impact 
of bars (1867), 203—219; notes on 
longitudinal impact (1868), 221—2, 
(1868) 223; (1882) 296—6, 297; 
contributions to Moigno's Statique 
(1868), 224—229; memoir on amor- 
phic bodies (1868), 230—232; papers 
on plastioity (1868), 233, (1870) 236, 
(1871) 243, 244, 245—257, (1872) 
268—264, (1875) 267; note on stresses 
for large strains (1869), 234; note on 
application of potential of second kind 
to elastic équations (1869), 236; me- 
moir on initial stress, strain and dis- 
tribution of elasticity (1871), 237— 
241; papers on loose earth (lb70), 
242; reports and analysis of others* 
work, on Lévy (1870—1), 242—3: on 
Lefort (1875), 266: on Boussinesq 
(1880), 292: on Iresca (1886), 293; 



notes on thermal vibrations (1876), 
268, 271 — 274; papers on atoms 
(1876), 269, (1878) 275—280, (1884) 
408; note on shear (1878), 270; me- 
moir on elastic coefficients (1878), 281 
— 284; memoir on torsion of prisms 
on bases in form of circular sectors 
(1878), 285— 2i^0; annotated édition 
of Clebsch's Treatise (1883), 298— 
400; memoir (with Flamant) on the 
graphical représentation of longitudi- 
nal impact, (1883), 401—7. 

Death of, 410; notices of life and 
work by Phillips, Boussinesq and 
Flamant, and in Nature and the 
Tablettes biographiques j 410; charaoter 
of, 411; summary of his work, 411; 
analysis of his works by himself up to 
1868, and up to 1864, 1, p. 2 

Saint-VenanVs Problem, so called by 
Olebsch, 2; the assumptions ^= yp 
=^=0, arguments in favour of, 316 ; 
Boussinesq on, 317; objections to in 
case of buckling, 318; Eirchhoff, 
Poisson and Gauchy on flexure of 
rods, 316 

SarraUf Saint-Venant's views on his 
theory of light, 265 

Savartf his experiments on torsion, 31, 
191 

Sébertf on impact of elastic bar, 341 

Semi-inverse Méthode 3, 6, 11 ; applied to 
flexure, 9, 71; history of, 162; its 
justification, 189; applied to plastic 
problems, 264 

Sety 169 (6); effect on stretch- modulas 
and cross-stretch coefficients, 194 

Shear, elastic constants in its ex- 
pression reduced by rotation of axes, 
4 {$) ; elementary discussion of, 179 ; 
fail-limit for, 185; formula of Hop- 
kios for, 270 ; total, in terms of bend- 
ing moment, 319 

Shift, définition of, 4 (a); large, with 
small strain, équations of elasticity 
for, 190 (b) 

Skin-Change of elasticity, 169 (/) 

Slidej due to torsion : see Torsion ; défi- 
nition of, 4 (/3) ; Saint-Venant changes 
from cotangent to cosine of slide angle, 
ftn. p. 160 ; value (o-^') of in any direc- 
tion, 4 (d); in terms of stretch and 
squeeze, 4 ($) ; condition for fail-limit 
by, 6 (/); elementary discussion of, 
179 ; flexural slide, 183 (a); and stretch 
in any direction first ^ven by Lamé, 
226 ; for large shifts, 228 

SUde-Limit in terms of stretoh-limit, 5 (d) 

Slide- ModuhiSf effect on torsional résist- 
ance of its variation, 186 
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Sliâe-Wave, velocity of, 219 

Solid of Equal Résistance defined, 5 («) : 
see also Résistance^ Solid of 

Sound, velocity of, 68, 102, 219 ; in bar, 
202 

Spherical Coordinates^ équations of elas- 
ticity in, p. 79 ftn. 

Spherical Shell, conditions for expansion 
without distortion, the distribution of 
elastioitj being spherical, 123; as a 
form of piezometer, 124 

Springs, of carriages, 371 (ii) 

Squeeze-ModuVas : see Stretch-Modulus 

Stability of Loose Earth, Lévy, Saint- 
Venant, Boussinesq and Baukine, 242 

Stokesj discussion on his views as to 
elastic constants by Saint-Venant, 
193; on his doctrine of continuity, 
196 ; his results for bridges subjected 
to rolling load, 372, 378—379 

Stoney stress formulae and elastic con- 
stants for, 314; rupture of 321, (6), 
1» 

StraiUf and stress, gênerai analysis of, 
4 ; for large shifts, 4 (5) ; permanent, 
effect on bodien of primitive isotropy, 
déduction of ellipsoïdal distribution 
on multi-constantlines, 230 — 1 ; initial 
state of, in gênerai équations, 237; 
error in Saint- Venantes method of 
dealing with, on multi^constant Unes, 
238—9 

Strain, Corribinedy slide, flexure and tor- 
sion, 50; of prism of elliptic cross- 
section, 52 ; case of two equal stretches, 
two slides equal and third zéro, 63; 
case of two slides vanishing at f ail- 
point, elasticity asymmetrical, gênerai 
solution for prism under âexure, trac- 
tion and torsion, 54 ; case of non-dis- 
torted section subjected to slide and 
torsion, 55 ; case of cantilever, 56, Case 
(iv) ; influence of length of short rect- 
angular prisms on résistance to flexure 
and slide, 56, Case (i); prism of circular 
cross-section subjected to flexure, tor- 
sion and traction, 66, Case (iii) ; flexure 
and torsion in shaft, 56, Case (v) ; tor- 
sion and flexure for prism of rect- 
angular cross-section, 57, Case (vi) ; 
spécial cases of skew loading, 58; 
flexure and torsion of prism of elliptic 
cross-section, 59 ; numerical examples 
of combined strain, 60 ; âexure, trac- 
tion and slide, 180; torsion and 
flexure, 183 

Strain-Ellipsoid, 159 

Strain- Energy yOT work-f unction expressed 
symbohcally, 134 ; in terms of stresses 
when elasticity is ellipsoïdal, 163; 



deduced from rari-constancy by La- 
grange's process, 229 

Strehlke^ his views on nodal lines of 
square plates criticised by Milttrich, 
C. et A. p. 4 

Strength, of beams under flexure produced 
by skew loading, 6o; absolute, under 
torsional stress with empirical stress- 
strain relation, prisms of circular and 
rectangular cross-section, 184 (b) and 
{c) : see also Rupture 

Stress f deûned, 4 (e) ; and strain, gênerai 
analysis of, 4; in any direction in 
terms of stress in three non-rectilineor 
directions, 4 (e) ; symbolical représen- 
tation of, 132; définition of, import- 
ance of molecular définition, 225; 
value of, on rari-constant hypothesis, 
when squares of shift-fluxions are net 
neglected, 234 

StresSy Initial, gênerai elastic équations 
for, 129 — 131 ; can only be found on 
rari-constant hypothesis, 130 — 131 ; 
effect of, in ether on propagation of 
light, 145 — 6 ; considérable strain pro- 
duced hy, effect on elastic formulae, 
190; Saint- Venant's erroneous déter- 
mination of équations for, 198 {d) ; 
introduced into équations of elasticity, 
232; effect on elastic constants, 240; 
on stretch-modulus, 241 

Stress-Strain Equations, when there is 
initial stress found on rari-constant 
hypothesis, 129—131 

Stress-Strain Relations, 4 (^): see also 
Hooké's Law generalised; practically 
assumed by Cauchy and Maxwell, 
227 ; why linear, 192 (a) ; Morin's ex- 
periments on its liuearity, 198 (a) ; how 
deduced (Green, Clebsch, Thomson, 
Stokes), 299; appeal to Taylor's 
Theorem and to law of intermolecnlar 
action, 300; Saint- Venant considers 
it from Green's stand-point, 301 ; his 
omitted terms, 302 — 3; Saint- Venant 
rejects modifying action, 303 — 4; for 
wood, stone and metals with empiri- 
cal formulae for the elastic constants, 
314 

Stretch, its value (Sj) in any direction, 4 
(Ô), 5 (b) ; and sUde in any direction, 
given by Lamé, 226; for large shifts, 
228 

Stretch Limit of Safety : see also Fail' 
Point and Safety, Limit of, 66, 320 — 
321 ; applied to case of cantilever, 
321 (d) 

Stretch-Modulus, in terms of 36 elastic 
constants, 7 ; variation of across cross- 
section of prism, 169 {e); formulae 
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for, by Bresse and Saint-Venant, 169 
{e); skin-change in value of, 162 (e): 
influence of this on flexure formulae, 
169 (/) ; variation of, across trunk of 
tree, 169 (/); if not equal to Squeeze- 
ModultUj empirical formulae for stress- 
strain relations, 178; changes in, due 
to set, 194; how effected by initial 
stress, 241; for bodies possessing 
various types of elastic symmetry, 
282; its distribution by quartic, 309— 
310 ; graduai and continuons variation 
of, 312—313 

Stretch-Modultu QuartiCj Saint-Venant 
on, 151 

Stretch-Squeeze Ratio (17), value of, 169 
(d); for wood, 169 (d); Glebsch, and 
at one time Saint- Venant, held it must 
be < i, 308 (6) 

Strutt under impulse, condition for its 
not buckling, 407 (2) 

Sylvestrian Umbrae, used to express stress 
symbolically, 132 

Symbolic Expressions for stresse», work 
function, elastic constants and équa- 
tions, 132—134 

Tait : see Thomson and Tait 

Tasinomic Equation, 198 (e) 

Taxinomie QuartiCj expressed symbolic- 
ally by Bankine, 136; first given by 
Haughton, 136; cases of, 138; re- 
duces to ellipsoid if tbere is ellipsoïdal 
elasticity, 139 ; remarks on, 198 (e) 

Technical Elasticity ^ Saint- Venant's re- 
searches in, p. 105 et seq. 

Température: see also Heat; how does 
température affect elastic constants? 
274. Saint- Venant considers that ail 
thermal effect would disappear if on 
the rari-constant hypothesis stresses 
only include linear terms of shifts, 274 

Thlipsinomic Coefficients of Bankine 
used by Saint- Venant, 307, 311 

Thomson and Tait^ on longitudinal im- 
pact of bars, 205 ; apply conjugate func- 
tions to torsion of prism whose base is 
sector of a circle, 285, 287 ; deal with 
kinematics of strain, 294; on anti- 
clastic surfaces, 325; on thin plate 
problem, 388; on contour conditions 
for thin plate, 394 

Thomson^ Sir W., cites experiments on 
copper etc., which Saint- Venant finds 
discordant, 282 (4) ; discussion on bis 
views as to elastic constants by Saint- 
Venant, 193, 196 ; makes strain-energy 
a function only of strain, p. 202 ftn. 

Thmsty of arches, Ardant's values for^ 
C. et A. pp. 6 and 10 {d) 



Tissot, difltortion of spherical surface in 
elastic solid into ellipsoid, 294 

Torsion, publication of Saint- Venantes 
chief memoir on, 1 ; report on memoir 
on, 1; gênerai équation of, 4 («c), 17 ; de- 
finition of, 16 ; in case of large shifts 
and small strains, 17, 22 ; of prism of 
elliptic cross-section, 18; comparison 
with Coulomb 's theory, 19 ; variation 
of angle across phsm's cross- section 
requires latéral load, 20; fail-points 
for, 23; solutions for équations of, 
24, 36 ; of priums of rectangular cross- 
section, 25, 29; cross-section remaina 
perpendicular to sides of prism under, 
25 ; case of plate, 29 ; of square cross- 
section, 30; of any rectangle, gênerai 
results and empirical formulae, 34; 
discussion of Duleau's and Savart's 
experiments, 31 ; of prisms with cross- 
section in form of star, square with 
acute angles, square with rounded 
angles, 37, and fail-points for thèse 
sections, 39; uselessness of projecting 
angles in résistance to, 37; example 
of erroneous results obtained from old 
theory of , 38 ; of prisms of triangular 
cross-section, 40 — 42, 67 ; of prism of 
any cross-section, 43 ; when there are 
unequal slide-moduli in cross-section, 

44 ; gênerai équations of, in this case, 

45 ; solution for elliptic cross-section, 
46; for rectangular cross-section, 47; 
other cross-sections, 48 ; table of values 
of slide for points of cross-section of 
prism with unequal slide-moduli under; 
p. 39; of hollow prisms, 49 (a)— (&) ; 
of railway rail, 49 (c); longitudinal 
stretoh produced by, varies as cube of 
torsion, 51 ; that résistance of, is due 
to slide first stated by Young, 51; 
combined with other strains, 50: for 
elliptic cross section, 52, 59: for rect- 
angular cross-section, 57, Case (vi); 
circular section, 56, Cases (iii) and (v) ; 
elementary proof of formulae for, 109 ; 
of prisms with cross-sections in form 
of doubly symmetrical quartic curves, 
110; eccentric, 110, 181 (d)i of right 
circular cylinder, 182 (a); strain- 
energy due to, 157 ; déduction of gêne- 
rai équation of , from principle of work, 
157; gênerai équations of, elemen- 
tary proofs for, 181 ; maximum slide 
and position of the fail-points, 181 {e) ; 
gênerai formulae and examples, 182; 
of railway rail, 182 \h) ; of prisms with 
cross-sections bounded by curves of 
fourth degree, 182 (d); when cross-sec- 
tion nearly an isocèles triangle, 182 (d) ; 
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with Tariation of slide-modiilus aoross 
oross-section, oases of wooden and iron 
oylinden, 186; nmnerical ezamples 
of, 187 ; gênerai équations of, 190 {d) ; 
of prism with only one plane of elaetic 
symmetry, case of elliptio oross-section, 
190 {d); comparison of Wertheim, 
Dnleau and Savart's experiments on, 
with theory, 191 ; prodncing plasticity, 
255 ; of prisms whose base is the seetor 
of a circle, 285 — 290: expression for 
Bhift,286: namerical table of torsional 
moment, 288: annular sectors, 288: 
on slide and fail-points, 289 — 90; 
formula giving Tery approximately the 
yalue of moment of, for great variety 
of cross-sections, 291; of prisms, 
history of problem, 315 ; assumptions 
made by Saint- Venant and reasons for 
them, 316-18 

Trtietion, of prism with three planes of 
elastic symmetry, 6; of heavy prism, 
74; fail-limit for, 185 ; combineidwith 
flexure and slide, 180 

Treaca, Saint- Venantes report on Tresca's 
commimications to Academy, 233; 
Baint-Venant's proof of his expéri- 
mental resuit as to coefficients of 
plasticity, 236; his principle that 
plastic pressure is transmitted as in 
fluids, 259; his results do not agrée 
with Saint- Venantes, 262; recognises 
importance of plastic experiments 
suggested by Saint- Venant, 267 ; Saint- 
Venant on the theoretical aim of his 
researches, 298 ; considers that there 
is a mid-state between elasticity and 
plasticity, 244; demonstrates the 
constant value of maximum shear 
for plastic stress, 247 

Variations, Calculuê of, use of in elastic 

problems, 229 
Velocity, of pressurai and slide waves 

proved in elementary manner, 219 



Vibratiorii, torêional, 191 

Vicat, his experiments on rupture, 32 

Virgile^ his memoir, criticised by Saint- 
Venant, 122 

Voigt, his experiments on and theory of 
impact of bars, 203, 210, 214; his 
memoir on multi-constançy, p. 283 
ftn. 

Wantzel^ suggests form for solution of tor- 
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26; on elastic rods of double curva- 
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Wertheim, on torsion, experiments and 
errors, 191; on caoutchouc, 192 (b), 
and (c) 

Wertheim and Chevandier^ experiments 
on wood, 169 (/), 198 (e), 284 

Weyrauch^ his contribution to law of 
intermolecular action, G. et A. p. 1 

WilUif his problem on rolling-loads 
Crossing bridges, 344, 372 

W'ôhletj effect of altemating load on 
strength, 407 (1) 

Wood, variation of stretch-modulus for, 
across trunk of tree, 169 (/); safe 
tractions for, 176 ; torsion of prism of, 
186; elastic constants of, 198 («), 
282 (9), 308, 312—3 ; stress formulae 
and elastic constants for, 341; rup- 
ture of, 321 (&), 2®; arches of, experi- 
ments on, G. et A. p. 7 

Work-Function or Strain-Energy express- 
ed symbolically, 134 ; remarks on, 163 

Yield'Pointf 169 (6); relation to Fail- 
Point, 169 {g) 

Young^ ôrst stated longitudinal stretch 
of prism under torsion varies as cube 
of torsion, 51; first stated that tor- 
sional résistance is due to slide, 51 ; 
his theorems on impact of elastic bar, 
340, 363 

Young*t Moduliu : see Stretch-Modulm 
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CORRIGENDA. 

Art. 922. 

I hâve used an expression in this article with regard to 

Weyrauch's contribution to the problem of rari-constancy which is 

undoubtedly liable to misinterpretation. It might be supposed 

from what I hâve written that Weyrauch had obtained rari- 

constant équations on the assumption that the intermolecular action 

although central was any fonction whatever, e.g. a function of 

'aspect' or involving 'modified action terms*. What he really 

does (Théorie elastischer Kôrper, 1884, p. 132) is to take a central 

action R between two éléments of masses m and m', at distance 

r of the form : 

R=^mm{F(r)-i} (i), 

where, in his own words : 

"rrrni'i ganz allgemein eine Function derjenigen Orossen 
bedeutet, welche neben der Entfernung r auf R Einfluss nehmen." 

This of course is something différent from taking R of the 

form: 

R = mm'F(r,i) (ii). 

Further, if % represents the value of i before strain or at time 
Îq, and i the value at time t, Weyrauch assumes (p. 134) that 
i — io for the material in the neighbourhood of the élément m may 
T. R A 
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be treated as constant and brought outside the sign of summation 
for elementary actions. This would be impossible, if i — % were 
due to 'modified action/ because the modifying éléments (or 
molécules) would be tbemselves in the immédiate neighbourhood 
of m, and the modifying action would probably be a function of 
their distances which are themselves commensurable with the 
linear dimensions of the ** neighbourhood of the élément m." 

By taking jB of the form (i) and not (ii) Weyrauch much limita 
the generality of bis results, and by choosing i — io a constant for 
the neighbourhood of an élément, he practically reduces bis (i — Îq) 
to little more than the temperature-effect. But even this may 
serve to indicate that wider laws of intermolecular action than 
that in which it is central and a function of the distance only may 
be found to lead to rari-constant équations. 

Art 969. 

The formulae for the buckling load on struts were taken from 
notes of mine in which 21 and not l was the length of the strut. 
This, however, does not apply to the point of maximum traction 
or other results of this same Article. We hâve with this correction 
the foUowing results for a strut of length l : 

Buckling force for doubly built-in strut 
Buckling force for built-in pivoted strut 



= Eo> 



^ 2047 



1 + ^ 2-047 



Buckling force for doubly pivoted strut 



ttV 



= E<o-^ 



1 + '^'" 



P 
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I much regret that this error should hâve escaped my attention, 
and trust ail possesaors of the first volume will make the above 
changes în the text. 

Arta 795—6. 

I hâve reproduced an error of Neumann*s which I ought to 
hâve seen and corrected. The wrong signs are given to ail the 
quantities Jf, N, P in Art. 796. If thèse are corrected a 
négative sign must be inserted in the second table of Art. 795 
before ail the 1/J's. The value of IjE^ in Art. 799 is then 
accurate. 

Index, p. 899, Column (ii) and Arts. 813 — 16. 

The title Bresse has been inserted between Bevan and Binety 
when it ought to follow Braun on p. 900, Column (i). There should 
also be a référence under Bresse to Arts. 813 — 16. I find that the 
lithographed course of lectures there referred to is due to this 
scientist, to whom we thus probably owe the first theory of the 
* core.' 
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Aiia. 352, 353, 354—5, 745— & 

A poper bj A. Mfittrich on Chhdni's figures for square- 
plates appeared in 1837 in the Geschidde des aJUtiàdÛachen 
Oynmagiums. Dreizehntes Stûck, Konigsberg. It is entitled: 
BeUrag zur Ldire von den Schmngungen derFtàehen, and oontains 
8 pages and a plate of figare& Pp. 1 — 5 so^^est practical 
methods of snpporting the plates, of setting them vîbrating, 
and of keeping their sorfaces dry and clean. Ppi 6 — 8 give 
Miittrich's conclusions and the grounds on which he bases them. 
Two of them are opposed to Strehlke's idews of 1825 as gîven 
in our YoL h, Art 354, namely Miittrich holds : 

(L) Straight Unes are possible forms for the nodal Unes of 
plates with free edges. 

(iL) Nodal Unes can intersect one another. 

The expérimental proof of thèse results Ues in the démonstra- 
tion of a graduai transition from one System of nodal Unes to 
another, when intermediate stages are necessarily intersecting 
straight Unes. 

Mtittrich's third conclusion is that the nodal Unes themselves 
are in a state of vibration and that only their nodal points are 
true nodes for the plate. It seems to me possible that this 
oscillation of the nodal Unes results from longitudinal vibrations 
in the plate which again are due to its sensible thickness, or to 
the mode of support and excitation. 

Art. 937. 

A copy of Ardant's work which was printed as a separate 
publication by "order of the minister of war '' has reached me since 
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"the printing of Vol. i. The title is : Etudes théoriques et expéri- 
mentales sur rétablissement des charpentes à grande portée, Metz, 
1840. It contai ns Avertissement pp. i — v; the report referred to 
in our Vol. I., Art. 937, pp. vi — xvii; the text of the work 
pp. 1 — 94 ; Appendice pp. 95 — 122, and concludes with five pages 
{123 — 127) of contents and twenty-nine plates of figures. It is 
obvions that the work is one of considérable size, and as it 
possesses some importance, I give hère a résumé of its contents. 

[i.] Chapter I. (pp. 1 — 11), briefly describes the origin and 
bistory of wooden trusses designed to cross considérable spans, 
more especially roof-trusses. Thèse range from the 4th century 
roof of the Basilica of Saint-Paul's, through the frame 'à la 
Palladio,' the arcbed truss of Philibert de l'Orme, and the Gothic 
Toof to the English tmss with iron tie-bars, and to the arched forms 
common in France in 1840. Ardant gives at the end of the 
chapter a summary of the conclusions he bas formed upon the 
comparative merits of arched timber trusses and trusses built up 
of straight pièces of timber. He believes the former to be very 
inferior to the latter in both economy and strength ; while the 
latter can be easily made to présent as pleasing an artistic éflfect. 
He holds the adoption of the former to hâve arisen partly from 
the mistaken notion that a semi-circular arch produced little or 
no thrust on the abutments, partly from an unreasoning extension 
of the theory of stone arches to wood and iron : 

Dans la première de ces constructions, on utilise la pesanteur, la 
rigidité et l'inflexibilité relatives des pierres; dans les secondes, c'est 
l'élasticité et la cohésion des parties qui sont les qualités essentielles 
(p. 10). 

Chapter II. gives an adcount of the fifkeen arches and frames 
(with spans so large as 12*12 mètres and rise so large as 5*41 
mètres), upon which experiments were made, as well as the 
apparatus with which they were made. 

[ii.] Chapters III., IV. and V. cite the theoretical results of 
the Appendix for the thrust in terms of the load in the cases of 
circular arches and of a simple roof-truss of straight timbers. The 

A3 
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thrust for the latter is not materially greater than that for the 
former. Hence no gain is obtained by combining the two which 
appears to hâve been frequently done in practice : 

On tirera de cette comparaison une conclusion assez opposée à. 
Popinion de la plupart des constructeurs, savoir ; 

Que dans les cas ordinaires de la pratique, un cintre demi-circulaire 
exerce autant de poussée que la ferme droite sans tirant, à laquelle on 
le réunit pour composer une charpente en arc ; et que, par conséquent, 
on pourrait, en augmentant l'équarrissage de cette ferme, supprimer 1& 
cintre sans qu'il en résultât sur les appuis, une action horizontale plus 
considérable (p. 25). 

Thèse chapters then compare the expérimental measure of the 
thrust with that given by theory. The comparison gives an 
accordance fairly within the limita of expérimental error. Un- 
fortunately Ardant did not make a sufl&ciently wide range of 
observations for the results to be quite conclusive. He cites an 
experiment of Emy which led the latter to believe that circular 
arches had no thrust. He then considers expérimenta made by 
Beibell at Lorient. Thèse appear to be the only other important 
expérimenta which had been made on large circular wooden arches. 
An account of them waa published in the Annales maritimes et 
coloniales 22® année, 2® aérie, T. xi., p. 1009. Reibell did not get 
rid of the friction at the terminala of the arch, but allowing for 
thia Ardant finda the corrected valuea of the thrusts agrée well 
with hia formulae (pp. 32 — 33). From thia double aet of expéri- 
menta he drawa the foUowing concluaiona : 

(a) The thruat of a aemi-circular arch due to an iaolated 
central load never exceeda ^ of the load. 

(6) Whatever be the manner in which a continuoua load i& 
diatributed along the arch, the thrust for a aemi-circular arch never 
exceeda J to ^ of the total load. 

{e) That flatter archea produce thrusta which are to those 
which ariae in the caae of a aemi-circular arch in the ratio of the 
half apan to the rise. 

(/) That the thruat ia independent of the particulax mode of 
conatruction of the arch, when ita figure, dimenaiona and the load- 
diatribution are the aame. 
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Chapter V. shews that the thrust-formula obtained in the 
Appendix for the truss with straight timbers and without a tie, is 
confirmed by experiment. 

[iii.] Chapter VL begins with some gênerai discussion on 
elasticity, the elastic constants and the coefficients of rupture. 
Ardant then cites a formula of the foUowing kind for the deflec- 
tion, /, of a circulai arch at the summit, the terminais being both 
pivoted : 

where 2X is the span, F the rise, E the stretch-modulus, wi^ thé 
moment of inertia of the cross-section, P the total load and K a 
constant depending on the distribution of the load etc. Hère the 
arch is supposed to be of continuons homogeneous material and of 
uniform cross-section. Ardant now applies this formula to the 
deflections he has found by experiment for his arches built up of 
curved pièces or planks pinned or bound together. The results 
given in Chapter VII. he holds to satisfy this formula, provided E 
be given values depending on the nature of the structure, from \ to 
^ of its value for a continuons arch or beam of the same material. 
The experiments even on the same arch seem to me to give such 
divergent values for E, that I think this method of exhibiting the 
deflection can only be looked upon as an expression of expéri- 
mental results for practical purposes. With certain assumptions 
Ardant also obtains an expression for the deflection of a roof truss 
without tie, built up of straight beams (pp. 48 — 49). I do not 
consider this expression to be theoretically or experimentally 
justified. Ardant proceeds at the end of Chapter VII. (pp. 
61 — 68) to détermine the résistance to rupture of his arches. 
Hère he applies to rupture a formula deduced from the theory of 
continuons arches on the hypothesis that linear elasticity holds up 
to rupture. At best the theory could only apply to the faiJr'pow^ 
(i.e. failure of linear elasticity) of continuons arches. A like treat- 
ment of rupture leads to absurd results in the case of the flexure 
of beams, so it can hardly be expected to give better results in the 
case of arches : see our Vol. i. Art. 1491 and Vol. il Art. 178. Thus, 
as we might naturally expect, his " coefficient of rupture " varies 
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from axch to arch, and its ratio in each case to the " coefficient of 
rupture " for a continuons arch is equally variable. The results, 
however, of his ezperiments resumed on (pp. 67 — 8) are suggestive 
for the practical design of such arches and roof-trusses as he has 
experimented on. 

[iv.] In Chapter YIII., it is sufficient to notice hère Ardant's 
conclusion that the truss built up of stndght beams is for the same 
amount of material stronger than the built-up wooden arch : 

n semble d'après cela que si les charpentes en arc conservent quelque 
avantage sur les fermes droites, c'est uniquement celui d'avoir une 
forme plus gracieuse, et que sous les rapports importants de la solidité 
et de l'économie, les- premières sont très-inférieures aux autres (p. 75). 

Chapter IX. gives methods of calculating suitable cross- 
sections for the various parts of arches of the types on which 
Ardant has experimented. It also gives some attention (pp. 77 — 
80) to the thickness and height of the masonry which will stand 
the thrust of a given roof-trusa It concludes with two numerical 
examples of the application of the formulae of the appendix to the 
calculation of the dimensions of métal arches. 

[v.] We now reach the Appendice, which is entitled : Théorie 
de la flexion des corps prismatiques dont Vaxe moyen est une droite 
ou une courbe plane (pp. 95 — 122). This contains the first theory 
of circular arches which attains to anything like completeness (see 
our Vol. L Arts. 100, 278, 914) and it anticipâtes Bresse's later 
work on this subject : see our Vol. I. Arts. 1457 — 8, and Vol. IL 
Chapter XI. for an account of the book referred to in thèse Articles. 
We note a few points with regard to this Appendix. 

(a) Pp. 95 — 100 give the ordinary Bemoulli-Eulerian theory 
of flexure. On p. 98 Ardant speaks of the product of the stretch- 
modulus and moment of inertia of the cross-section (namely E&h^ 
in our notation) as improperly termed the m^om^ent d^ élasticité, It is 
the moment de roideur of Euler {Ei^ in his notation : see our VoL i. 
Art. 65) or the ' moment of stifi&iess.' This ' moment of stif&ess/ 
EûùK^ occurs so frequently that we bave ventured to term it the 
' rigidity ' of a beam. It foUows from this définition that the product 
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of the rigidity and curvature is equal to the bending-moment. 
Thus for the same value of the bending-moment the curvatures of 
a séries of beams vary inversely as their rigidities. 

(b) Pp. 100 — 103 deal with rupture on the old Unes, le. as if 
linear elasticity lasted up to rupture. The results obtained are 
thus only of value when we treat the 'coefficient of rupture' R 
which occurs in them as the ' fail-limit.* Accordingly the Tables 
on p. 103 for rupture-stresses are meaningless when applied to the 
previous flexure formulae. On pp. 99 and 101 we hâve the 
rigidity and fail-moment (hère called moment de rupture) calcu- 
lated for ' skew-loading ' or for the case when the load-plane does 
not pass through a principal axis of inertia of each cross-section : 
see our Vol. I. Arts. 811, 1581, Vol. Ii. Arts. 14, 171. To judge 
by Ardant's référence to Persy's lithographed Cours, the latter 
possibly did more for the theory of skew-loading than I judged 
from an examination of only one édition of that Cours : see Vol. i. 
Art. 811. The value given by Ardant on p. 101 for the &il-moment 
of a beam of rectanguLar cross-section under skew-loading is incor- 
rect, it applies only to the case of square cross-section. The true 
value is given in our VoL il Art. 14, 

(c) Pp. 104 — 115 are occupied with a considération of the 
elastic Une under varions Systems of loading in the case of straight 
beams, besides a discussion of combined strain. The results 
obtained are afterwards applied to varions types of simple roof or 
bridge trusses, in which the members are supposed mortised and 
not merely pinned at the joints. Ardant's treatment of thèse 
trusses seems to me from the theoretical standpoint extremely 
doubtful, and I should hesitate before applying his results even 
to the practical calculation of dimensions. The remark in § 34, 
p. 107, on the sign to be given to a certain quantity is, I think, erro- 
neous. The fail-point of a beam is not necessarily where the stress 
is greatest as Ardant like Weisbach (see Vol. i. Art. 1378) holds« 
It will be at the point of m^iamiwm, siretch, and this wiU be at the 
side of the cross-section in tension or compression aocording as 
the load -point is outside or inside the whorl of the cross-section : 
see Vol. L p. 879. 
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(d) Pp. 116 — 121 contain the theory of flexure of cîrcular 
ribs or arches. Ardant's work hère was up to his date the most 
complète treatment of the subject, and his Table on p. 45 for 
thrust and deflection based upon this theory may even now be of 
practical service. He obtains the thrust and deflection for circular 
ribs with an isolated load, or with uniform loading distributed 
along either the span or rib, when the terminais of the rib axe 
pivoted, He finds also for a complète semi-circle, that the points 
of maximum horizontal shift are about 63^ from the vertical. He 
throws ail his results into very simple approximate forms, which 
he holds accurate enough for practice. I refrain from quoting thèse 
theoretical results, because they hâve been worked out with greater 
generality and accuracy by Bresse in a work with which I shall deal 
fuUy in Chapter XI. At the same time Ardant*s researches must 
be remembered as an important historical link between those of 
Navier and Bresse. That the latter had studied them may be 
seen from our VoL l. Art. 1459. 

What I hâve noted in Ardant's memoir, will probably be 
sufficient to mark its importance. Experiments on such large 
wooden arches and frames hâve I believe not been repeated and 
it seems improbable that they ever will be, The results obtained 
will therefore remain of value, so far as roof-structures of the 
types with which Ardant dealt, are concemed. In addition to the 
expérimental data of the memoir I may mark Ardant's conclusion, 
that the same theoretical formulae hold for an arch of continuons 
material and one built-up of bent pièces of wood or planks bolted 
or bound together provided we reduce the stretch-modulus in a 
certain proportion. Finally I hâve already noted the historical 
value of the memoir as a step in the theory of circular arches 
or ribs. 

Art. 974. 

Poncelet. Cours de mécanique indvstrieUe, fait aux artistes 
et ouvriers messins, pendant les hivers de 1827 à 1828, et de 
1828 à 1829, Première partie. Préliminaires et applications. 
Metz, 1829. I hâve procured a copy of this work since the 
publication of Vol. I. It contains xvi pages of prefatory matter, 
240 pages of text, and 8 pages of contents at the end. The first 



ADDENDA. 11 

preliminary 145 sections agrée with those in the third édition by 
Kretz (1870). In the Applications the Metz édition agrées fairly 
with Kretz*s up to section 197; after this it deals with the 
résistance and motion of fluids, thus containing nothing conceming 
the résistance of solids to which the Deuadème Partie of the 3rd 
édition is devoted. The few paragraphs on the Elasticité des 
corps, pp. 17 — 20, are thus ail it contributes to our subject: see 
our Vol. I. Art. 976. The chief interest of the work is the place 
it takes in the origin of modem technical instruction. 

Art. 1249. 

A further memoir by Brix which had escaped my attention 
may be referred to hère : Ueber die Tragfàhigkeit aus Eisenr 
bahnschienen zusamTnengesetzter horizontaler Tràger, This is an 
oflfprint from the Verhandlungen des Vereins zur Befôrderung des 
Oewerbfleisses in Preussen, Berlin, 1848, 16 pages and a plate. 

Owing to some peculiar local conditions at a Berlin mill it was 
necessary to build bridges, of which the girder-depth had to be 
very small, over the mill-races. For this purpose pairs of railway 
rails with flat bases (' sogenannte Vignolsche *) were placed base to 
base and used as girders. The bases were riveted together at short 
intervais. Expérimenta were made on the flexure and ultimate 
strength of two such girders ; in the one the bases were riveted 
close together, in the other there were placed at the rivets small 
intervening blocks of cast-iron. The first part of the paper 
(pp. 1 — 6) is occupied with an account of the experiments made 
upon thèse two girders, for the détails of which, — too individual to 
be of much gênerai use — I must refer to the paper itself. The 
rupture, by shearing of the rivets, only seems to shew that the 
area of the riveting was very insufficient, as the load required to 
produce failure in a bar under flexure by longitudinal shearing is 
immensely greater than that required to produce failure by stretch 
in the 'fibres', the order of the ratio of thèse loads being practically 
that of the length to the diameter of the bar. 

The second part of the paper, — that specially due to Brix — 
deals with the theory of the flexure of a beam (a) with both 
terminais supported, (6) with one terminal supported and one 
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built-in, (c) with both terminais built-in, — the load in ail cases being 
partially uniform and continuons and partially isolated and central. 
The treatment of thèse problems by the Bemoulli-Eulerian theory 
présents no difficulties, but it bas long been known that the 
abaolute strength of beams under flexure calculated by this theory 
is very far from according with experiment (see our Vol. il. 
Art. 178). Hence there does not seem much value in the 
numerical results given on pp. 12 — 16 and based on the preceding 
experiments. Two points in Brix's work may be noticed. He 
assumes the maximum curvature (which gives the maximum 
stretch and so the fail-point) to be either at the built-in end or 
the centre of the beam in case (6), but this is by no means obvions, 
it requires an investigation similar to that given by Grashof in Arts. 
68 — 9 of his Théorie der Elasticitàt, 1878. Secondly, he shews, 
I believe for the first time, that the fail-point for a uniformly 
loaded beam, either doubly-built-in or built-in and supported, is at 
the built-in end ; in the former case the bending-moment at the 
centre is only half its value at the built-in ends. 



Arts. 1180 and 1402, ftn. 

Just as this page goes to press a copy of Seebeck's paper in 
the Programm of the Dresden Technical School (1846) reaches 
me. It contains a good deal of valuable matter, and I shall take 
the opportunity of referring to it with other papers of Seebeck's in 
the course of Vol. ii. 



CAMBRIDGE : PBINTED BY C. J. CLAT, M.A. AND SONS, AT THE UNIYEBSITY PBES8. 



University Press, Cambridge. 

January, 1889. 



CATALOGUE OF 

WORKS 

PUBLISHED FOR THE SYNDICS 

OF THE 



Uonton : c. j. clay and sons, 

CAMBRIDGE UNIVERSITY PRESS WAREHOUSE, 

AVE MARIA LANE. 

GLASGOW ; 263, Argyle Street. 



«màrOlfSlti DEIGHTON, BELL AND CO. 
i.eip)li(: F. A. BROCKHAUS. 



PUBLICATIONS OF 

€l)t Cambritige nnfbtrsfUp }^rm 



THE HOLY SCRIPTURES, &c. 

THE CAMBRIDGE PARAGRAPH BIBLE of the Au- 

thorized English Version, with the Text Revised by a Collation of its 
Early and other Principal Editions, the Use of the Italie Type made 
uniform, the Marginal Références remodelled, and a Critical Intro- 
duction prefixed, by F. H. A. Scrivener, M.A., LL.D., Editor of 
the Greek Testament, Codex Augiensis, &c., and one of the Revisers 
of the Authorized Version. Crown 4to. gilt. 21s, 

From the Times. literature of the subject, by such workers as 
"Students of the Bible should be particu- Mr Francis Fry and Canon Westcott, appeal 
larly grateful (to the Cambridge University to a wide range of sympathies; and to thèse 
Press) for having produced, with the able as- may now be added Dr Scrivener, well known 
sistance of Dr Scrivener, a complète critical for his labours in the cause of the Greek Testa- 
édition of the Authorized Version of the Eng- ment criticism, who has brought out, for the 
lish Bible, an édition such as, to use the words Syndics of the Cambridge University Press, 
of the Editor, *would hâve been executed long an édition of the English Bible, accordinjj to 
ago had this version been nothine more than the text of 1611, revised by a comparison with 
the greatest and best known of English clas- later issues on principles stated by him inhis 
sics.' Falling atatime when the formai revi- Introduction. Hère he enters at length into 
sion of this version has been undertaken by a the history of the chief éditions of the version, 
distinguished company of scholars and divines, and of such features as the marginal notes, the 
the publication of this édition must be con« use of italic type, and the changes of ortlio> 
sidered most opportune." graphy, as well as into the most interesting 
From the A tkenaum. question as to the original texts from which 
"Apart from its religious importance, the o"*" translation is produced. 
English Bible has the glory, which but few From the L&ndon Quarierîy Review. 
sister versions indeed can claim, of being the " The work is worthy in ever^ re^ect of the 
chief classic of the language, of having, in editor's famé, and of the Cambrid^^e University 
conjunction with Shakspeare, and in an im- Press. The noble English Version, to which 
measurable degree more than he, iixed the our cotmtry and religion owe so much, was 
language beyond any possibility of important probably never presented before in so perfect a 
change. Thus the récent contributions to the form." 

THE CAMBRIDGE PARAGRAPH BIBLE. Student's 

Edition, on good writing paper, with one column of print and wide 
margin to each page for M S. notes. This édition will be found of 
great use to those who are engaged in the task of Biblical criticism. 
Two Vols. Crown 4to. gilt. 31^. 6d, 

THE AUTHORIZED EDITION OF THE ENGLISH 

BIBLE (1611), ITS SUBSEQUENT REPRINTS AND MO- 
DERN REPRESENTATIVES. Being the Introduction to the 
Cambridge Paragraph Bible (1873), re-edited with corrections and 
additions. By F. H. A. Scrivener, M.A, D.C.L., LL.D., Pre- 
bendary of Exeter and Vicar of Hendon. Crown 8vo. y s, 6d. 

THE LECTIONARY BIBLE, WITH APOCRYPHA, 

divided into Sections adapted to the Calendar and Tables of 
Lessons of 1871. Crown 8vo. 3^. 6d» 
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CAMBRIDGE UNIVERSITY PRESS BOOKS. 3 

BREVIARIUM AD USUM INSIGNIS ECCLESIAE 

SARUM. Juxta Editionem maximam pro Claudio Chevallon 
ET Francisco Regnault a.d. mdxxxi. in Aima Parisiorum 
Academia impressam : labore ac studio Francisci Procter, 
A. M., ET Christophori Wordsworth, a. m. 

Fasciculus I. In quo continentur ICalendarium, et Ordo 
Temporalis sive PropriUm de Tempore totius anni, una cum 
ordinali suo quod usitato vocabulo dicitur PiCA sive Directorium 
Sacerdotum. Demy 8vo. i8j. 

" The value of this reprint is considérable to cost prohibitory to ail but a few. . . . Messrs 

litui^cal students, who will now be able to con- Procter and Wordsworth hâve discharged their 

suit in their own libraries a work absolutely in- editorial task with much care and judgment, 

dispensable to a right understanding of the his- though the conditions under which they hâve 

tory of the Prayer-Book, but which till now been working are such as to hide that fact from 

usually necessitated a visît to some public ail but experts." — LiUrary Churckman. 
library, since the rarity of the volume made its 

Fasciculus IL In quo continentur Psalterium, cum ordinario 
Officii totius hebdomadae juxta Horas Canonicas, et proprio Com- 
pletorii, Litania, Commune Sanctorum, Ordinarium Missae 
CUM Canone et xiii Missis, &c. &c. Demy 8vo. I2J. 

"Not only experts in liturgiology, but ail For ail persons of reli^ous tastes the Breviary, 

persons interested m the history of the Anglican with its mixture of Psalm and Anthem and 

Book of Common Prayer* will be gratefui to the Prayer and Hymn, ail hanging one on the 

Syndicate of the Cambridge University Press other, and connected into a harmonious whole, 

for forwarding the publication of the volume must be deeply interesting." — Church Quar- 

which bears the above title, and which has Urly Review. 

recently appeared under their auspices." — "The editors hâve done their work excel- 

Notes and Queries. lently, and deserve ail praise for their labours 

" Cambridge has worthily taken the lead in rendering what they justly call ' this most 

with the Breviary, which is of especial value interesting Service-book * more readily access- 

for that part of the reform of the Prayer- Book ible to historical and liturgical students." — 

whidi will fit it for tfie wants of our time . . . Saturday Review. 

Fasciculus III. In quo continetur Proprium Sanctorum 
quod et sanctorale dicitur, una cum accentuario. Demy 8vo. 1 5 j. 
Fasciculi I. II. III. complète, £7.. 2s. 

BREVIARIUM ROMANUM a Francisco Cardinali 

QuiGNONio editum et recognitum iuxta editionem Venetiis a.d. 1535 
impressam curante Johanne Wickham Legg Societatis Anti- 
quariorum atque Collegii Regalis Medicorum Londinensium Socio 
in Nosocomio Sancti Bartholomaei olim Praelectore. Demy 8vo. 12s, 

GREEK AND ENGLISH TESTAMENT, in parallel 

Columns on the same page. Edited by J. Scholefield, M.A. 
Small Odlavo. New Edition, with the Marginal Références as 
arranged and revised by Dr SCRIVENER. Cloth, red edges. ys. 6d. 

GREEK AND ENGLISH TESTAMENT. The Stu- 

dent's Edition of the above, on large writing paper, 4to. \2s, 
GREEK TESTAMENT, ex editione Stephani tertia, 1550. 

Small 8vo. 3J. 6^. 
THE NEW TESTAMENT IN GREEK according to the 

text foUowed in the Authorised Version, with the Variations adopted 

in the Revised Version. Edited by F. H. A. SCRiVENER, M.A., 

D.C.L., LL.D. Crown 8vo. dr. Morocco boards or limp. \2s. 

The Revised Version is the Joint Property of the Universities of 

Cambridge and Oxford. 

THE PARALLEL NEW TESTAMENT GREEK AND 

ENGLISH, being the Authorised Version setforth in 1611 Arranged 
in Parallel Columns with the Revised Version of 1881, and with the 
original Greek, as edited by^F. H. A. Scrivener, M.A., D.C.L., 
LL.D. Crown Svo. 12s. 6d The Revised Version is the Joint 
Property ofthe Universities of Cambridge and Oxford, 

London: C J. Clay ^ Sons, Cambridge University Press IVarehouse, 

Ave Maria Lane, 
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PUBLICATIONS OF 



THE OLD TESTAMENT IN GREEK ACCORDING 

TO THE SEPTUAGINT. Edited by H. B. Swete, D.D., 
Honorary Fcllow of Gonville and Caius Collée. VoL I. Genesis — 
IV Kings. Crown 8vo. yx. bd. 
Volume II. By the same Editor. \Tn tke Press. 



" Der Zweck diesor Àasgabe, den ganzen BezfigUdi der Accente and Spiritm der l^^cn- 

iind die Heraïuc. ihre eig^enen W(K< 
njgcn." — DeuiscJu Litteraturteitun 
Benfltzer das Nadischlagen in dm Séparât- " The Edition has been executed in the vcry 



m den erwihnten Hss. Torliegenden kritischen namen sind die Henuuc. ihre eig^enen Wege 

fscke Li 



StoflT fibenichtlich zusammenzustellen und dem segansen.**— /7nv/crA^ Litteraiurzeitung. 
Benfltzer das Nadischlagen in den Séparât- " The Edition has been executed in the \ 

ansgaben jener Codices zu ersparen, ist hier best^leof Cambridge accoracy, which has no 

in compendiOsester Weise vortrefflich erreichL soperior anywhere, and this is enough to put it 

BezOglich der KJarheit. Schônheit und Cor- at the head of the list of éditions for mannal 

tectheit des Drucks geoGrt der Ausgabe das use." — Academy. 

hOdiste Lob. Da zugleich der Preis sehr nie- " An édition, whidi for ordinary purposes 

drig gestellt ist, so ist zu hoflTen und zu wfln- will probaMy hencef<»th be that in use by 

schen, dass sie auch aufserhalb des englischen readers of the Septuagint." — Guardian. 
Sprachkreises ihre Verbreitung finden werde. 

THE BOOK OF ECCLESIASTES, with Notes and In- 
troduction. By the Very Rev. E. H. Plumptre, D.D., Dean of 
Wells. Large Paper Edition. Demy 8vo. yx. 6^. 

THE GOSPEL ACCORDING TO ST MATTHEW în 

Anglo-Saxon and Northumbrian Versions, synoptically arrangea: 
with Collations exhibiting ail the Readings of ail the MSS. Edited 
by the Rev. W. W. Skeat, Litt.D., Elrington and Bosworth Pro- 
fessor of Anglo-Saxon. New Edition. Demy 4to. los. 

" By the publication of the présent Tolume for the scholarly and accurate way in which he 
Prof. Skeat has brought to its conchision a has perfonned bis laborious task. Thanks to 
work planned more thim a half century ago by him we now possess a reliable édition of ail the 



the late J. M. Kemble... Students of Enelish existing MSS. of the old English Gospels." — 
hâve every reason to be grateful to Prof. Skeat Academy. 

THE GOSPEL ACCORDING TO ST MARK, uniform 

with the preceding, by the same Editor. Demy 4to. lar. 

THE GOSPEL ACCORDING TO ST LUKE, uniform 

with the preceding, by the same Editor. Demy 4to. lOJ. 

THE GOSPEL ACCORDING TO ST JOHN, uniform 

with the preceding, by the same Editor. Demy 4to. los. 

** The Gospel according to St John^ in Kemble, some fotty years ago. Of the par- 
Af^lo-Saxon and Northumbrian Versions: dcular volume now before us, we can only say 
Edited for the Syndics of the Universtty it is worthyofitstwopredeoessors. Werepeat 
Press, by the Rev. Walter W. Skeat, M. A., that the service renderedto the studyof Anglo- 
complètes an undertaking designed and com- Saxon bythis Synoptic collection cannot easily 
menced by that distinguished scholar, J. M. be overstated."— C^w/^Mr/^mry' Reviem. 

THE POINTED PRAYER BOOK, beîng the Book of 

Common Prayer with the Psalter or Psalms of David, pointed as 
they are to be sung or said in Churches. Royal 241110. \s, 6d, 
The same in sqnare S2mo. cloth. 6^/. 
THE CAMBRIDGE PSALTER, for the use of Choîrs and 

Organists. Specially adapted for Congrégations in which the " Cam- 
bridge Pointed Prayer Book" is used. Demy 8vo. cloth extra, ys, td, 
cloth limp, eut flush. 2s, 6d, 

THE PARAGRAPH PSALTER, arranged for the use of 
Choirs by Brooke Foss Westcott, D.D., Regius Professor of 
Divinity in the University of Cambridge. Fcap. 4to. 5x. 
The same in royal 32iiio. Cloth 1^. Leather 1^. 6//. 

THE MISSING FRAGMENT OF THE LATIN TRANS- 
LATION OF THE FOURTH BOOK OF EZRA, discovered, 
and edited with an Introduction and Notes, and a facsimile of the 
MS., by Robert L. Bensly, l^I.A., Lord Almoner's Professor of 
Arabie. Demy 4to. loj. 

**It has been said of this book that it has Bible we understand that of the larger size 

added a new chapter to the Bible, and, startlmg which contains the Apocrypha. and if the 

as the statement may at first sîght appear, it is Second Book of Esdras can be fairly called a 

no exaggeration of the actual fact, if by the part of the h^ocrfi^hau^'—Saturday Review, 

London: C. % CLAVdr' Sons, Cambridge University Press Warehouse^ 

Ave Maria Lane. 



The CAMBRIDGE UNIVEkSÎTY PRESS. J 

THE ORIGIN OF THE LEICESTER CODEX OF THE 

NEW TESTAMENT. By J. Rendel Harris, M.A. With 3 
plates. Demy 4to. los, 6d, 

CODEX S. CEADDAE LATINUS. Evangelia SSS. 

Matthaei, Marci, Lucae ad cap. III. 9 complectens, circa septimum 
vel octavum saeculum scriptvs, in Ecclesia Cathedrali Lichfieldiensi 
servatus. Cum codice versionis Vulgatae Amiatino contulit, pro- 
legomena conscripsit, F. H. A. Scrivener, A.M., D.C.L., LL.D., 
With 3 plates, j^i. is. 



THEOLOGY-(ANCIENT). 

THE GREEK LITURGIES. Chiefly from original Autho- 
rities. By C. A. SwAiNSON, D.D., late Master of Christ's Collège, 
Cambridge. Crown 4to. Paper covers. 15J. 

•'Jeder folgende Forscher wird dankbar Griechischen Liturgiea sicher gelegt haL" — 
anerkennen, dass Swainson das Fundament zu Adolph Harnack, Theologiscne Literaiur- 
einer historisch-kritischen Geschichte der Zeitung. . 

THEODORE OF MOPSUESTIA'S COMMENTARY 

ON THE MINOR EPISTLES OF S. PAUL. The Latin Ver- 
sion with the Greek Fragments, edited from the MSS. with Notes 
and an Introduction, by H. B. Swete, D.D. In Two Volumes. 
Volume I., containing the Introduction, with Facsimiles of the MSS., 
and the Commentary upon Galatians — Colossians. Demy 8vo. I2J. 

"In dem oben verzeichneten Bûche liegt handschriften . . . sînd vortreffliche photo- 

uns die erste Hâlfte einer voUstândigen, ebenso graphische Facsimile's beigegeben, wie ûber- 

sorgfâltig gearbeiteten wie schôn ausgestat- naupt das ganze Werk von der University 

teten Ausgabe des Conunentars mit ausfûhr- Press zu Cambridge mit bekannter Eleganz 

lichen Prolegomena und reichhaltigen kritis- ausgestattet \st.** —Tkeoiogische Literaturzei- 

chen und erlâutemden Anmerkungen vor." — tui^^. 
Literarisckes Centraïhlatt, "It is a hopefui sîgn, amid forebodings 

" It is the resuit of thorough, careful, and which anse about the Uieological learning of 

patient investigation of ail the points bearing the Universities, that we hâve before us the 

on the subject, and die results are presented first instalment of a thoroughly scientific and 

with admirable good sensé and modesty."— painstaking work, commenced at Cambridge 

Guardian. and completed at a country rectory."— Church 

'* Auf Grund dieser Quellen ist der Text Quarterly Review Qan. 1881). 
bei Swete mit musterhafter Akribie herge- "Hemn Swete^ Leîstung ist eine so 

stellt. Aber auch sonst hat der Herausgeber tûchtige dass wir das Werk in keinen besseren 

mit unermûdlichem Fleisse und eingehend- Hânden wissen môchten, und mit den sich- 

ster Sachkenntniss sein Werk mit allen den- ersten Erwartungen auf das Gelingen der 

jenîgen Zugaben ausgeriistet, welchc bei einer Fortsetzimg entgegen sehen." — Gôttingische 

solchen Text- Ausgabe nur irgend erwartet geUhrte Anzeigeni^-^l^xZZ-i), 
werden kdnnen. . . . Von den drei Haupt- 

VOLUME IL, containing the Commentary on i Thessalonians — 
Philemon, Appendices and Indices. I2J. 

" Eine Ausgabe . . . fôr welche aile zugâng- mené à bien dans les deux volumes que je 

lichen Hûlfsmittel in musterhafter Weise be- signale en ce moment.. .Elle est accompagnée 

nûtzt wurden . . . eine reife Frucht siebenjâhri- de notes érudites, suivie de divers appendices, 

gen Fleisses." — Theologiache Literaturzeitung parmi lesquels on appréciera surtout un recueil 

(Sept. 23, 1882X des fragments des oeuvres dogmatiques de 

^' Mit derselben Sorgfalt bearbeitet die wir Théodore, et précédée d'une introduction oîi 

bei dem ersten Theile gerûhmt haben." — sont traitées à fond toutes les questions d'his- 

Literarisches Centralblait Guly 29, 1882). toire littéraire qui se rattachent soit au com> 

"M. Jacobi... commença.. .ime édition du mentaire lui-même, soit à sa version Latine." — 

texte. Ce travail a été repris en Angleterre et Bulletin CrUique^ 1885. 

SAYINGS OF THE JEWISH FATHERS, comprising 

Pirqe Aboth and Pereq R. Meir in Hebrew and English, with Cri- 
tical and Illustrative Notes. By Charles Taylor, D.D., Master 
of St John's Collège, Cambridge. Demy 8vo. icw. 

"The 'Masseketh Aboth' stands at the " A careful and thorough édition which does 

head of Hebrew non-canonical writings. It is crédit to English scholarship, of a short treatise 

of ancient date, claiming to contain the dicta from the Mishna, containing a séries of sen- 

of teachers who flourished from b.c. 300 to the tences or maxims ascribed mostly to Jewish 

same year of our era. Mr Taylor's explana- teachers immediatelypreceding, or immediately 

tory and illustrative commentary is veiy full following the Christian era. . ,**—-Coti>Umpo' 

and satisfactory."— ^/tftto/tfr. rary Review. 
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A COLLATION OF THE ATHOS CODEX OF THE 

SHEPHERD OF HERMAS. Together with an Introduction by 
Spyr. p. Lambros, Ph. D., translatée! and edited with a Préface and 
Appendices by J. Armitage Robinson, M.A., Fellow and Dean of 
Christ's Collège, Cambridge. Demy 8vo. 3J. 6^. 

THE PALESTINIAN MISHNA. By W. H. LOWE, M.A., 

Lecturer in Hebrew at Christ's Collège, Cambridge. Royal 8vo. 2IJ. 

SANCTI IRENiEI EPISCOPI LUGDUNENSIS libros 

quinque adversus Haereses, versione Latina cum Codicibus Claro- 
montano ac Arundeliano denuo coUata, praemissa de placitis Gnos- 
ticorum prolusione, fragmenta necnon Graece, Syriace, Armeniace, 
conMnentatione perpétua et indicibus variis edidit W. WlGAN 
Harvey, S.T.B. Collegii Regalis olim Socius. 2 Vols. 8vo. i8j. 

M. MINUCII FELICIS OCTAVIUS. The text revised 
from the original M S., with an English Commentary^ Analysis, Intro- 
du<flion, and Copions Indices. Edited by H. A. Holden, LL.D. 
Examiner in Greek to the University of London. Crown 8vo. 7^. 6^. 

THEOPHILI EPISCOPI. ANTIOCHENSIS LIBRI 

TRES AD AUTOLYCUM edidit, Prolegomenis Versione Notulis 
Indicibus instruxit G. G. Humphry, S.T.B. Post 8vo. 5^. 

THEOPHYLACTI IN EVANGELIUM S. MATTHiEI 

COMMENTARIUS, edited by W. G. Humphry, B.D. Prebendary 
of St PauPs, late Fellow of Trinity Collège. Demy 8vo. 7J. td, 

TERTULLIANUS DE CORONA MILITIS, DE SPEC- 

TACULIS, DE IDOLOLATRIA, with Analysis and English Notes, 
by George Currey, D.D. Preacher at the Charter House, late 
Fellow and Tutor of St John's Collège. Crown 8vo. 5^. 

FRAGMENTS OF PHILO AND JOSEPHUS. Newiy 

edited by J. Rendel Harris, M.A., Fellow of Clare Collège, 
Cambridge. With two Facsimiles. Demy 4to. I2J. td, 

THE TEACHING OF THE APOSTLES. Newly edited, 
with Facsimile Text and Commentary, by J. Rendel Harris, M.A. 
Demy4to. £\. u. 

THEOLOGY-(ENGLISH). 

WORKS OF ISAAC BARROW, compared with the Ori- 
ginal M S S., enlarged with Materials hitherto unpublished. A new 
Edition, by A. Napier, M.A. 9 Vols. Demy 8vo. ;£3. 3^. 

TREATISE OF THE POPFS SUPREMACY, and a 

Discourse conceming the Unity of the Church, by Isaac Barrow. 
Demy 8vo. 7j. dd, 

PEARSON'S EXPOSITION OF THE CREED, edited 
by Temple Chevallier, B.D. New Edition. Revised by R. S inker, 
B.D., Librarian of Trinity Collège. Demy 8vo. I2j. 

"A new édition of Bishop Pearson's famous places, and the citations themselves hâve been 

work On the Creed has just been issued by the adapted to the best and newest texts of the 

Cambridge University Press. It is the well- several authors — texts which hâve undergone 

known édition of Temple Chevallier, thoroughly vast improvements within the last two centu- 

overhauled by the Rev. R. Sinker, of Trinity ries. The Indices hâve also been revised and 

Collège. The whole text and notes hâve been enlarged Altogether this appears to be the 

most carefully examined and corrected, and most complète and convenient édition as yet 

spécial pains hâve been taken to verify the al- published of a work which has long been re- 

most innumerable références.^ Thèse hâve been cognised in ail quarters as a standard one." — 

more clearly and acciirately given in very many Guardian. 
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AN ANALYSIS OF THE EXPOSITION OF THE 
CREED written by the Right Rev. John Pearson, D.D. late Lord 
Bishop of Chester, by W. H. Mill, D.D. Demy 8vo. fj. 

WHEATLY ON THE COMMON FRAYER, edited by 
G. E. CORRIE, D.D. late Master of Jésus Collège. Demy 8vo. yj. dd, 

TWO FORMS OF FRAYER OF THE TIMEOF QUEEN 

ELIZABETH. Now First Reprinted. Demy 8vo. dd. 

"From 'Collections and Notes' 1867—1876, ker Society's volume of Occasional Forms of 
by W. Carew Hazlitt (p. 340), we learn that — Frayer, but it had bcen lost sight of for 200 
*A very remarkable volume, in the original years.* By the kindness of the présent pos- 



vellum cover, and containine 35 Forms of 
Frayer of the reign of Elizabetn, each with the 



sessor of this valuable volume, containing in ail 
25 distinct publications, I am enabled to re- 



autograph of Humphrey Dyson, has lately fallen print in the foUowing pages the two Forms 
into the hands of my friend Mr H. Pyne. It is of Frayer supposed to hâve been lost." — Ex' 
mentioned specially in the Préface to the Par- tract from the Préface. 



CiESAR MORGAN'S INVESTIGATION OF THE 

TRINITY OF PLATO, and of Philo Judaeus, and of the effets 
which an attachment to their writings had upon the principles and 
reasonings of the Fathers of the Christian Church. Revised by H. A. 
HOLDEN, LL.D. Crown Svo. 4j. 

SELECT DISCOURSES, by- John Smith, late Fellow of 

Queens' Collège, Cambridge. Edited by H. G. Williams, B.D. late 
Professer of Arabie. Royal Svo. 7s, 6d 

"The 'Select Discourses' of John Smith, with the richest lights of méditative genius... 

collected and published from his papers after He was one of those rare thinkers in whom 

his death, are, in my opinion, much the most largçness of view, and depth, and wealth of 

considérable work left to us by this Cambridge poetic and spéculative insight, only served to 

School [the Cambridge Flatonists]. They hâve evoke more fuUy the religious spirit, and while 

a right to a place in English literary history." he drewthe mouldof his thoughtfrom Plotinus, 

— Mr Matthew Arnold, in the Contempo' he vivificd the substance of it from St Paul." — 

rary Review. Principal Tulloch, Rational Theology in 

**Of ail the products of the Cambridge England in the xjth Century. 
School, the ' Select Discourses' are perhaps We may instance Mr Henry Griffin Wil- 

the highest, as they are the most accessible liams's revised édition of Mr John Smith's 

and the most widely appreciated... and indeed * Select Discourses,' which hâve won Mr 

no spiritually thougntful mind can read them Matthew Amold's admiration, as an example 

unmoved. They carry us so directly into an of worthy work for an University Press to 

atmosphère of divine philosophy, luminous undertake." — Times. 

THE HOMILIES, with Various Readings, and the Quo- 
tations from the Fathers given at length in the Original Languages. 
Edited by the late G. E. CORRiE, D.D. Demy Svo. 7^. 6d. 

DE OBLÏGATIONE CONSCIENTIiE PR^ELECTIONES 

decem Oxonii in Schola Theologica habitae a Roberto Sanderson, 
S S. Theologiae ibidem Professore Regio. With English Notes, 
including an abridged Translation, by W. Whewell, D.D. late 
Master of Trinity Collège. Demy Svo. js, 6d, 

ARCHBISHOP USHER'S ANSWER TO A JESUIT, 

with other Tradls on Popery. Edited by J. Scholefield, M.A. late 
Regius Professor of Greek in the University. Demy Svo. ys, 6d, 

WILSON'S ILLUSTRATION OF THE METHOD OF 

explaining the New Testament, by the early opinions of Jews and 
Christians conceming Christ. Edited by T. TuRTON, D.D. Svo. 5^. 

LECTURES ON DIVINITY delivered in the University 
of Cambridge, by John Hey, D.D. Third Edition, revised by T. 
TuRTON, D.D. late Lord Bishop of Ely. 2 vols. Demy Svo. 15J. 

S. AUSTIN AND HIS PLACE IN THE HISTORY 

OF CHRISTIAN THOUGHT. Being the Hulsean Lectures for 
18S5. By W. CUNNINGHAM, B.D. Demy Svo. Buckram, 12^. 6d, 

London : C J, Cl A v &* Sons, Cambridge University Press Warehouse^ 

Ave Maria Lane. 
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ABABIC, SANSEBIT, STBIAC, &c. 

THE DIVYÂVADÂNA, a Collection of Early Buddhist 
Legends, now first edited from the Nepalese Sanskrit MSS. in 
Cambridge and Paris. By E. B. Cowell, M.A., Professer of 
Sanskrit in the University of Cambridge, and R. A. Neil, M. A., 
Fellow and Lecturer of Pembroke Collège. Demy 8vo. i8j. 

POEMS OF BEHA ED DIN ZOHEIR OF EGYPT. 

With a Metrical Translation, Notes and Introduction, by £. H. 
Palmer, M.A., Barrister-at-Law of the Middle Temple, late Lord 
Almoner*s Professor of Arabie, formerly Fellow of St John's Collège, 
Cambridge. 2 vols. Crown 4to. 

Vol. I. The Arabic Text. ioj. 6d, 

Vol. II. English Translation, ioj. 6^.; cloth extra. 15J. 

"We hâve no hésitation in saying that in remarked, by not tmskilful imitations of the 

both Prof. Palmer has made an addition to Ori- styles of several of our ovm favourite poets, 

entai literature for which scholars should be \vnTig avA âiesLâi.'*'—Saturday Review. 
grateful ; and that, while his knowledge of " This sumptuous édition of the poems^ of 

Arabic is a sufficient guarantee for his mastery Behâ-ed-dîn Zoheir is a very welcome addition 



of the original, his English compositions are to the small séries of Eastem poets accessible 
distinguished by versatUity, command of lan-. to readers who are not Orientalists." — Aca- 
guage, rhythmical cadence, and, as we hâve demy. 

THE CHRONICLE OF JOSHUA THE STYLITE, com- 

posed in Syriac A.D. 507 with an English translation and notes, by 
W. Wright, LL.D., Professor of Arabic. Demy 8vo. 10s, 6d, 

" Die lehrreiche kleine Chronik Josuas hat ein Lehrmittel fur den syrischen Unterricht ; es 

nach Assemani und Martin in Wneht einen erscheint auch gerade ztir rechten Zeit, da die 

dritten Bearbeiter gefunden, der sien um die zweite Ausgabe von Roedigers syrischer Chres- 

Emendation des Textes wie um die Erklârtmg tomathie im Buchhandel vollstândig vergriJQfen 

der Realien wesentlich yerdient gemacht hat und diejenige von Kirsch-Bemstein nur noch 

. . . Ws. Josua-Ausgabe ist eine sehr dankens- in wenigen Exemplaren vorhanden ist." — 

werte Gabe und besonders empfehlenswert als Deutsche Litteraturzeitung» 

KALÏLAH AND DIMNAH, OR, THE FABLES OF 

BIDPAI ; being an account of their literary history, together with 
an English Translation of the same, with Notes, by I. G. N. Keith- 
Falconer, M.A., late Lord Almonei-'s Professor of Arabic in the 
University of Cambridge. Demy 8vo. 7^. 6d, 

NALOPÀKHYÀNAM, OR, THE TALE OF NALA ; 

containing the Sanskrit Text in Roman Characters, followed by a 
Vocabulary and a sketch of Sanskrit Grammar. By the late 
Rev. Thomas Jarrett, M.A. Trinity Collège, Regius Professor 
of Hebrew. Demy 8vo. ioj. 

NOTES ON THE TALE OF NALA, for the use of 

Classical Students, by J. Peile, Litt. D., Master of Christ's Collège. 
Demy 8vo. 12s, 

CATALOGUE OF THE BUDDHIST SANSKRIT 

MANUSCRIPTS in the University Library, Cambridge. Edited 

by C. Bendall, M.A., Fellow of Gonville and Caius Collège. Demy 

8vo. 12^. 

" It is imnecessary to state how the com- those concerned m it on the resuit . . . Mr Ben- 

pilation of the présent catalogue came to be dall has entitled himself to the thanks of ail 

placed in Mr Bendall' s hands ; from the cha- Oriental scholars, and we hope he may bave 

racter of his work it is évident the sélection before him a long course of successful labour in 

was judicious, and we may fairly congratulate the field he has chosen." — Atherueum. 

THE HISTORY OF ALEXANDER THE GREAT, 

being the Syriac version of the Pseudo-Callisthenes. Edited from, 
Five Manuscripts, with an English Translation and Notes, by 
E. A. W. BUDGE, M.A., Christ's Collège. \Nearly ready, 

London : C. y. Cl A Y &^ Sons, Cambridge University Press Warehouse^ 

Ave Maria Lane. 
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OBESE AND LATIN CLASSICS, &c. 

SOPHOCLES: The Plays and Fragments, with Critical 
Notes, Commentary, and Translation in English Prose, by R. C. 
JEBB, LittD., LL.D., Professor of Greek in the University of Glasgow. 

Parti. Oedipns Tyrannns. DemySvo. New Edition, 12s. 6d 

Part n. Oedipns Colonens. Demy 8vo. 12^*. 6d, 

Part m. Antigone. Demy 8vo. 12^*. 6d. 

Part rV. Philoctetes, [In the Press, 

"Of his explanatory and critical notes we ''Prof. Jebb's keen and profound sympathy, 

can only sp«ak with admiration. Thorough not only with Sophocles and ail the best of 

scholarship^ combines with taste, érudition, and ancient Hellenic life and thought, but also with 

boundless industry to make this first volume a modem European culture, constitutes him an 

pattem of editing. The work is made com- idéal interpréter between the ancient writcr 

plete by a prose translation, upon pages altex> and the modem reader." — Athemeum. 
natine with the text, of which we may say " It would be difficult to praise this third in- 

shortly that it displays sound judgment and stalment of Professor Jebb's unec^ualled édition 

taste, without sacrificing précision to poetry of of Sophocles too warmly, and it is almost a 

expression.*' — The Times. work of supererogation to praise it at ail. It is 

"Professor Jebb's édition of Sophocles is equal, at least, and perhaps superior, in ment, 

aiready so fully established, and has received to either of his previous instalments ; and when 

such appréciation in thèse columns and else- this is said, ail is said. Yet we cannot refrain 

where, that we hâve iudg^ed^ this third volume from formally recoenising once more the con- 

when we hâve said that it is of a pièce with summate Greek scnolarship of the editor, and 

the others. The whole édition so far exhibits from once more doing grateful homage to his 

perhaps the most complète and elaborate edit- masterly tact and literaiy skill, and to his un- 

orial work which has ever appeared." — Satur- wearied and marvellous industiy." — Spectator. 
day Review. 

AESCHYLI FABULAR— IKETIAE2 XOH4)OPOI IN 

LIBRO MEDICEO MENDOSE SCRIPTAE EX VV. DD. 
CONIECTURIS EMENDATIUS EDITAE cum Scholiis Graecis 
et brevi adnotatione critica, curante F. A. Paley, M. A., LL.D. 
Demy 8vo. 7J. 6d, 

THE AGAMEMNON OF AESCHYLUS. With a Trans- 

lation in English Rhythm, and Notes Critical and Explanatory. 
New Edition Bevised. By Benjamin Hall Kennedy, D.D., 
Regius Professor of Greek. Crown 8vo. 6j. 

" One of the best éditions of the masterpiece of Greek tragedy." — Athetueunt. 

THE THEiETETUS OF PLATO with a Translation and 
Notes by the same Editor. Crown 8vo. 7^. 6d, 

ARISTOTLE.— HEPI ^PTXHS. ARISTOTLE'S PSY- 

CHOLOGY, in Greek and English, with Introduction and Notes, 
by Edwin Wallace, M.A., late Fellow and Tutor of Worcester 
Collège, Oxford. Demy 8vo. i8j. 

"The notes are exactiy what such notes " Wallace's Bearbeitung der Aristotelischen 

ought to be, — helps to the student, not mère Psychologie ist das Werk eines denkenden und 

displays of learning. By far the more valuable in allen Schriften des Aristoteles und grOssten- 

parts of die notes are neither critical nor lite- teils auch in der neueren Litteratur zu densel- 

rary, but philosophîcal and expository of the ben belesenen Mannes . . . Der schwâchste 

thought, and of tne connection of thought, in Teil der Arbeit ist der kritîsche . . . Aber in 

the trèatise itself. In this relation the notes are allen diesen Dingen liegt auch nach der Ab- 

invaluable. Of the translation, it may be said sicht des Verfassers nicht der Schwerpunkt 

that an English reader may fairly master by seiner Arbeit, sondem.'* — Prof. Susemihl in 

means of it this great trèatise of Aristotle." — Philologische Wochenschrift, 
Spectator. 

ARISTOTLE.— HEPI AIKAI02TNH2. THE FIFTH 
BOOK OF THE NICOMACHEAN ETHICS OF ARISTOTLE. 
Edited by Henry Jackson, Litt.D., Fellow of Trinity Collège, 
Cambridge. Demy Svo. 6j. 

"It is not too much to say that some of the will hope that this is not the only portion of 
points he discusses hâve never had so much the Aristotelian writings which he is likely to 
ught thrown upon them before. . . . Scholars edit." — Atherueum. 



London : C, J, Cl A Y &* Sons, CamMdg-e University Press Warehouse^ 

Ave Maria Lane, 

I— S 



lo PUBLICATIONS OP 

ARISTOTLE. THE RHETORIC. With a Commentary 

by the late E. M. Cope, Fellow of Trinity Collège, Cambridge, re- 
vised and edited by J. E. Sandys, Litt.D. With a biographical 
Memoir by the late H. A. J. MuNRO, Litt.D. 3 Vols., Demy 8vo. 
New rednced to 21 j. {originally published àt z^s, 6d.) 

"Thisworkisinmanywayscreditabletothe "Mr Sandys bas performed his arduous 

ITniversityof Cambrids^e. Ifan English student duties with marked ability and admirable tact. 

wishes to hâve a full conception of what is con- In every part of his work — revising, 

tained in the Rketoric of Âristotle, to Mr Cope's supplementing, and completing — he has done 

édition he raust go.*' — Academy. exceedingly well." — Examiner. 

PINDAR. OLYMPIAN AND PYTHIAN ODES. With 

Notes Explanatory and Critîcal, Introductions and Introductory 
Essays. Edited by C. A. M. Fennell, Litt.D., late Fellow of 
Jésus Collège. Crown 8vo. 9J. 

" Mr Fennell deserves the thanks of ail clas- ip comparative philolog^." — Atkeiueum, 
sical students for his careful and scholarly edi- "Considered simply as a contribution to the 

tion of the Olympian and Pythian odes. He study and criticism of Pindar, Mr Fennell's 

brings to his task the necessary enthusiasm for édition is a work of great merit." — Saiurday 

his author, great industry, a sound judgment, Review. 
and, in pardcular, copions and minute leaming 

THE ISTHMIAN AND NEMEAN ODES. By the same 

Editor. Crown 8vo. 9J. 

"... As a handy and instructive édition of valuable help to the study of the most difficult 

a difficult classic no work of récent years sur* of Greek authors, and is enriched with notes 

passes Mr Fennell's * Pindar.'" — Atherutum. on points of scholarship and etymology which 

" This work is in no way inferior to could only hâve been written oy a scholar of 

the préviens volume. The commentary aflbrds very high attainments." — Saturday Review. 

PRIVATE ORATIONS OF DEMOSTHENES, with In- 
troductions and English Notes, by the late F. A. Paley, M. A. 
and J. E. Sandys, Litt.D. Fellow and Tutor of St John's Collège, 
and Public Orator in the University of Cambridge. 

Part I. Contra Phormionem, Lacritum, Pantaenetum, Boeotum 
de Nomine, Boeotum de Dote, Dionysodorum. New Edition. 
Crown 8vo. 6j. 

"Mr Paley 's scholarship is sound and literature which bears upon his author, and 

accurate, his expérience of editing wide, and the elucidation of matters of daily life, in the 

if he is content to dévote his learning and delineation of which Demosthenes is so rich, 

abilities to the production of such manuals obtains full justice at his hands. . . . We 

as thèse, they will be received with gratitude hope this édition may lead the way to a more 

throiighout the higher schools of the coimtry. gênerai study of thèse speeches in schools 

Mr Sandys is deeply read in the German than has hîtherto been possible."— yj^â^mrv. 

Part IL Pro Phormione, Contra Stephanum L IL ; Nicostra- 
tum, Cononem, Calliclem. New Edition. Crown 8vo. 7J. M. 

" It is long since we hâve corne upon a work mosthenes '." — Saturday Review. 

evîncîng more pains, scholarship, and varied *' . ^ the édition reflects crédit on 

research and illustration than Mr Sandys's Cambridge scholarship, and ought to be ex- 
contribution to the ' Private Orations of De- tensively used." — Athenautn. 

DEMOSTHENES AGAINST ANDROTION AND 

AGAINST TIMOCRATES, with Introductions and English Com- 
mentary, by William Wayte, M. A., late Professor of Greek, Uni- 
versity Collège, London. Crown 8vo. *J5, 6d, 

" Thèse speeches are hîghly interesting, as prehended subject matter .... Besides a most 

illustrating Attic Law, as that law was in- lucid and interesting introduction, Mr Wayte 

fluenced by the exigences of politics ... As has given the student effective help in his 

vîgorous examples of the great orator's style, running commentary. We may note, as being 

they are worthy of ail admiration ; and they so welT managed as to form a very valuable 

hâve the advantage — not inconsiderable when part of the exegesis, the summaries given vrith. 

the actual attainments of the average school- every two or three sections throughout the 

boy are considered — of having an easily com- speech." — Spectator. 

PLATO'S PHiEDO, literally translatée!, by the late E. M. 
Cope, Fellow of Trinity Collège, Cambridge, revised by Henry 
Jackson, Litt.D., Fellow of Trinity Collège. Demy 8vo. 5^. 

P. VERGILI MARONIS OPERA cum Prolegomenis 
et Commentario Critico edidit B. H. Kennedy, S.T.P., Graecae 
Linguae Prof Regius. Extra Fcap. 8vo. 3J. 6^. 

London : C J, Cl a y 6^ Sons^ Cambridge University Press Warehouscy 
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THE BACCHAE OF EURIPIDES. With Introduction, 
Critical Notes, and Archaeological Illustrations, by J. E. Sandys, 
LittD. New and Enlarged Edition. Crown 8vo. 12s, 6d. 

"Of the présent édition of the Baccfux by Mr careful and leamed editor, aud shows consider- 

Sandys we may safely say that never before bas able advance in freedom and lightness of style. 

a Greek play, in England at least, had fuller . . . Under such circumstances it is superfluous 

justice done to its criticism, interprétation, to say that for the purposes of teachers and ad- 

and archaeological illustration, whether for the vanced students this handsome édition far sur- 

Îoune student or the more advanced scholar. passes ail its predecessors." — Athetueutn. 
'he Cambridge Public Orator may be said to *|It has not, like so many such books, been 

hâve taken the lead in issuing a complète edi- hastily produced to meet the momentary need 

tion of a Greek play, which is destined perhaps of some particular examination; but it has em- 

to ^în redoubled favour now that the study of ployed for some years the labour and thought 

ancient monuments has been applied to its il- of a highiy finished scholar, whose aim seems 

lustration." — Saturday Review, to bave been that his book should eo forth totus 

'* The volume is interspersed with well- teres atque rotundus, armed at ail points with 

executed woodcuts, and its gênerai attractive- ail that may throw light upon its subject. The 

ness of form reflects great crédit on the Uni- resuit is a work which will not only assist the 

versity Press. In îh& notes Mr Sandys has more schoolboy or undergraduate in his tasks, but 

than sustained his well-earned réputation as a adom the library of the scholar." — Guardian. 

THE TYPES OF GREEK COINS. By Percy Gardner, 

Litt. D., F. S.A. With 16 Autotype plates, containing photographs of 
Coins of ail parts of the Greek World. Impl. 4to. Cloth extra, 
£1, iij. 6d,\ Roxburgh (Morocco back), £2. 2s. 

** Professor Gardner's book is written with be distinctly recommended to that omnivorous 
such lucidity and in a manner so straightfor- class of readers — *men in the schools'."^>S'a- 
ward that it may well win couverts, and it may turday Review. 

ESSAYS ON THE ART OF PHEIDIAS. By C. Wald- 

STEIN, Litt. D., Phil. D., Reader in Classical Archaeology in the 
University of Cambridge. Royal 8vo. With nuraerous Illustrations. 
16 Plates. Buckram, 30J. 

" I acknowledge expressly the warm enthu- very valuable contribution towards a more 

siasm for idéal art which pervades the whole thoroughknowledgeof the style ofPheidias."— 

volume, and the sharp eye Dr Waldstein has Tke Academy. 

proved himself to possess in his spécial line of " ' Essays on the Art of Pheidias* form an 

study, namely, stylistic analysis, which has led extremely valuable and important pièce of 

him to several happy and important discoveries. work. . . . Taking it for the illustrations alone, 

His book will be universally welcomed as a it isan exceedinglyfascinatingbook."— r^ww. 

AN INTRODUCTION TO GREEK EPIGRAPHY. 

Part I. The Archaic Inscriptions and the Greek Alphabet by E. S. 
ROBERTS, M.A., Fellow and Tutor of Gonville and Caius Collège. 
Demy 8vo. With illustrations. i8j1 

" We will say at once that Mr Roberts ap- notices bearing on each document. Explana- 

pears to bave done his work very well. The tory remarks either accompany the text or are 

book is clearly and convenientiy arranged. added in an appendix. To the whole is pre- 

The inscriptions are naturally divided accord- fixed a sketch of the hîstory of the alphabet up 

ing to die places to which they belong. Under to the terminal date. At the end the resuit is 

each head are given illustrations sufficient to resumed in gênerai tables of ail the alphabets, 

show the characteristics of the writing, one classified according to their connexions ; and a 

copy in letters of the original form (sometimes separate table illustrâtes the alphabet of Athens. 

a facsimile) being foUowed by another in the The volume contains about five hundred in- 

usual cursive. Références, which must bave scriptions, andformsamoderateoctavoofabout 

cost great labour, are given to the scattered four hundred pages." —Saiurday Review, 

M. TULLI CICERONIS AD M. BRUTUM ORATOR. 

A revised text edited with Introductory Essays and with critical 
and explanatory notes, by J. E. Sandys, LittD. Demy 8vo. 16s. 

"This volume, which is adomed with "A model édition."— ^/^cto/^r. 

several good woodcuts, forms a handsome and "The commentary is in every way worthy 

welcome addition to the Cambridge éditions of of the editor's high réputation. '—Academy. 
Cicero's Works." — Atherueum. _ _ 

M. TULLI CICERONIS DE FINIBUS BONORUM 

ET MALORUM LIBRI QUINQUE. The text revised and 
explained ; With a Translation by James S. Reid, Litt. D., Fellow 
and Tutor of Gonville and Caius Collège. 3 Vols. [In the Press, 
Vol. III. Containing the Translation. Demy 8vo. 8j. 

M. T. CICERONIS DE OFFICIIS LIBRI TRES, with Mar- 
ginal Analysis, English Commentary, and copious Indices, by H. A. 
HOLDEN, LL.D. Sixth Edition, Revised and Enlarged. Cr. 8vo. çr. 

"Few éditions of a classic hâve found so position of the work sccure."— .«4««mca» 
much favour as Dr Holden's De Officiis, and Journal of Philology. 
the présent revision (sixth édition) makes the 

London : C. 7. Clay &* Sons, Cambridge University Press Warehouse, 
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M. T. CICERONIS DE OFFICIIS LIBER TERTIUS, 

With Introduction, Analysis and Commentary, by H. A. Holden, 
LL.D. Crown 8vo. 2s, 

M. TVLLI CICERONIS PRO C RABIRIO [PERDVEL- 

LIONIS REO] ORATIO AD QVIRITES With Notes, Introduc- 
tion and Appendices by W. E. Heitland, M.A., Fellow and Tutor of 
St John's Collège, Cambridge. Demy 8vo. 7 s, 6d, 

M. TULLII CICERONIS DE NATURA DEORUM 

Libri Très, with Introduction and Commentary by Joseph B. 
Mayor, M.A., together with a new collation of several of the 
English MSS. by J. H. Swainson, M.A. 
Vol. I. Demy 8vo. icw. 6d, Vol. II. I2s, 6d. Vol. III. lay. 

" Such éditions as that of which Prof. Mayor N. D. ii. und zcigt ebenso wie der erste einen 

has given us the first instalment will doubtless erheblichen Fortschritt gegen die bisher vor- 

do much to remedy this undeserved neglect It handenen commentirten Ausgaben. Man darf 

is one on which great pains and much leaming jctzt, nachdem der grOsste Theil erschienen 

hâve evidently l^en expended, and is in every ist, sagen, dass niemand, welcher sich sachlich 

way admirably suited to meet the needs of the oder kritîsch mit der Schrift De Nat. Deor. 

student . . . The notes of the editor are ail that beschâftigt, die neue Ausgabe wird ignoriren 

could be expected from his well-known learn* dûrfen." — P. Schwencke in JB. f. cl. Alt. 

îng and scholarship." — Academy. vol. 35, p. 90 foU. 

'*Der vorliegende zweite Band enthâlt 

See also Pitt Press Séries^ pp. 24 — 27. 



MATHEMATICS, PHTSICAL SCIENCE, &c. 

MATHEMATICAL AND PHYSICAL PAPERS. By 

Sir W. Thomson, LL.D., D.C.L., F.R.S., Professor of Natural Phi- 
losophy in the University of Glasgow. Collected from différent 
Scientific Periodicals from May 1841, to the présent time. Vol. I. 
Demy 8vo. i8j. Vol. II. 15J. [Volume III. In the Press, 

** Wherever exact science has found a fol- text-books. His eager fertîh'ty overflows into 

lower Sir William Thomson's name is known as the nearest available journal . . . The papers in 

à leader and a master. For a space of 40 years this volume deal largely with the subject of the 

each of his successive contributions to know- dynamics of heat. They begin with two or 
ledge in the domain of expérimental and mathe- - three articles which were in part written at the 

matical physics has been recognized as marking âge of 17, before the author had commenced 

a staçe in the progress of the subject. But, un- résidence as an undergraduate in Cambridge." 

happily for the mère leamer, he is no writer of — The Times. 

MATHEMATICAL AND PHYSICAL PAPERS, by 

G. G. Stokes, Sc.D., LL.D., F.R.S., Lucasian Professor of Mathe- 
matics in the University of Cambridge. Reprinted from the Original 
Journals and Transactions, with Additionsd Notes by the Author. 
Vol. I. DemySvo. 15J. Vol. II. 15^. [Vol. III. In the Press. 

'* ...The same spirit pervades the papers on which well bents the subtle nature of the sub- 
pure mathematics which are included in the jects, and inspires the completest confidence in 
volume. They hâve a severe accuracy of style their author. — The Tiff tes. 

A HISTORY OF THE THEORY OF ELASTICITY 

AND OF THE STRENGTH OF MATERIALS, from Galilei to 
the présent time. Vol. I. Galilei to Saint- Venant, 1639-1850. 
By the late I. Todhunter, ScD., F.R.S., edited and completed 
by Professor Karl Pearson, M.A. Demy 8vo. 25^. 
Vol. II. By the same Editor. [In the Press, 

A TREATISE ON GEOMETRICAL OPTICS. By 

R. S. Heath, M.A., Professor of Mathematics in Mason Science 
Collège, Birmingham. Demy Bvo. 12s, 6d. 

AN ELEMENTARY TREATISE ON GEOMETRICAL 

OPTICS. By R. S. Heath, M.A. Crown Bvo. 5^. 

THE SCIENTIFIC PAPERS OF THE LATE PROF. 

J. CLERK MAXWELL. Edited by W. D. Niven, M.A. In 2 vols. 
Royal 4to. \Nearly ready. 
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THE COLLECTED MATHEMATICAL PAPERS OF 

ARTHUR CAYLEY, Sc.D., F.R.S., Sadlerian Professer of Pure 
Mathematics in the University of Cambridge. Demy 4to. lo vols. 
Volume I. 25J. \In the Press, 

A CATALOGUE OF THE PORTSMOUTH COL- 
LECTION OF BOOKS AND PAPERS written by or belonging 
to Sir Isaac Newton. Demy 8vo. 5J. 

A TREATISE ON NATURAL PHILOSOPHY. By 
Sir W. Thomson, LL.D., D.C.L., F. R. S., and P. G. Tait, M.A., 
Parti. DemySvo. 16s. Part IL Demy 8vo. iSs. 

ELEMENTS OF NATURAL PHILOSOPHY. By Pro- 
fessors Sir W. Thomson and P. G. Tait. Demy 8vo. gs. 

AN ATTEMPT TO TEST THE THEORIES OF 
CAPILLARY ACTION by Francis Bashforth, B.D., and 
J. C. Adams, M.A., F.R.S. Demy 4to. ;^i. is. 

A TREATISE ON THE THEORY OF DETERMI- 

NANTS and their applications in Analysis and Geometry, by R. F. 
Scott, M. A., Fellow of St John's Collège. Demy 8vo. 12s. 

HYDRODYNAMICS, a Treatise on the Mathematical 

Theory of the Motion of Fluids, by H. Lamb, M. A. Demy 8vo. 12^-. 

A TREATISE ON DYNAMICS. By S. L. Loney, M.A, 

Fellow of Sidney Sussex Collège. Crown 8vo. \Nearly ready, 

THE ANALYTICAL THEORY OF HEAT, by Joseph 

FOURIER. Translated, with Notes, by A. Freeman, M. A., formerly 
Fellow of St John's Collège, Cambridge. Demy 8vo. \2s. 

PRACTICAL WORK AT THE CAVENDISH LABORA- 

TORY. HEAT. Edited by W. N. Shaw, M.A. Demy 8vo. 3J. 

THE ELECTRICAL RESEARCHES OF THE Hon. H. 
Cavendish, F.R.S. Written between 177 1 and 1781. Edited from 
the original MSS. in the possession of the Duke of Devonshire, K. G., 
by the late J. Clerk Maxwell, F.R.S. Demy 8vo. i8j. 

An ELEMENTARY TREATISE on QUATERNIONS. 

By P. G. Tait, M.A. Demy 8vo. 14J. {New Edition^ Preparing, 

THE MATHEMATICAL WORKS OF ISAAC BAR- 

ROW, D.D. Edited by W. Whewell, D.D. Demy 8vo. 7^. 6^. 
COUNTERPOINT. a Practical Course of Study, by the 
late Professor Sir G. A. Macfarren, M.A., Mus. Doc. New 
Edition, revised. Crown 4to. 75. 6^. 

A TREATISE ON THE GENERAL PRINCIPLES OF 

CHEMISTRY, by M. M. Pattison Muir, M.A. Demy 8vo. 15J. 

\New Edition, Nearly ready. 

** The value of the book as a digest of the more comprehensive scheme, has produced a 
historîcal developments of chemical thought systematic treatise on the principles of chemical 



systematic treause on tue pnnciples ol cnemical 
pnilosophy which stands far in advance of any 
kindred work in our language. It is a treatise 



is immense."— AcadetMy. 

*' Theoretical Chcmistry has moved so rapidly 

of late years that most of our ordinary text that requires for its due compréhension a fair 

books hâve been left far behind. German acquaintance with physical science, and it can ' 

students, to be sure, possess an excellent guide hardly be placed with advantage in the hands 

to the présent state of the science in ' Die of any one who does not possess an extended 

Modernen Theorien der Chemie' of Prof. knowledge of descriptive chemistry. But the 

Lothar Meyer ; but in this country the student advanced student whose mind is well equipped 

has had to content himself with such works as with an array of chemical and physical facts j 

Dr Tilden's ' Introduction to Chemical Philo- can tum to Mr Muir's masterly volume for ! 

sophy ', an admirable book in its way, but rather unfailing help in acquiring a knowledge of the ! 

slender. Mr Pattison Muir having aimed at a principles of modem chemistry." — Atkerueum. 

ELEMENTARY CHEMISTRY. By M. M. Pattison 
Muir, M.A., and Charles Slater, M.A., M.B. Crown 8yo. 4-y. 6d, 

PRACTICAL CHEMISTRY. A Course of Laboratory 
Work. By M. M. Pattison Muir, M.A., and D. J. Carnegie, B.A. 
Crown 8vo. 3^. 

London : C. J, Cla y &^ Sons, Cambridge University Press Warekouse, 
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NOTES ON QUALITATIVE ANALYSIS. Concise and 

Explanatory. By H. J. H. Fenton, M. A., F.I.C., Demonstrator of 
Chemistry in the University of Cambridge. Cr. 4to. New Edition, 6j. 

LECTURES ON THE PHYSIOLOGY OF PLANTS, 

by S. H. ViNES, D.Sc, Professer of Botany in the University of 
Oxford. Demy 8vo. With Illustrations. 2ij. 

" To say that Dr Vines' book is a most science that the works in most gênerai use in 

valuable addition to our own botanical litera- this country for higher botanical teaching hâve 

ture is but a narrow meed of praise: it is a been of foreignorigin. ...This isnot asit should 

work which will take its place as cosmopolitan : be; and we welcome Dr Vines' Lectures on 

no more clear or concise discussion of tne diffi- the Physiotogy of Plants as an înii>ortant step 

cuit chemistry of metabolism bas appeared. ... towards the removal of this reproach....The 

In érudition it stands alone among English work forms an important contribution to the 

books, and will compare favourably with any literature of the subject....It will be eageriy 

foreigu competitors. — Nature. welcomed by ail students, and must be in the 

"It bas long been a reproach to English hands of ail teachers." — Academy. 

A SHORT HISTORY OF GREEK MATHEMATICS. 

By J. Gow, LittD., Fellow of Trinity Collège. Demy 8vo. ioj. 6^/. 
DIOPHANTOS OF ALEXANDRIA; a Study in the 

History of Greek Algebra. By T. L. Heath, M.A., Fellow of 
Trinity Collège, Cambridge. Demy 8vo. 7^". 6^/. 

"This study in the history of Greek Algebra cb^sification of Diophantus's methods of solu- 
is an exceedingly valuable contribution to the tien taken in conjunction with the invaluabie 



history ofmathematics.'* — Academy. abstract, présents the English reader with a 

" The most thorough 
Diophantus's place, work, and critics. . . . [The reâlly accomplished.]" — Atkenaum. 



"The most thorough account extant of capital picture of what Greek algebraists had 
ophantus's place, work, and critics. . . . [The really accomplished.]" — Athenaum. 

THE FOSSILS AND PALiEONTOLOGICAL AFFIN- 

ITIES OF THE NEOCOMIAN DEPOSITS OF UPWARE 
AND BRICKHILL with Plates, being the Sedgwick Prize Essay 
for the Year 1879. By the late W. Keeping, M.A., F.G.S. Demy 
8vo. \os, 6d. 

A CATALOGUE OF BOOKS AND PAPERS ON PRO- 

TOZOA, CŒLENTERATES, WORMS, and certain smaller groups 
of animais, published during the years 1861 — 1883, by D'Arcy W. 
Thompson, M. A. Demy 8vo. 12s, 6d. 

ASTRONOMICAL OBSERVATIONS made at theObser- 
vatory of Cambridge by the late Rev. James Challis, M.A., F.R.S., 
F.R.A.S. For various Years, from 1846 to 1860. 

ASTRONOMICAL OBSERVATIONS from 1861 to 1865. 

Vol. XXI. Royal 4to. 15^. From 1866 to 1869. VoL XXII. 
Royal 4to. \Nearly ready. 

A CATALOGUE OF THE COLLECTION OF BIRDS 

formed by the late H. E. Strickland, now in the possession of the 
University of Cambridge. By O. Salvin, M.A. Demy8vo. £i,is. 

A CATALOGUE OF AUSTRALIAN FOSSILS, Strati- 

graphically and Zoologically arranged, by R. Etheridge, Jun., 
F.G.S. Demy 8vo. los. 6d. 

ILLUSTRATIONS OF COMPARATIVE ANATOMY, 

VERTEBRATE AND INVERTEBRATE, for the Use of Stu- 
dents in the Muséum of Zoology and Comparative Anatomy. Second 
Edition. Demy 8vo. 2s. 6d, 

A CATALOGUE OF THE COLLECTION OF CAM- 

BRIAN AND SILURIAN FOSSILS contained in the Geological 
Muséum of the University of Cambridge, by J. W. Salter, F.G.S. 
With a Portrait of Professor Sedgwick. Royal 4to. 7s. 6d. 

CATALOGUE OF OSTEOLOGICAL SPECIMENS con- 

tained in the Anatomical Muséum of the University of Cambric^e. 
Demy 8vo. 2s, 6d, 

London : C y. Cl a y &* Sons, Cambridge University Press Warehouse^ 
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LAW. 

ELEMENTS OF THE LAW OF TORTS. A Text-book 

for Students. By Melville M. BiGELOW, Ph.D. Crown 8vo. los.ôd, 

A SELECTION OF CASES ON THE ENGLISH LAW 
OF CONTRACT. By Gérard Brown Finch, M.A., of Lincoln's 
Inn, Barrister at Law. Royal 8vo. 28j. 

"An invaluable g^ide towards the best method of légal study." — Law Quarterly 
Revtew. 

THE INFLUENCE OF THE ROMAN LAW ON 

THE LAW OF ENGLAND. Being the Yorke Prize Essay for 

1884. By T. E. SCRUTTON, M.A. Demy 8vo. ioj. dd. 

"Légal work of just the kind that a leamed University should promote by its prizes."— 
Law Quarterly Review. 

LAND IN FETTERS. Being the Yorke Prize Essay for 

1885. By T. E. SCRUTTON, M.A. Demy 8vo. ^s. 6d, 

COMMONS AND COMMON FIELDS, OR THE HIS- 

TORY AND POLICY OF THE LAWS RELATING TO 
COMMONS AND ENCLOSURES IN ENGLAND. Being the 
Yorke Prize Essay for 1886. By T. E. SCRUTTON, M.A. Demy 8vo. 
los. 6d, 

HISTORY OF THE LAW OF TITHES IN ENGLAND. 

Being the Yorke Prize Essay for 1887. By W. Easterby, B.A., LL.B. 
St John's Collège and the Middle Temple. Demy 8vo. 7s, td. 

AN ANALYSIS OF CRIMINAL LIABILITY. By E. C. 

Clark, LL.D., Regius Professor of Civil Law in the University of Cam- 
bridge, also of Lincoln's Inn, Barrister-at-Law. Crown 8vo. 7J. 6df. 

PRACTICAL JURISPRUDENCE, a Comment on AUSTIN. 
By E. C. Clark, LL.D. Crown 8vo. 9J. 

"Damit schliesst dièses inhaltreiche und tical Jurisprudence." — 'K.àiàg. Ceniralbiatt/ûr 
nach allen Seiten anregende Buch ûber Prac- Rechtswissenschaft. 

A SELECTION OF THE STATE TRIALS. By J. W. 

WiLLiS-BUND, M.A., LL.B., Professor of Constitutional Law and 
History, University Collège, London. Crown 8vo. Vols. I. and IL 
In 3 parts. Now rednced to 30j. (priginally published at 46 j.) 

" This work is a very usefiil contribution to fore, althoup;h the trials are more or less 
that important branch of the constitutional his- abridged, this is for the ordinary student's pur- 
tory 01 England which is concerned with the pose not only a more handy, but a more usefui 
growUi and development of the law of treason, work than Howeirs." — Saturday Review. 
as it may be gathered from trials before the " But, although the book is most interesting 
ordinary courts. The author has very wiseiy to the historian of constitutional law, it is also 
distinguished thèse cases from those of im- not without considérable value to those who 
peachment for treason before Parliament, which seek information with regard to procédure and 
ne proposes to treat in a future volume under the growth of the law of évidence. We should 
the gênerai head 'Proceedingsin Parliament.'" add that Mr Willis-Bund has given short pre- 
— 7^ Acadetny. faces and appendices to the trials, so as to form 

" This is a work of such obvions utility that a connected narrative of the events in history 

the only wonder is that no one should hâve un- to which they relate. We can thoroughly re* 

dertaken it before ... In many respects there- commend the book. " — Law Times. 

THE FRAGMENTS OF THE PERPETUAL EDICT 

OF SALVIUS JULIANUS, collected, arranged, and annotated by 
Bryan Walker, m. a., LL.D.,late Law Lecturer of St John's Collège, 
and Fellow of Corpus Christi Collège, Cambridge. Crown 8vo. 6j. 

" In the présent book we hâve the fruits of such a student will be interested as well as per- 

the same kind of thorough and well-ordered haps surprised to find how abundantly the ex- 

study which was brought to bear upon the notes tant fragments illustrate and clear up points 

to the Commentaries and the Institutes . . . which hâve attracted his attention in the Com- 

Hitherto the Edict has been almost inac- mentaries, or the Institutes, or the Digest."^ 

cessible to the ordinary English student, and Laiu Times, 
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BRACTON'S NOTE BOOK. A Collection of Cases de- 
cided in the King's Courts during the reign of Henry the Third, 
annotated by a Lawyer of that tirae, seemingly by Henry of Bratton. 
Edited by F. W. Maitland of Lincoln's Inn, Barrister at Law, 
Downing Professor of the Laws of England. 3 vols. Demy 8vo. 
Buckram. ;^3. 3J. Net. 

AN INTRODUCTION TO THE STUDY OF JUS- 
TIN lAN'S DIGEST. Containing an account of its composition 
and of the Jurists used or referred to therein. By Henry John 
ROBY, M. A., formerly Prof, of Jurisprudence, University Collège, 
London. Demy 8vo. 9J. 

JUSTINIAN^S DIGEST. Lib. VIL, Tit. I. De Usufructu 

with a Légal and Philological Commentary, By H. J. Roby, M. A. 
Demy 8vo. 9^. 
Or the Two Parts complète in One Volume. Demy Svo. i8j. 

" Not an obscurity, philological, historical, tained and developed. Roman law, almost 

or légal, has been left unsifted. More inform- more than Roman légions, was the backbone 

ing aid still has been supplied to the student of of the Roman commonwealth. Mr Roby, by 

the Digest at large by a preliminary account, his careful ^etch of the sages of Roman law, 

covering nearly 300 pages, of the mode of from Sextus Papirius, under Tarquin the 

comi>osition of the Digest, and of the jurists Proud, to the Byzantine Bar, has contributed to 

whose décisions and arguments constitute its render the tenacity and durability of the most 

substance. Nowhere else can a clearer view enduring polity the world has ever experienced 

be obtained of the personal succession by which somewhat more intelligible." — The Times. 
the tradition of Roman légal science was sus- 

THE COMMENTARIES OF GAIUS AND RULES OF 

ULPIAN. With a Translation and Notes, by J. T. Abdy, LL.D., 
Judge of County Courts, late Regius Professor of Laws in the 
University of Cambridge, and Bryan Walker, M. A., LL.D., late 
Law Lecturer of St John^s Collège, Cambridge, formerly Law Student 
of Trinity Hall and Chancellor's Medallist for Légal Studies. New 
Edition by Bryan Walker. Crown Svo. i6j. 

" As scholars and as editors Messrs Abdy way of référence or necessary explanation. 

and Walker hâve done their work well . . . For Thus the Roman jurist is allowed to speak for 

one thing the editors deserve spécial commen- himseif, and the reader feels that he is really 

dation. They hâve presented Gaius to the stud^ing Roman law in the original, and not a 

reader with few notes and those merely by fanciful représentation ofit." — Athenœutn. 

THE INSTITUTES OF JUSTINIAN, translatée! with 
Notes by J. T. Abdy, LL.D., and the late Bryan Walker, M.A,, 
LL.D. Crown Svo. i6j. 

''We welcome hère a valuable contribution the ordinary student, whose attention is dis- 

to the study of jurisprudence. The text of the tracted from the subject-matter by the dif- 

Institutes is occasionally perplexing, even to ficulty of struggling through the language in 

practised scholars, whose knowledge of clas- which it is contained, it will be almost indis- 

sical models does not always avail them in pensable." — S^ectaior. 

dealing with the technicalities of légal phrase- " The notes are leamed and carefuUy com- 

ology. Nor can the ordinary dictionaries be piled, and this édition will be found useful to 

expected to fumish ail the help that is wanted. students." — Law Times. 
This translation will then be of great use. To 

SELECTED TITLES FROM THE DIGEST, annotated 
by the late B. Walker, M.A., LL.D. Part L Mandati vel Contra. 
Digest XVII. I. Crown Svo. $s, 

Part II. De Adquirendo rerum dominio and De Adquirenda vel 

amittenda possessione. Digest xll i and ii. Crown Svo. 6s, 

Part III. De Condictionibus. Digest xii. i and 4 — 7 and Digest 

XIII. I — 3. Crown Svo. 6^. 

GROTIUS DE JURE BELLI ET PACIS, with the Notes 

of Barbeyrac and others ; accompanied by an abridged Translation 
of the Text, by W. Whewell, D.D. late Master of Trinity Collège. 
3 Vols. Demy Svo. 12s. The translation separate, 6s, 
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HISTOEICAL WORKS, &c. 

THE LIFE AND LETTERS OF THE REVEREND 
ADAM SEDGWICK, LL.D., F.R.S., Fellow of Trinity Collège, 
Cambridge, and Woodwardian Professer of Geology from 1818 to 
1873. (Dedicated, by spécial permission, to Her Majesty the Queen.) 
By John Willis Clark, M. A., F. S.A., formerly Fellow of Trinity 
Collège, and Thomas M^Kenny Hughes, M.A., Woodwardian 
Professor of Geology. 2 vols. Demy 8vo. \In the Press, 

LIFE AND TIMES OF STEIN, OR GERMANY AND 
PRUSSIA IN THE NÀPOLEONIC AGE, by J. R. Seeley, 
M.A., Regius Professor of Modem History in the University of 
Cambridge, with Portraits and Maps. 3 Vols. Demy 8vo. 30?. 

" Dr BuscH*s volume has made people thînk whea it seemed almost foUy to hope for suc- 

and talk even more than usual of Prince Bis- cess. Englishmen will feel very pardonable 

mardc, and Professor Seeley's very leamed work pride at seeing one of their countrymen under- 

on Stein will tum attention to an earlier and an take to write the history of a period from the 

almost equally eminent German statesman. 1 1 investigation of which even laborious Germans 

has been the good fortune of Prince Bismarck are apt to shiink.'* — Times. 
to help to raise Prussia to a position which she "In a notice of this kind scant justice can 

had never before attained, and to complète the be done to a work like the one before us ; no 

work of German unification. ïhe frustrated short résumé can givc even the most meagre 

labours of Stein in the same field were also notion of the contents of thèse volumes, which 

very great, and well worthy to be taken into contain no page that is superfluous, and none 

account He was one, perhaps the chief, of that is uninteresting . . . . To understand the 

the illustrions group of strangers who came to Germany of to-day one must study the Ger- 

the rescue of Prussia in her darkest hour, about raany of many yesterdays, and now that study 

the time of the inglorious Peace of Tilsit, and has been made easy by this work, to which no 

who laboured to put life and order into her one can hesitate to assign a very high place 

dispirited zxxtiy. her impoverished finances, and among those récent historiés which hâve aimed 

her inefficient Civil Service. Stein strove, too, at original research.'* — Athetueum. 
— no man more, — ^for the cause of unification 

THE DESPATCHES OF EARL GOWER, English Am- 

bassador at the court of Versailles from June 1790 to August 1792, 
to which are added the Despatches of Mr Lindsay and Mr Munro, 
and the Diary of Lord Palmerston in France during July and 
August 1791. Edited by OscAR Browning, M.A. Demy 8vo. 15^. 
THE GROWTH OF ENGLISH INDUSTRY AND 

COMMERCE. By W. CUNNINGHAM, B.D. With Maps and 
Charts. Crown 8vo. 12s, 

"Mr Cunningham is not likely to disap- merce hâve grown. It is with the process of 

point any readers except such as begin by mis- p^wth that he is concemed ; and this process 

taking the character of his book. He does not ne traces with the philosophical insight which 

promise, and does not give, an account of the distinguishes between what is important and 

dimensions to which English industry and com- what is trivial." — Guardian, 

CHRONOLOGICAL TABLES OF GREEK HISTORY. 

Accompanied by a short narrative of events, with références to the 
sources of information and extracts from the ancient authorities, by 
Carl Peter. Translated from the German by G. Chawner, 
M. A., Fellow of King's Collège, Cambridge. Demy 4to. loj. 
KINSHIP AND MARRIAGE IN EARLY ARABIA, 
by W. ROBERTSON Smith, M.A., LL.D., Fellow of Christ' s Collège 
and University Librarian. Crown 8vo. Js, td, 

" It would be superfluous to praise a book early history can afford to be without Kinship 
so leamed and masterly as Professor Robertson in Early Arabia.** — Nature, 
Smith's ; it is enough to say that no student of 

TRAVELS IN NORTHERN ARABIA IN 1876 AND 
1877. By Charles M. Doughty, of Gon ville and Caius Collège. 
With Illustrations and a Map. 2 vols. Demy 8vo. £'^. 3J. 

"This is in several respects a remarkable "We judge this book to be the most re- 

book. It records the ten years' trayels of the markable record of adventure and research 

author throughout Northern Arabia, in the which has been published to this génération." 

Hejas and Nejd, from Syria to Mecca. No —Spectator, 

doubt this région has been visited by previous "Its value as a storehouse of knowledge 

travellers, but none, we venture to think, hâve simply cannot be exaggerated."— 6'rt/wr^/«j' 

done their work with so much thoroughness or Review, 
with more enthusiasm and love." — Times. 
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THE ARCHITECTURAL HISTORY OF THE UNI- 

VERSITY OF CAMBRIDGE AND OF THE COLLEGES OF 
CAMBRIDGE AND ETON, by the late Robert Willis, M.A. 
F.R.S., Jacksonian Professer in the Univers! ty of Cambridge. Edited 
with large Additions and brought up to the présent time by John 
Willis Clark, M. A., formerly Fellow of Trinity Collège, Cam- 
bridge. Four Vols. Super Royal 8vo. ;£6. dr. 

AIso a limited Edition of the same, consisting of 120 numbered 
Copies only, large paper Quarto ; the woodcuts and steel engravings 
mounted on India paper ; price Twenty-five Guineas net each set. 

THE UNIVERSITY OF CAMBRIDGE FROM THE 

EARLIEST TIMES TO THE ROYAL INJUNCTIONS OF 
1535, by J. B. Mullinger, M. A., Lecturer on History and Librarian 
to St John's Collège. Part I. Demy 8vo. (734 pp.), I2J. 

Part II. From the Royal Injunctions of 1535 to the Accession of 

Charles the First. Demy 8vo. i8j. 

"That Mr Mullinger's work shouid admit activity of its leading members. ^ Ail this he 

of being regarded as a continuous narrative, combines in a form which is eminently read- 

in which ctiaracter it has no predecessors able."— Prof. Creighton in C<7»^. ^^t/Âra;. 

worth mentioning, is one of the mauy ad van- "Mr Mullinger has succeeded perfectly in 

tages it possesses over annalistic compilations, presenting the earnest and thoughtful stuaent 

even so valiiable as Cooper's, as well as over with a thorough and trustworthy history. ** — 

A thenae, " — Prof. A. W. Ward in the A cadeTuy. Guardian. 

"Mr Mullinger's narrative omits nothing "Mr Mullinger displays an admirable 

which is required by the fuUest interprétation thoroughness in bis worL Nothing could be 

of his subject. He shews in the statutes of more exhaustive and conscientious than his 

the Collegesj the internai or^anization of the method: and his style. ..is picturesque and 

University, its connection with national pro- elevated." — Times. 
blems, its studies, its social life, and the 

SCHOLAE ACADEMICAE: some Account of the Studies 
at the English Universities in the Eighteenth Century. By C. 
WoRDSWORTH, M.A., FelIow of Peterhouse. Demy 8vo. los, 6d, 

" Mr Wordsworth has collected a great éducation and leaming." — Saturday Review. 
quantity of minute and curions information "Of the whole volume it may be said that 

about the working of Cambridge institutions in it is a genuine service rendered to the study 

the last century, with an occasional comparison of University history, and that the habits of 

of the corresponding state of things at Oxford. thought of any writer educated at either seat of 

. . . To a great extent it is purely a book of re- leaming in the last century will, in many cases, 

ference, and as such it will be of permanent be far better understood after a considération 

value for the historical knowledge of English of the materials hère collected." — Academy. 

HISTORY OF THE COLLEGE OF ST JOHN THE 
EVANGELIST, by Thomas Baker, B.D., Ejected Fellow. Edited 
by John E. B. Mayor, M.A. Two Vols. Demy 8vo. 24^. 

**To antiquaries the book will be a source "The work displays Verywide reading, and 

of almost inexhaustible amusement, by his- it will be of great use to members of the col- 

torians it will be found a work of considérable lege and of the university, and, perhaps, of 

service on questions respecting our social pro- still greater use to students of English his- 

gress in past times ; and the care and thorough- tory, ecclesiastical, political, social, literary 

ness with which Mr Mayor has discharged his and academical, who hâve hitherto had to be 

editorial functions are creditable to his leaming content with * Dyer. '" — A cademy. 
and industry." — Atherueum.* 

HISTORY OF NEPAL, translatée! by MuNSHÏ Shew 
Shunker Singh and Pandit Shrï Gunanand; edited with an 
Introductory Sketch of the Country and People by Dr D. Wright, 
late Residency Surgeon at Kâthmândû, and with facsimiles of native 
drawings, and portraits of Sir JUNG BahâDUR, the KiNG OF NEPAL, 
&c. Super-royal 8vo. 10s, td. 

A JOURNEY OF LITERARY and ARCHiEOLOGICAL 

RESEARCH IN NEPAL AND NORTHERN INDIA, during 
the Winter of 1884-5. ^X Cecil Bendall, M.A., Professor of 
Sanskrit in University Collège, London. Demy 8vo. loy. 

CANADIAN CONSTITUTIONAL HISTORY. By J. E. 

C. Munro, LL.M., Professor of Law and Political Economy at Vic- 
toria University, Manchester. \Nearly ready, 

London : C. J, Cl a v 6r* Sons, Cambridge University Press Warehouse^ 
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CAMBBIDaE HÏSTOBICAL ESSATS. 

POLITICAL PARTIES IN ATHENS DURING THE 

PELOPONNESIAN WAR, by L. Whibley, B.A., Formerly 
Beatson Scholar of Pembroke Collège, Cambridge. (Prince Consort 
Dissertation, 1888.) Crown 8vo. is. 6d. 

POPE GREGORY THE GREAT AND HIS RELA- 
TIONS WITH GAUL, by F. W. Kellett, M.A., Sidney Sussex 
Collège. (Prince Consort Dissertation, 1888.) Crown 8vo. 2j. 6d, 

mSCELLANEOUS. 

THE LITERARY REMAINS OFALBRECHT DURER, 

by W. M. CONWAY. With Transcripts from the British Muséum 

MSS., and Notes by Lina Eckenstein. Royal 8vo. \Nearly ready. 

A LATIN-ENGLISH DICTIONARY. Printed from the 

(Incomplète) MS. of the late T. H. Key, M.A., F.R.S. Cr. 4to. 31^. 6d 

A CATALOGUE OF ANCIENT MARBLES IN GREAT 

BRITAIN, by Prof Adolf Michaelis. Translated by C. A.M. 
Fennell, Litt. D. Royal 8vo. Roxburgh (Morocco back), £2, 2s, 

"The book is beautifuUy executed, and with the libéral facilities afibrded by them towards 

its few handsome plates, and excellent indexes, the production of this important volume by 

does much creditto the Cambridge Press. It has Professer Michsie\is."—Saiurday Revirw, 

not been printed in German, but appears for the " Professor Michaelis has achieved so high 

first time in the English translation. AU lovers a famé as an authority in dassical archseology 

of true art and of good work should be grateful that it seems unnecessary to say how good 

to the Syndics of the University Press for 9.\twi\iûÀ%\s,.**—TheAntiqtéary. 

RHODES IN ANCIENT TIMES. By Cecil Torr, M.A. 

With six plates. Demy 8vo. lay. (>d, 

RHODES IN MODERN TIMES. By the same Author. 
With three plates. Demy 8vo. 8j. 

THE WOODCUTTERS OF THE NETHERLANDS 

during the last quarter of the Fifteenth Century. In 3 parts. I. His- 
toryoftheWoodcutters. IL Catalogue oftheirWoodcuts. III. Listof 
Books containing Woodcuts. By W. M. Conway. Demy 8vo. icj". 6^/. 

THE LITERATURE OF THE FRENCH RENAIS- 
SANCE. An Introductory Essay. By A. A. TiLLEY, M. A., Fellow 
and Tutor of King's Collège, Cambridge. Crown 8vo. 6j. 

A GRAMMAR OF THE IRISH LANGUAGE. By Prof. 
WiNDiscH. Translated by Dr Norman Moore. Crown 8vo. 7^. td, 

LECTURES ON TEACHING, delivered in the University 

of Cambridge in the Lent Term, 1880. By J. G. FlTCH, M. A., LL.D. 
Her Majesty's Inspector of Training Collèges. Cr. 8vo. New Edit. 5j. 

" As principal of a training collège and as a schools . . . Mr Fitch's book covers so wide a 

Government inspector of schools, Mr Fitch has field and touches on so many buming questions 

got at his fingers' ends the working of primary that we must be content to recommend it as 

éducation, while as assistant comoiissioner to the best existing vade mecum fortheteach^r." 

the late Endowed Schools Commission he has — Poil Mail Gazette. 
seen something of the machînery of our higher 

OCCASIONAL ADDRESSES ON EDUCATIONAL 

SUBJECTS. By S. S. Laurie, M.A., LL.D. Crown 8vo. çj. 

AN ATLAS OF COMMERCIAL GEOGRAPHY. In- 

tended as a Companion to Dr Milles "Elementary Commercial 
Geography." By J. G. Bartholomew, F.R.G.S. With an Intro- 
duction by Dr H. R. MiLL. \Preparing. 

A MANUAL OF CURSIVE SHORTHAND. By H. L. 

Callendar, B.A., Fellow of Trinity Collège. Ex. Fcap. 8vo. 2s, 

A SYSTEM OF PHONETIC SPELLING ADAPTED 
TO ENGLISH. By H. L. Callendar, B.A. Ex. Fcap. 8vo. td. 
For other books on Education^ see Pitt Press Séries, p. 31. 
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CONTRIBUTIONS TO THE TEXTUAL CRITICISM 

OF THE DIVINA COMMEDIA. Induding the complète col- 
lation throughout the Inferno of aU the MSS. at Oxford and Cam- 
bridge. By the Rev. Edward Moore, D.D. Demy 8vo. 2ix. 

EPISTVLAE ORTELIAXAE. Abrahami Ortelii (Geo- 

graphi Antverpiensis) et virorvm ervditorvm ad evndem et ad 
Jacobvm Colivm Ortelianvm Epist\']ae. Cvm aliqvot aliis 
epistvlis et tractatibvs qvibvsdam ab vtroqve collectîs (1524 — 1628). 
Ex avtographis mandante Ecclesia Londino-batava edidit Joannes 
Henricvs Hessels. Demy 4to. £1. \os. Net, 
FROM SHAKESPEARE TO POPE: an Inquiry înto 
the causes and phenomena of the rise of Classical Poetry in England. 
By Edmund Gosse, M.A. Crown 8vo. 6j. 

CHAPTERS ON ENGLISH METRE. By Rev. Joseph 

B. Mayor, M.A. Demy 8vo. ^s. dd, 

STUDIES IN THE LITERARY RELATIONS OF 

ENGLAND WITH GERMANY IN THE SIXTEENTH 
. CENTURY. By C. H. Herford, M.A. Crown 8vo. çj. 

ADMISSIONS TO GONVILLE AND CAIUS COLLEGE 

in the University of Cambridge March 1558 — 9 to Jan. 1678 — 9. 
Edited by J. Venn, ScD., and S. C. Venn. Demy 8vo. lOf. 

CATALOGUE OF THE HEBREW MANUSCRIPTS 

preserved in the University Library, Cambridge. By Dr S. M. 
Schiller-Szinessy. Volume I. containing Section i. The Holy 
Scripturesj Section il. Commentaries on the Bible, Demy 8vo. çj. 

A CATALOGUE OF THE MANUSCRIPTS preserved 

in the Library of the University of Cambridge. Demy 8vo. 5 Vols. 

loj. each. INDEX TO THE CATALOGUE. Demy 8vo. ioj. 
A CATALOGUE OF ADVERSARIA and printed books 

containing M S. notes, preserved in the Library of the University of 

Cambridge. 3^. td. 

THE ILLUMINATED MANUSCRIPTS IN THE Li- 
brary of the Fitzwillîam Muséum, Catalogued with Descriptions, and 
an Introduction, by W. G. Searle, M.A. Demy 8vo. 7J. dd. 

A CHRONOLOGICAL LIST OF THE GRACES, 

Documents, and other Papers in the University Registry which 
concem the University Library. Demy 8vo. 2J. dd, 

CATALOGUS BIBLIOTHECiE BURCKHARDTIANiE. 

Demy 4to. 5/. 

GRADUATI CANTABRIGIENSES : SIVE CATA- 

LOGUS exhibens nomina eorum quos gradu quocunque ornavit 
Academia Cantabrigiensis (1800 — 1884). Cura H. R. Luard S. T. P. 
Demy 8vo. 12s. 6d, 

STATUTES OF THE UNIVERSITY OF CAMBRIDGE 

and for the Collèges therein, made, published and approved (1878 — 
1882) under the Universities of Oxford and Cambridge Act, 1877. 
With an Appendix. Demy 8vo. 16s, 

STATUTES OF THE UNIVERSITY OF CAMBRIDGE. 

With Acts of Parliament relating to the University. 8vo. y, 6d, 

ORDINANCES OF THE UNIVERSITY OF CAM- 
BRIDGE. Demy 8vo., cloth. 7s, 6d, 
TRUSTS, STATUTES AND DIRECTIONS affecting 

(i) The Prof essor ships of the University. (2) The Scholarships 
and Prizes. (3) Other Gifts and Endowments. Demy 8vo. 5^. 

COMPENDIUM of UNIVERSITY REGULATIONS. 6d. 
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General Editor : The Very Révérend J. J. S. Perowne, D.D., 

Dean of Peterborough. 






It is difficult to commend too highly this excellent séries." — Guardian. 

The modesty of the gênerai title of this séries has, we believe, led many to misunderstand 
its character and underrate its value. The books are well suited for study in the upper forms of 
our best schools, but not^ the less are they adapted to the wants of ail Bible students who are not 
specialists. We doubt, indeed, whether anjr of the numerous popular commentaries recently 
issued in this country will be found more serviceable for gênerai use." — Academy. 

** One of the most popular and useful literary enterprises of the nineteenth century." — Baptist 
Magazine. 

** Of great value. The whole séries of comments for schools is highly esteemed by students 
capable of forming a judgment. The books are scholarly without beîng prétentions : information 
is so given as to be easily understood." — Sword and Trowel. 

The Very Révérend J. J. S. Perowne, D.D., Dean of Peterborough, has 
undertaken the gênerai editorial supervision of the work, assisted by a staff of 
eminent coadjutors. Some of the books hâve been already edited or undertaken 
by the foUowing gentlemen : 

Rev. A. Carr, yi.A, y late Assistant Master at Wellington Collège, 

Rev. T. K. Cheyne, M.A., D.D., late Fellow of Balliol Collège, Oxford, 

Rev. S. Cox, Nottingham, 

Rev. A. B. Davidson, D.D., Professor ofHebrew, Edinburgh, 

The Ven. F. W. Farrar, D.D., Archdeacon of Westminster, 

Rev. C. D. GiNSBURG, LL.D. 

Rev. A. E. HuMPHREYS, M.A., late Fellow of Trinity Collège, Cambridge, 

Rev. A. F. KiRKPATRiCK, M.A., Fellow of Trinity Collège, Regius Professor 

ofHebrew, 
Rev. J. J. Lias, M. A., late Professor ai St DavûTs Collège, Lampeter. 
Rev. J. R. LUMBY, D.D., Norrisian Professor of Divinity, 
Rev. G. F. Maclear, D.D., Warden of St Augustine^s Collège, Canterbury, 
Rev. H. C. G. Moule, M.A., late Fellow of Trinity Collège, Principal of 

Ridley Hall, Cambridge, 
Rev. W. F. MouLTON, D.D., Head Master of the Leys Sckool, Cambridge, 
Rev. E. H. Perowne, D.D., Master of Corpus Christi Collège, Cambridge, 
The Ven. T. T. Perowne, B.D., Archdeacon of Norwich, 
Rev. A. Plummer, M.A., D.D., Master of University Collège, Durham, 
The Very Rev. E. H. Plumptre, D.D., Dean of Wells, 
Rev. H. E. Ryle, M.A., Hulsean Professor of Divinity, 
Rev. W. SiMCOX, M.A., Rector of Weyhill, Hants, 
W. Robertson Smith, M. A., Felloiv of Chris f s Collège, and University 

Librarian, 
The Very Rev. H. D. M. Spence, M.A., Dean of Gloucester, 
Rev. A. W. Streane, M.A., Fellow of Corpus Christi Collège, Cambridge, 
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THE CAJfBBIlWB BIBLE POB 8CH00L8 ft OOLUBSBBw Càml, 

Xarw Ready. Clotkj Extra Fcap. 8fV- 
THE BOOK OF JOSHUA. ^ tfae Rcr. a F. Maclsak, D.D. 

THE BOOK OF JUDGES. Bj thc Rcr. J. J. Lias, M.A. 

THE FIRST BOOK OF SA^fUEL. ^ thc Rct. Piofessor 

KiftKrAUtiCK, M.A. With Map. ^f. <U1 
THE SECOND BOOK OF SAMUEL ^ ihe Rct. Piofessor 

KiEKFATUCK, H. A. With % >faps. 31;. 6i(^ 

THE FIRST BOOK OFKINGS. Bj Rev. Profc Lumby, D.D. 3^.6^ 
THE SECON D BOOK OF KINGS ^ tbe same Editor. 35. 6^ 
THE BOOK OF JOR By the Rev. A. B. Datioson, D.D. 55. 
THE BOOK OF ECCLESIASTES. Bjr Ihe Veiy Rev. K H. 

PLUMPTS.K, D.D. 5/. 

THE BOOK OF JEREMIAH. Bj thc Rcv. A. W. Streanb, 

M.A. WîthMap. ^.6d. 
THE BOOK OF HOSEA. By Rev. T. K. Cheyne, M.A., D.D. y, 
THE BOOKS OF OBADIAH AND JONAH. Bj Archdeacon 

THE BOOK OF MICAH. By Rev. T. K. Cheyxe, D.D. u. 6^. 

THE BOOKS OF HAGGAI AND ZECHARIAH. By Arch- 
deacon Perowne. y. 

THE GOSPEL ACCORDING TO ST MATTHEW. By the 
Rer. A. Cars, M.A. With 2 Maps. u. 6d. 

THE GOSPEL ACCORDING TO ST MARK. By the Rev. 

G. F. Maclear, D.D. With 4 Maps. zr. 6d. 

THE GOSPEL ACCORDING TO ST LUKK By Archdeacon 

F. W. Farrar. With 4 Maps. 4s. 6d, 

THE GOSPEL ACCORDING TO ST JOHN. By die Rev. 
A. Plummer, M.A., D.D. With 4 Maps. ^, 6d. 

THE ACTS OF THE APOSTLES. By die Rev. Professor 

LUMBY, D.D. With 4 Maps. ^. 6d. 

THE EPISTLE TO THE ROMANS. By the Rev. H. C. G. 
Moule, M.A. y. 6d, 

THE FIRST EPISTLE TO THE CORINTHIANS. By the Rev. 

J. J. Lias, M.A. With a Map and Plan. 2s, 

THE SECOND EPISTLE TO THE CORINTHIANS. By die 
Rev. J. J. Lias, M. A. is, 

THE EPISTLE TO THE EPHESIANS. By the Rev. H. C G. 

Moule, M.A. 2s, 6d, 

THE EPISTLE TO THE PHILIPPIANS. By the Rev. H. C. G. 
Moule, M.A. 2s, 6d, 

THE EPISTLE TO THE HEBREWS By Arch. Farrar. 3^. 6d. 

THE GENERAL EPISTLE OF ST JAMES. By the Very Rev. 
E. H. Plumptre, D.D. u. 6d. 

THE EPISTLES OF ST PETER AND ST JUDE By the 

same Editor. 2s. 6d. 

THE EPISTLES OF ST JOHN. By the Rev. A. Plummer, 
M.A., D.D. 3/. 6d» 
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THE CAMBRIDGE BIBLE FOB SGHOOLS &; COLLEGES. Con^. 

Preparing, • 

THE BOOK OF GENESIS. By the Very Rev. the Dean of 

Peterborough. 
THE BOOKS OF EXODUS, NUMBERS AND DEUTERO- 

NOMY. By the Rev. C. D. Ginsburg, LL.D. 
THE BOOKS OF EZRA AND NEHEMIAH. By the Rev. 

Prof. Ryle m. A. 
THE BÔOK OF PSALMS. By the Rev. Prof. Kirkpatrick, M. A. 
THE BOOK OF ISAIAH. By W. Robertson Smith, M.A. 
THE BOOK OF EZEKIEL. By the Rev. A. B. Davidson, D.D. 

THE EPISTLE TO THE GALATIANS. By the Rev. E. H. 

Perowne, D.D. 
THE EPISTLES TO THE COLOSSIANS AND PHILEMON. 

By the Rev. H. C. G. Moule, M.A. 
THE EPISTLES TO THE THESSALONIANS. By the Rev. 

W. F. MouLTON, D.D. 
THE EPISTLES TO TIMOTHY AND TITUS. By the Rev. 

A. E. Humphreys, M.A. 
THE BOOK OF REVELATION. By the Rev. W. Simcox, M.A. 

THE CAMBRIDaE aREEE TESTAMENT 

FOR SCHOOLS AND COLLEGES, 

with a Revised Text, based on the most récent critical authorities, and 

English Notes, prepared under the direction of the General Editor, 

The Very Révérend J. J. S. PEROWNE, D.D. 

Now Ready, 

THE GOSPEL ACCORDING TO ST MATTHEW. By the 

Rev. A. Carr, M.A. With 4 Maps. 4J. 6^. 
*' Copious illustrations, gathered from a great variety of sources, make his notes a very valu- 
able aid to the student. Thev are indeed remarkably interesting, while ail explanations on 
meanings, applications, and the like are distinguished by their lucidity and good sensé." — 
Pall Mail Gazette. 

THE GOSPEL ACCORDING TO ST MARK. By the Rev. 

G. F. Maclear, D.D. With 3 Maps. \s, 6d. 
'*The Cambridge Greek Testament, of which Dr Maclear's édition of the Gospel according to 
St Mark is a volume, certainly supplies a want. Without pretending to compete with the leading 
commentaries, or to embody very much original research, it forms a most satisfactory introduction 
to the study of the New Testament in the original ... Dr Maclear's introduction contains ail that 
is known of St Mark's life, an account of the circumstances in which the Gospel was composed, 
an excellent sketch of the spécial characteristics of this Gospel ; an analysis, and a chapter on the 
text of the New Testament generally . . . The work is completed by three good maps."— ^a/«r- 
elay Review. 

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon 

Farrar. With 4 Maps. 6j. 

THE GOSPEL ACCORDING TO ST JOHN. By the Rev. A. 

Plummer, m. a., D.D. With 4 Maj^. 6j. 
*' A valuable addition has also been made to ^he Cambridge Greek Testament for Schools,' 
Dr Plummer's notes on ' the Gospel according to St John * are scholarly, concise, and instructive, 
and embody the results of much thought and wide reading." — Expasitor. 

THE ACTS OF THE APOSTLES. By the Rev. Prof. Lumby, D.D., 

with 4 Maps. 6j. 

THE FIRST EPISTLE TO THE CORINTHIANS. By the 

Rev. J. J. Lias, M.A. 35. 
THE SECOND EPISTLE TO THE CORINTHIANS. By the 

Rev. J. J. Lias, M.A. [Preparing, 

THE EPISTLE TO THE HEBREWS. By Arch. Farrar. ^s. 6d. 
THE EPISTLES OF ST JOHN. By the Rev. A. Plummer, 

M. A., D.D. 4.r. 
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THE PITT PRESS SERIES. 

[Copies of the Pitt Press Séries may generalîy he obtained bound in ttuo parts for 

Class use<t the text and notes in separate volumes. \ 

I. GREEK. 

ARISTOPHANES— AVES. With English Notes and 

Introduction by W. C. Green, M. A., late Assistant Master at Rugby 

School. New Edition* 3J. 6</. 
"The notes to both plays are excellent. Much has been done in thèse two volumes to render 
the study of Aristophanes a real treat to a boy instead of a drudgery, by helping him to under- 
stand the fun and to express it in his mother tongue." — The Examiner. 

ARISTOPHANES— PLUTUS. By the same Editor. is,6d. 
ARISTOPHANES— RANAE. By the same Editor. is,6d. 
EURIPIDES. HERACLEIDiE. With Introduction and 

Explanatory Notes by E. A. Beck, M. A., Fellow of Trinity Hall. y. 6d, 

EURIPIDES. HERCULES FURENS. With Intro- 

ductions, Notes and Analysis. By A. Gray, M. A., Fellow of Jésus Collège, 
and J. T. Hutchinson, M. A., Christ*s Collège. New Edition. is, 

EURIPIDES. HIPPOLYTUS. By W. S. Hadley, M.A. 

Fellow of Pembroke Collée. [Nearly ready. 

HERODOTUS, BOOK VI. Edited with Notes, Introduction 

and Maps by E. S. Shuckburgh, M. A., late Fellow of Emmanuel Collège. 4^. 

HERODOTUS, BooK VIII., Chaps. 1—90. By the same 

Editor. 3J. 6d, 
" We could not wish for a bctter introduction to 'S.txoàotxi&.**—youmalo/Edi4catiûn. 

HERODOTUS, BooK IX., Chaps. 1—89. By the same 

Editor. 3J. 6d, 

HOMER— ODYSSEY, BooK IX. With Introduction, Notes 

and Appendices. By G. M. Edwards, M.A., Fellow and Classical Lecturer 
of Sidney Sussex Collège. 2s, 6d. 

HOMER— ODYSSEY, BooK X. By the same Editer. 2s, 6d. 
LUCIANI SOMNIUM CHARON PISCATOR ET DE 

LUCTU, with English Notes by W. E. Heitland, M. A., Fellow of 
St John's Collège, Cambridge. New Edition, with Appendix. 3J. dd, 

PLATONIS APOLOGIA SOCRATIS. With Introduction, 

Notes and Appendices by J. Adam, M. A., Fellow and Classical Lecturer of 
Emmanuel Collège. 3J. 6^. 
"A worthy représentative of English Scholarship." — Classical Review. 

CRITO. With Introduction, Notes and Appendix. 

By the same Editor. 2s. 6d. 

** Mr Adam, aiready known as the author of a carefui and scholarly édition of the Apology 
of Plato, will, we think, add to his réputation by his work upon the Crito." — Acadenty. 

**A scholarly édition of a dialogue which has never been really well edited in English." — 
Guardian. 

PLUTARCH. LIVES OF THE GRACCHI. With Intro- 

duction, Notes and Lexicon by Rev. Hubert A. Holden, M. A., LL.D. 6s, 

PLUTARCH. LIFE OF NICIAS. With Introduction 

and Notes. By Rev. Hubert A. Holden, M. A., LL.D. 5J. 

"This édition is as carefui and thorough as Dr Holden's work always is.'*'-Spectatûr. 

PLUTARCH. LIFE OF SULLA. With Introduction, 

Notes, and Lexicon. By the Rev. Hubert A. Holden, M. A., LL.D. 6s. 

SOPHOCLES.— OEDIPUS TYRANNUS. School Edition, 

with Introduction and Commentary, by R. C. Jebb, Litt. D., LL.D., Professer 
of Greek in the University of Glasgow. 4^. 6d, 
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THUCYDIDES. BOOK VII. With Notes and Introduction. 

By H. R. TOTTENHAM, M. A., Fellow of St John*s Collège. \In the Press. 

XENOPHON.— AGESILAUS. The Text revised with 

Critical and Explanatory Notes, Introduction, Analysis, and Indices. By 
H. Hailstone, m. a., late Scholar of Peterhouse. 2J. ^» 

XENOPHON.— ANABASIS, BooKS I. lîl. IV. and V. 

With a Map and English Notes by Alfred Pretor, M. A., Fellow of 

St Catharine's Collège, Cambridge. is. each. 
"Mr Pretor's *Anabasis of Xenophon, Book IV.' displays a union of accurate Cambridge 
scholarship, with expérience of what is required by learners gained in examining middle-class 
schools. The text is large and clearly printed, and the notes explain ail diflSculties. . . . Mr 
Pretor's notes seem to be ail that could be wîshed as regards grammar, geography, and other 
matters." — Thê Academy, 

BOOKS II. VI. and VII. By the same. 2s. 6d. each. 

*'Had we to introduce ayoung Greek scholar to Xenophon^ we should esteem ourselves 
fortunate in having Pretor's text-book as our chart and guide." — Contemporary Revùw. 

XENOPHON.— ANABASIS. By A. Pretor, M.A., Text 

and Notes, complète in two Volumes. 7^. 6d* 

XENOPHON.— CYROPAEDEIA. BoOKS I. IL With In- 

troduction, Notes and Map. By Rev. H. A. Holden, M.A., LL.D. 
2 vols. Vol. I. Text. Vol. II. Notes. 6s, 
" The work is worthy of the editor's well-eamed réputation for scholarship and industry." — 
AtUefueufn, 

— BooKS III., IV., V. By the same Editer. $s. 

" Dr Holden's Commentary is equally good in history and in scholarship.*' — Saturday Review. 



II. LATIN. 

BEDA'S ECCLESIASTICAL HISTORY, BOOKS 

III., IV., the Text from the very ancient MS. in the Cambridge University 
Library, coUated with six other MSS. Edited, with a life from the German of 
£bert, and with Notes, &c. by J. E. B. Mayor, M. A., Professor of Latin, 
and T. R. Lumby, D.D., Norrisian Professor of Divinity. Revised édition. 

7J. ôoT. BoOKS I. and II. In the Press. 

** In Bede's works Englishmen can go back to origines of their history, unequalled for 
form and matter by any modem European nation. Prof. Mayor has done good service in ren- 
dering a part of Bede's greatest work accessible to those who can read Latin with ease. He 
has adomed this édition of the third and fourth books of the * Ecclesiastical History' with that 
am.izing érudition for which he is unrivalled among Englishmen and rarely equalled by Germans. 
And however Interesting and valuable the text may be, we can certainly apply to his notes 
the expression, La sauce vaut mieux que le poisson. They are literally crammed with interest» 
ing information about early English life. For though ecclesiastical in name, Bede's history treats 
of ail parts of the national life, since the Church had points of contact with ail." — Examiner. 

CAESAR. DE BELLO GALLICO COMMENT. I. With 

Maps and English Notes by A. G. Peskett, M.A., Fellow of Magdalene 

Collège, Cambridge, is. 6d, 
" In an unusually succinct introduction he gives ail the preliminary and collatéral information 
that is likely to be useful to a young student ; and, wherever we hâve examined his notes, we 
hâve found them eminendy practical and satisfying. . . The book may well be recommended for 
carefiil study in school or collège." — Saturday Review. 

CAESAR. DE BELLO GALLICO COMMENT. II. III. 

By the same Editor. 2s, 

CAESAR. DE BELLO GALLICO COMMENT. I. II. III. 

by the same Editor. 3J. 

CAESAR. DE BELLO GALLICO COMMENT. IV. and V. 

and COMMENT. VII. by the same Editor. is. each. 

CAESAR. DE BELLO GALLICO COMMENT. VI. and 

comment. VIII. by the same Editor. u. 6d. each. 

CICERO. ACTIO PRIMA IN C. VERREM. With 

Introduction and Notes. £y H. CowiE, M. A., Fellow of St John's Collège, 
Cambridge, is* 6d. 

London : C. y. Cl A Y &* Sons, Cambridge University Press Warehouse^ 
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CICERO. DE AMICITIA. Edited by J. S. Reid, LittD., 

Fellow and Tutor of Gonville and Caius Collège. New Edition, with 
Additions, y, 6d, 

"Mr Reid bas decidedly attained his aim, namely, 'a thorough examination of the Latinity 

of the dialogue. ' The re vision of the text is most valuable, and comprehends sundry 

acute corrections. . . . This voliune, like Mr Reid's other éditions, is a solid gain to the scholar- 
ship of the country." — Atlufueum. 

"A more distinct gain to scholarship is Mr Reid's able and thorough édition of the De 
AmicitiA of Cicero, a work of which, whether we regard the exhaustive introduction or the 
instructive and most suggestive commentary, it would be difficult to speak too highly. . . . When 
we corne to the commentary, we are only amazed by its fubiess in proportion to its bulk. 
Nothing is overlooked which can tend to eiûarge the leamer's gênerai knowleds^e of Ciceronian 
Latin or to elucidate the text."— Saiurday Review. 

CICERO. DE SENECTUTE. Edited by J. S. Reid, 

Litt. D. Revised Edition. 35. (xi, 
** The notes are excellent and scholarlike, adapted for the upper forms of public schools, and 
likely to be useful even to more advanced students." — Guardian. 

CICERO. DIVINATIO IN Q. CAECILIUM ET ACTIO 

PRIMA IN C. VERREM. With Introduction and Notes by W. E. 
Heitland, m. a., and Herbert Cowie, M. A., Fellows of St John's 
Collège, Cambridge. 3^. 

CICERO. PHILIPPICA SECUNDA. With Introduction 

and Notes by A. G. Peskett, M.A., Fellow of Magdalene Collée. 3^. 6d. 

CICERO. PRO ARCHIA POETA. Edited by J. S. Reid, 

Litt. D. Revised Edition, is, 
" It is an admirable spécimen of careful editing. An Introduction tells us everything we could 
wish to know about Archias, about Cicero's connexion with him, about the merits of the trial, and 
the eenuineness of the speech. The text is well and carefully printed. The notes are clear and 
schoTar-like. . . . No boy can master this little volume without feeling that he has advanced a long 
step in scholarship." — The Academy. 

CICERO. PRO BALBO. Edited by J. S. Reid, LittD. 

IS. 6d. 
*' We are bound to recognize the pains devoted in the annotation of thèse two orations to the 
minute and thorough study of their Latinity, both in the ordinary notes and in the textual 
appendices." — Saturday Review. 

CICERO. PRO MILONE, with a Translation of Asconius' 

Introduction, Marginal Analysis and English Notes. Edited by the Rev. 
John Smyth Purton, B.D., late Président and Tutor of St Catharine's 
Collège. 15. 6d, 
"The editorial work is excellendy done." — The Academy. 

CICERO. PRO MURENA. With English Introduction 

and Notes. By W. E. Heitland, M. A., Fellow and Classical Lecturer 
of St John's Collège, Cambridge. Second Edition, carefully revised. 3^. 

'* Those students are to be deemed fortunate who hâve to read Cicero's lively and briUiant 
oration for L.Murena with Mr Heitland's handy édition, which may be pronounced 'four-square ' 
in point of equipment, and which has, not without good reason, attained the honours of a 
second eôXtxon.*' "-Saturday Review. 

CICERO. PRO PLANCIO. Edited by H. A. Holden, 

LL.D. , Examiner in Greek to the University of London. Second Edition. 

"As a book for students this édition can hâve few rivais. It is enriched by an excellent intro- 
duction and a chronological table of the principal events of the life of Cicero ; while in its ap- 
pendix, and in the notes on the text which are added, there is much of the greatest value. The 
volume is neatly got up, and is in every way commendable.'* — The Scotsntan. 

CICERO. PRO SULLA. Edited by J. S. Reid, Litt.D. 

3^". 6d. 
'* Mr Reid is so well known to scholars as a commentator on Cicero that a new work from him 
scarcely needs any commendation of ours. His édition of the speech Pro Sulla is fuUy equal in 
merit to the volumes which he has aiready published . . . It would be difficult to speak too highly 
of the notes. There could be no better way of gaining an insight into the characteristics of 
Cicero's style and the Latinity of his period than by making a careful study of this speech viâth 
the aid of Mr Reid's commentary . . . Mr Reid's intimate knowledge of the minutest détails of 
scholarship enables him to detect and explain the shghtest points of distinction between the 
usages of différent authors and diâerent penods . . . The notes are followed by a valuable 
appendix on the text, and another on points of orthography ; an excellent index brings the work 
to a clox."— -Saturday Review. 
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CICERO. SOMNIUM SCIPIONIS. With Introduction 

and Notes. By W. D. Pearman, M. A., Head Master of Potsdam School, 
Taiiiaica *is 

HORACE. EPISTLES, Book I. With Notes and Intro- 
duction by E. S. Shuckburgh, M. A., late Fellow of Emmanuel Collège. 
2s, 6d, 

LIVY. BooK XXI. With Notes, Introduction and Maps. 

By M. S. DiMSDALE, M. A., Fellow of King's Collège, u. 6d, 

LIVY. Book XXII. By the same Editor. 2s, 6d. 
LUCAN. PHARSALIA LIBER PRIMUS. Edited with 

English Introduction and Notes by W. E. Heitland, M. A. and C. E. 
Haskins, m. a., Fellows and Lecturers of St John*s Collège, Cambridge. 

is. 6d. 

"A careful and scholarlike production." — Times. 

** In nice parallels of Lucan from Latin poets and from Shakspeare, Mr Haskins and Mr 
Heitland deserve praise." — Saturday Review. 

LUCRETIUS. Book V. With Notes and Introduction by 

J. D. DUFF, M. A., Fellow of Trinity Collège, is, 

OVID. FASTI. Liber VI. With a Plan of Rome and 

Notes by A. Sidgwick, M.A., Tutor of Corpus Christ! Collège, Oxford. 
is. 6d, 

** Mr Sidgwick's editing of the Sixth Book of Ovid's Fastt furnishes a careful and serviceable 
volume for average students. It eschews ' construes ' which supersede the use of the dictionary, 
but gives full explanation of grammatical usages and historical and mytliical allusions, besides 
illustrating peculiarities of style, true and false dérivations, and the more remarkable variations of 
the text." — Saturday Review. 

" It is eminendy good and useful. . . . The Introduction is singularly clear on the astronomy of 
Ovid, which isproperly shown to be ignorant and confused; there is an excellent little map of 
Rome, giving just the places mentioned in the text and no more ; the notes are evidendy written 
by a practical schoolmaster." — The Academy. 

QUINTUS CURTIUS. A Portion of the History. 

(Alexander in India.) By W. E. Heitland, M. A., Fellow and Lecturer 

of St John*s Collège, Cambridge, and T. E. Raven, B.A., Assistant Master 

in Sherbome School. 3J. 6d, 

stock of school-books is 

for 
its 
own, which, in former générations, made it a favourite with English scholars, and which still 

make it a popular text-book in Continental schools The réputation of Mr Heitland is a 

suffident guarantee for the schola»hip of the notes, which are ample without being excessive, 
and the book is well fumished with ail that is needfui in the nature of maps, indices, and 
appendices." —Academy. 

VERGIL. AENEID. Libri L, II., III., IV., V., VI., VIL, 

VIII., IX., X., XI., XII. Edited with Notes by A. Sidgwick, M.A., 
Tutor of Corpus Christi Collège, Oxford, u. 6d, each. 

" Mr Sidgwick's Vergil is we believe, the best school édition of the ^o^t.**— Guardian. 

** Mr Arthur Sidgwick's ' Vergil, Aeneid, Book XII.' is worthy of his réputation, and is dis- 
tinguished by the same acuteness and acciuacy of knowledge, appréciation of a boy's diAculdes 
and ingenuity and resource in meeting them, which we hâve on other occasions had reason to 
praise in thèse paçes."— Z-*^ Academy. 

" As masterly m its clearly divided préface and appendices as in the sound and independent 
character of its annotations. . . . There is a great deal more in the notes than mère compilation 
and suggestion. . . . No diflSculty is left unnoticed or unhandled." — Saturday Review. 

VERGIL. AÊNEID. Libri IX. X. in one volume. 3^. 
VERGIL. AENEID. Libri X., XL, XII. in one volume. 

y. 6d. 

VERGIL. BUCOLICS. With Introduction and Notes, by 

the same Editor. is. 6d. 

VERGIL. GEORGICS. Libri L II. By the same 

Editor. «j. 

VERGIL. GEORGICS. Libri III. IV. By the same 

Editor. IS. 

This volume, which complètes the Pitt Press édition of Virgil's Georg^cs, is distinguished by 
the same admirable iudgment and first-rate scholarship as are conspicuous in the former volume 
and in the "Aeneid ' by the same talented editor."— A tkefueum. 

London : C, y. Cl a v df Sons, Cambrids^e University Press Warehouse, 
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GUTZKOW. ZOPF UND SCHWERT. Lustspiel in 

funf Aufzugen von. With a Biographical and Historical Introduction, English 
Notes, and an Index. By H. J. Wolstenholme, B.A. (Lond.). y, 6^. 
"We are glad to b« able to notice a carefiil édition of K. Gutzkow's amusing comedy 
Zopf and Schwert' by Mr H. J. Wolstenholme. . . . Thèse notes are abondant and contain 
références to standard c^mmatical works." — Academy. 

HAUFF. DAS BILD DES KAISERS. Edited by Karl 

Hermann Breul, M.A., Ph.D. 3;. 

HAUFF. DAS WIRTHSHAUS IM SPESSART. Edited 

by A. ScHLOTTMANN, PtuD., late Assistant Master at Uppingham School. 
3/. (>d, 

HAUFF. DIE KARAVANE. Edited with Notes by A. 

SCHLOTTMANN, Ph. D. 3J. 6d. 

IMMERMANN. DER OBERHOF. A Taie of West- 

phalian Life. With a Life of Immermann and English Notes,' by Wilhelm 
Wagner, Ph.D., late Professor at the Johanneum, Hamburg. 3^. 

KOHLRAUSCH. î)a« 3a^ri8i3 (The Year 1813). With 

English Notes. By W. Wagner. is, 

LESSING AND GELLERT. SELECTED FABLES. 

Edited with Notes by Karl Hermann Breul, M. A., Lecturerin German 
at the University of Cambridge. 3J. 

MENDELSSOHN'S LETTERS. Sélections from. Edited 

by James SiME, M.A. y. 

RAUMER. î)er erjle 5îreujjug (THE FIRST CRUSADE). 

Condensed from the Author's 'History of the Hohenstaufen', with a life of 
Raumer, two Plans and English Notes. By W. Wagner. 2j. 
" Certainly no more interesting boolc could be made the subject of examinations. The story 

of the First Crusade has an undying interest. The notes are, on the whole, good." — Educational 

Times. 

RIEHL. CULTURGESCHICHTLICHE NOVELLEN. 

With Grammatical, Philological, and Historical Notes, and a Complète 
Index, by H. J. Wolstenholme, B.A. (Lond.). 4J. 6^. 

UHLAND. ERNST.HERZOGVONSCHWABEN. With 

Introduction and Notes. By H. J. Wolstenholme, B.A. (Lond.), 
Lecturer in German at Newnham Collège, Cambridge. 3J. 6</. 

V. ENGLISH. 

ANCIENT PHILOSOPHY. A SKETCH OF, FROM 

THALES TO CICERO, by Joseph B. Mayor, M.A. 3J. 6rf. 

"Professer Mayor contributes to the Pitt Press Séries A Sketch ofAncient Phiîosopky in 
which he has endeavoured to give a gênerai view of the philosophical Systems illustrated by the 
genius of the masters of metaphysicsil and ethical science from Thaïes to Cicero. In the course 
of hîs sketch he tsdces occasion to give concise analyses of Plato's Republic, and of the Ethics and 
Politics of Aristotle ; and thèse abstracts will be to some readers not the least useful portions of 
the book." — The Guardian. 

ARISTOTLE. OUTLINES OF THE PHILOSOPHY OF. 

Compiled by Edwin Wallace, M. A., LL.D. (St Andrews), late Fellow 
of Worcester Collège, Oxford. Third Edition Enlarged. 4J. 6û?. 
"A judicious sélection of characteristic passages, arranged in paragraphs, each of which is 
preceded by a masterly and perspicuous EngUsh analysis." — Scotsman. 

"Gives in a comparatively small compass a very good sketch of Aristotle's teaching.*' — Sat. 
Review. 

BACON'S HISTORY OF THE REIGN OF KING 

HENRY VII. With Notes by the Rev. J. Rawson Lumby, D.D. 3J. 

COWLEY'S ESSAYS. With Introduction and Notes. By 

the Rev. J. Rawson Lumby, D.D., Norrisian Professor of Divinity; Fellow 
of St Catharine's Collège. 4J. 

GEOGRAPHY, ELEMENTARY COMMERCIAL. A 

Sketch of the Commodities and the Countries of the World. By H. R. 
Mill, Sc.D., F.R.S.E., Lecturer on Commercial Geography in the Heriot- 
Watt Collège, Edinburgh. u. 
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MORFS HISTORY OF KING RICHARD III. Edited 

with Notes, Glossary and Index of Names. By J. Rawson Lumby, D.D. 
to which is added the conclusion of the History of King Richard III. as given 
in the continuation of Hardyng's Chronicle, London, 1543. d^' ^^* 

MORE'S UTOPIA. With Notes by the Rev. J. Rawson 

Lumby, D.D. 3J. 6d. 

"To Dr Lumby we must give praise unqualified and unstinted. He has donc his work 

admirably Every student of history, every politician, every social reformer, every one 

interested in literary curiosities, every lover of English should buy and carefully read Dr 
Lumby's édition of the * Utopia.' We are afraid to say more lest we should be thought ex- 
travagant, and our recommendation accordingly lose part of its force.'* — TAe Teacher. 

** It was originally written in Latin and does not find a place on ordinary bookshelves. A very 

?-eat boon has therefore been conferred on the gênerai English reader by the managers of the 
itt Press Séries^ in the issue of a convenient littïe volume of More* s Utopia not in the original 
Latin^ but in the quaint English Translation thereof mode by^ Raphe Robynson^ yt\xi.(^ adds a 
linguistic interest to the intnnsic ment of the work. . . . Ail this has been edited in a most com- 
plète and scholaxly fashion by Dr J. R. Lumby, the Norrisian Professer of Divinity, whose name 
alone is a sufficient warrant for its accuracy. It is a real addition to the modem stock of classical 
English literature." — Guardian. 

THE TWO NOBLE KINSMEN, edited with Intro- 

duction and Notes by the Rev. Professor Skeat, Litt.D., formerly Fellow 
of Christ's Collège, Cambridge. 3J. 6^. 
"This édition of a play that is well worth study, for more reasons than one, by so careful a 
scholar as Mr Skeat, deserves a hearty welcome." — Athenctum. 

"Mr Skeat is a conscientious editor, and has left no difficulty unexplained." — Times. 



VL EDUCATIONAL SCIENCE. 

COMENIUS. JOHN AMOS,Bishopof the Moravîans. His 

Life and Educational Works, by S. S. Laurie, A.M., F.R.S.E., Professor of 
the Institutes and History of Education in the University of Edinburgh. 
New Edition, revised. 3J. 6//. 

EDUCATION. THREE LECTURES ON THE PRAC- 

TICE OF. I. On Marking, by H. W. Eve, M.A. IL On Stimulus, by 
A. SiDGWiCK, M.A. III. On the Teaching of Latin Verse Composition, by 
E. A. Abbott, D.D. u. 

LOCKE ON EDUCATION. With Introduction and Notes 

by the Rev. R. H. QuiCK, M.A. 3J. 6d, 
^ " The work before us leaves nothing to be desired. It is of convenient form and reasonable 
price, accurately printed, and accompanied by notes which are admirable. There is no teacher 
too young to find this book interesting; there is no teacher too old to find it profitable.'* — TAe 
School Bulletin^ New York. 

MILTON'S TRACTATE ON EDUCATION. A fac- 

simile reprint from the Edition of 1673. Edited, with Introduction and 
Notes, by Oscar Browning, M.A. is. 

" A separate reprint of Milton's famous letter to Master Samuel Hartlib was a desideratum, 
and we are grateful to Mr Browning for his élégant and scholarly édition, to which is prefixed the 
careful résumé of the work given in his 'History of Educational Théories.*" — Journal of 
Education. 

MODERN LANGUAGES. LECTURES ON THE 

TEACHING OF, delivered in the University of Cambridge in the Lent 
Term, 1887. By C. Colbeck, M.A., Assistant Master of Harrow School. 7,s, 

ON STIMULUS. A Lecture delivered for the Teachers' 

Training Syndicate at Cambridge, May 1882, by A. Sidgwick, M.A. u. 

TEACHER. GENERAL AIMS OF THE, AND FORM 

MANAGEMENT. Two lectures delivered in the University of Cambridge 
in the Lent Term, 1883, by Archdeacon Farrar, D.D., and R. B. Poole, 
B.D. Head Master of Bedford Modem School. ij. (ïd, 

TEACHING. THEORY AND PRACTICE OF. By the 

Rev. Edward Thring, M. A., late Head Master of Uppingham School 
and Fellow of King's Collège, Cambridge. New Edition. 4^ . 6rf. 
"Any attempt to summarize the contents of the volume would fail to g^ve our readers a 
taste of the pleasure that its perusal has given us." — Journal of Education. 

\Other Volumes are in préparation^ 

London : C y. Cl a y &* Sons, Cambridge University Press Warehouse^ 
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